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Abstract. We propose and analyze a predator-prey model, in which both population is infected by
disease. The total population has been classified into susceptible prey, infected prey, susceptible preda-
tor, and infected predator. The disease cannot be transmitted between prey and predator by predation.
The predation ability of susceptible predator is stronger than infected ones. Local stability analysis
of biologically feasible equilibria is worked out with the help of disease basic reproduction numbers.
The system is persistent under some feasible parametric conditions. The numerical analysis is carried
out to discuss some interesting results that our model exhibits.

1 Introduction

In ecology populations are infected by various diseases which plays a significant role in regulating
the population sizes. Researchers give more attentions from several years past to study the dynamical
behaviour of such populations. As a result several mathematical models have been developed. Also
essential mathematical tools are derived in analyzing the interaction of different populations like
predator-prey interaction. The study of predator-prey dynamics with an infected predator has a great
importance in controlling the predator population. But this area has been neglected for a long time
in theoretical ecology. Numerous prey-predator models with infectious diseases had investigated [1,
2,3,4,5,6,7,8,9, 10] in which most of the authors considered the predator-prey model with only
prey affected by some diseases. In particular, the authors in the reference [8] proposed a predator-prey

Mathematics Subject Classification: Primary: 92D25; 92D30; 35F20
Keywords:Predator and prey, disease transmission, basic reproduction numbers, predation rate.



840

model with logistic growth in the prey population including an SIS parasitic infection in the prey and
observed that the infected prey being more vulnerable to predation. They also found that the infection
in the prey population could promote coexistence. In the references [11, 12, 13] the authors used
Holling type-II predation rate function, the disease is not genetic, and no immunity was considered.

In this paper, we consider a predator-prey model in which both the population affected by disease.
The predation rate is different for the susceptible predator and infected predator. The disease is not
transmitted vertically in the predator. In nature this type actually exists. For example [14], the white
spot viral disease (by white spot baculovirus)gets transmitted by contact from the Nauplius stage of
shrimp to other shrimp [15] which consumes the Phaeocystis phytoplankton infected by phaeccystis
pouchetii viral disease [16] considered a marine planktonic system where both phytoplankton (such
as Cryptophyte) and zooplankton (such as Rotifers) are infected by some viral disease. To explain the
scenario, we formulate a mathematical model that the viral disease could be infected both the predator
and prey populations, but it cannot be transmitted between them.

In the present paper, we derive the condition for existence of positive equilibria. We also perform
local stability analysis of the positive interior equilibrium.

2 The mathematical model

To construct the mathematical model, we make the following assumptions:

e The prey whose total population density is denoted by S and the predator whose total population
density is denoted by P.

o In presence of disease total prey population is divided into susceptible prey X and infected prey Y.
The total predator population is also divided into susceptible predator Z and infected predator W. So,
at time ¢ total prey population is § = X +Y and total predator populationis P =Z+W.

e Disease does not spread from prey to predator by feeding or any other ways. We assume that
the disease only transmits from susceptible prey X to infected prey Y and susceptible predator Z to
infected predator W.

e We assume that the susceptible prey is capable of reproducing according to the logistic law

d—X =rX (1 — X+Y) .
dt K
with carrying capacity K(> 0) and intrinsic growth rate r(> 0).
e The susceptible prey X becomes infected followed by the mass action law with the rate of infection
o and also the susceptible predator Z is infected according to the mass action law with the rate of
infection 3. We also assume that infected prey and predator do not recover from the disease.
e Both predators consume only infected prey following Holling type-I functional response at constant
rate .

Considering the above basic assumptions we have the following mathematical model.



dx X+Y
@A x (12t —oXY =F(X,Y,Z,W),
dt K

dy

= OXY — Y (Z+eW) —dY = R(X,Y.Z.W),
dZ

= NeY (Z+eW) —BZW —d\Z= F(X.Y.ZW),
dwW

o = BIW — oW = Fy(X.Y,Z,W),

where rq is the conversion rate factor for the susceptible predator due to consumption of infected prey,
e (0 < e < 1) stands for the impact of disease on the predation rate, and the parameters d, d,, d, (d; <

d,) are the death rates of infected prey, susceptible predator and infected predator respectively.
The system (2.1) has to be analyzed with the following initial conditions,

X(0) >0, Y(0) >0, Z(0), W(0) > 0.

3 Qualitative analysis of the system

3.1 Boundedness of the System
Theorem 3.1. All the solutions of the system (2.1) are bounded.

Proof: Consider the function U (1) = X (¢)+ Y (¢) + Z(¢) + W (¢).
Now, using the equations (2.1), we have

w_ X AV a7 aw
v qr " dr dr = dt
X+Y
_ rX(l—%)—c(l—rl)Y(Z—keW)—dY—dlZ—de

< X—_x*_Ixy_av—az—aw,itr <1.
KT K

Therefore, G +uU < (r+ WX — £X* = gXY — (d = @)Y — (d —w)Z — (dy —w)W.
Let u=min{d,d,d»}, then &% +uU < X(r+pu—£Y) < %

If we take r; < 1 and u = min{d,d;,d,}, then for each u > 0 the above inequality becomes

dU K 2
— 4uU < m, where m = M
dt 4r

Now by the theory of differential inequality ( Birkhoff and Rota [17]), we have

0<U(r) < %(1 —e M)+ U(0)e M.

Ast — oo, then 0 < U(r) < ‘7. Hence U (t) is a bounded quantity.
Thus all the solutions of the system (2.1) are confined in the region

Q= {(X,Y,Z,W):OgX(t)+Y(t)+Z(t)+W(t) < TJre, for alle>0}.
u
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3.2 Equilibria Analysis

e The equilibria Eo( 0, 0, 0, 0 ) and E;( K, 0, 0, 0) exist for all parametric values.
e The predators free equilibrium point E( X, Y, 0, 0 ) exists if Ry < 1, where Ry =

v d v_d
Ko’ X = o and
Y = r(Ko—d)
T a(r+Ka)* L
e The infected predator free equilibrium point E3( X, Y, Z, 0 ) exists if Ry < 1, where R} =
d) (r+K0() + d_
Krric Ka
Y d(r+Ka) v_d 7_K d\ (r+Ka) d
Vi 7o 2o (1sgma )
e The positive interior equilibrium point E*( X*, Y*, Z*, W* ) exists if
Ry — dra (Kou+r) 1R BKdcerr) +ced dy(r + Kot <1
cerr; (Ka+d) dr(r+Ko)(Bd + cdy)
K-X d 1 d
, where Y* = rk=X) L ZF="2 and W= —JoX*— (d+ c—z) and X* is the positive root of
(r+Ka) B ce B
the equation AX?> — BX — C = 0, and the coefficients are given by
B oferr
 r+ Ko’
Ko+d d
B = Berr, (Ka+d) ap=2,
r+Kao c
d BKderr,
C=—(PBd+cdr) —edidy — ———.
c (Bd +cdy) = ecid r+Kao

3.3 Stability Analysis

The stability of the system (2.1) at each equilibria is obtained by using Routh-Hurwitz stability crite-
rion.

For this we have to compute the variational matrix V (X,Y,Z,W) of the system (2.1) and check the
stability at each of the equilibrium.
Result 1. The equilibrium point Eg : (0,0,0,0) is unstable saddle as one eigenvalue of the variational
matrix is positive.

Result 2. The equilibrium point Eq : ( K, 0, 0, 0) is stable if Ry; < 1, where Ry = RLO = %.

Result 3. The predators free equilibrium point E; : ()7 .Y, 0,0 ) is stable if Ry, = r) Cr% < 1.

Result 4. The infected predator free equilibrium point E3 : ( X,Y,Z,0 ) is locally asymptotically

stable if Ry3 = Iigf (1 —R;) < 1.(For proof see Appendix.)

Stability analysis of the positive interior equilibrium and Hopf bifurcation

Theorem 3.2. The positive interior equilibrium point E*( X*, Y*, Z*, W* ) is locally asymptotically
stable if 6; > 0,04 > 0,616, — 63 > 0,03(6102 — 03) — 6467 > 0, where O's are given in the proof
of the theorem.

Proof: The variational matrix of the system (2.1) around the the positive equilibrium point
E*(X*, Y* Z*, W¥)is
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—mpp —mj2 M3 mi4
V= myy My —m23 —M4
msp M3y —mM33 —M34
mgqy M4y M43 M44q

where m| = %X* >0, mp = (% —i—O(,)X* >0,mi3 = myu=0;my=0Y*>0, my=0, mz=cY*>
0, myg =ceY* >0;,m31 =0, mzpp = }”1C<Z>|< +eW*) >0, my3 = BZ—Z‘"Y*W* >0, myy=dr— riceY™;
my) = myp = 0,my3 = BW* > 0,myq =0.
The characteristic equation of the variational matrix V* at E* is given by
p*+o01p+02p> +03p 404 =0,
where
61 = (my+m33) = %X* —l-BZiC;lY*W* >0

Gy = mym33 + m3gmy3 + miamyy + my3msy
cerr r
_ Bd T Bda — rice YW 0+ 0) XUV 4 (2 oW )Y
)

G3 = mp1miam33 + mM34Mm43my| + m11Mm3msn + moamsomas3
oPcery , r B
= — 4+ XYY W+ —(dy — YY) X*w*
K (K+ ) +K(2 rice Y)
rrlcz 2
+ T(Z* +eW*)+Becr (Z* +eW*)Y* W*

C4 = m2Mp1M34M43 + M1 M24M321M43

; 2
= {O(B(K +a)(dp —riceY™) +

rriec
K
6162 — 03 = my (miamay +myms3) +

m33(my1mss + mozmsy + msamas) — mpamspmas

63(6102 — 63) — 6407 = my1m3amaz(mi;mss -+ my1m3s -+ mazmozmzy +mszmaamas) +
mi1maamas (mymiamay +mi mss + myymis +mazmozmsa -+
mM33m34m43) + mogmaamaz (myimiomy; + m%1m33 + m33maymo3 +
+m33mzamys) +miamoims3(myimiamay +myy m%g + m33m3pmy3)
—moamaamys (my1m3ama3 + my m3pmo3 + mogmaomas +

3 2
+miamym3z +mj; + 2m1 ]m33) - 2””lll”"133’/”112’7121”134”143

Using the Routh-Hurwitz criteria, we observe that the system (2.1) is locally asymptotically stable
around the interior equilibrium point E* if 61 >0, 64 >0, 616, —63 > 0, 63(0,6, —03) — 046% > 0.

Theorem 3.3. The Hopf-bifurcation of the equivalent equilibrium E* occurs at A; = A} € (0,) if
and only if
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OHWY(A)) =0
(i)030503(01 —303) > 2(6,067 —263) (0407 — 6/03).
and all other eigenvalues are of negative real parts, where p(A;) is purely imaginary at A; = AJ.

Proof: By the condition W(A}) = 0, the characteristic equation can be written as

2,93y, 2 0104
(p"+ 5 )P Hop+ =

) =0.

If this equation has four roots, say p;(i = 1,2, 3,4) with the pair of purely imaginary roots at A; = A}
as p; = Pi, then we have

P3+pPs=—0; (3.1
®* +p3ps = 02 (32)
@3(p3+ps) = —03 3.3)
OFP3ps = O4 (3.4)

where 0g = Imp;(A}) = g—f Now, if p3 and p4 are complex conjugate, then from (3.3) it follows that
2Rep3; = —0G7; if p3 and pg4 are real roots, then by (3.3) and (3.4) p3 < 0 and p4 < 0. To complete the
discussion, it remains to verify the transversality conditions.

As W(A}) is a continuous function of all its roots, so there exists an open interval A € (A} —&,A] +
€) where p; and p, are complex conjugate for A;. Suppose, their general form in this neighbourhood
are

p1(A) = (M) +iv(Ar)
P2 (A1) = (M) —iv(h)

Now, we shall verify the transversality condition

{dRe(Pj(M))

>0,j=1,2.
d Ll_wf

p1(A1) = x (A1) £iv(A;), into the characteristic equation D(p) = 0 and calculating the derivative, we
have

OM)x (M) =LAV (M) +M(A) =0 (3.5)

Q(M)x’(kl) +L(7\.1)V/(7\41) JrN(}\.l) =0

where
O(M) = 4> — 122 + 30, (x> — V?) 4+ 2621 + 03
L(A1) = 120>V + 601V — 4v° +26,v
M(\) = 1%’ =36 v? + 05 (x> — V) + 5%
N(M) = 36,%%v — 6} V> 4+ 265 v + o4
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Solving for ¥’ (A}), we have

X AM)n=n: = dc?iw {Re(p;(M))} -
__LADN(A) + Q)M (M)
Q*(A) +L2(A])
_ 0706,03(0) —303) — 2(6,67 — 203) (0407 — 6,03)
o{(01 —303)2 +4(0207 —203)2
if 676503(6] —3063) > 2(6,67 — 263)(0507 — G/63).

>0,

Hence proves the theorem.

4 Biological interpretation

(a) Ry = %, this is the parameter which determines the local stability of the equilibrium point
E|(K,0,0,0). Here, Ka. is the birth rate of infected prey at E; and d is the removal of infected prey
due to disease induced mortality. So, Ry, is the disease basic reproduction number at E;. Thus when
Ro1 < 1, predators will become extinct, and so will infected prey. The condition result in E; being
stable. Therefore, stability of E| imply that E> does not exist.

(b) Ry = rlcr%, this is the parameter which determines the local stability of the steady state
E»(X,Y,0,0). Here, ry cr% is the birth rate of susceptible predator at the equilibrium point E>

and d—ll is the mean life span of susceptible predator at E,. So their product Ry, is the mean number
new born predators, which is considered as ecological basic reproduction number at E,.Thus Rgy < 1
implies the predators will become extinct. The condition result in £, being stable.

(¢) Ry = Iigf(l — Ry), determines the local stability of the equilibrium point E3 ()? Y, Z, 0). Ro3
is the ecological basic reproduction number at E3. Thus Rp3 < 1 implies the infected predator will

become extinct. The condition result in E3 being stable.

5 Numerical simulations

Parameter Definition Default Value
r Growth rate of susceptible prey 1
K Carrying capacity 300
03 The infectious rate in prey populations 0.032
c Consume rate of susceptible predator 0.013
e The impact of disease on predation rate, where 0 < e < 1 0.55
ry Conversion rate of predator due to consumption of prey 0.9
B The infectious rate in predator populations 0.016
d Mortality rate of infected prey 0.01
di Mortality rate of susceptible predator 0.001
dy Mortality rate of infected predator 0.21

Table 1 A set of parametric values.
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Fig. 1 The equilibrium point E* is locally asymptotically stable for the set of parameter in the Table 1.

Y °0 X0

Fig. 2 The figures depicts oscillatory behaviour of susceptible prey, infected prey and susceptible predator populations for
o= .085 and B = .056, with same set of parameter as given in the Tablel.

In this section, our study focused on the occurrence and termination of the disease. We begin with
a set of parameter (see Table1) for which the existence conditions of the coexistence equilibrium point
E* is satisfied and the coexistence equilibrium point E* = (25.9197,25.8566, 13.1250,90.7419) is lo-
cally asymptotically stable in the form of a stable focus with eigenvalues
—0.0580 +i 0.9839,—01.0574,—0.0634 (see Figurel). Keeping the other parameters fixed and in-
creasing the value of the parameters o from 0.032 to 0.085 and 3 from 0.016 to 0.056,
we observe that the solution of (2.1) changes from stable behavior to oscillatory behavior ( see Figure
2). Next, to observe the effects of some parameters on system (2.1), we first consider o0 = 0.004 and
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Fig. 3 The figure depicts that for o = .004 and = .0014, E* approaches infected predator free equilibrium E3 with other
parametric values kept fixed in the Table 1.

10

Yo 0 w0 0

Fig. 4 The figure depicts that for o« = 2.6 and B = .01, E* approaches susceptible and infected predator free equilibrium
E, with other parametric values kept fixed in the Table 1.

B = 0.0014 and observe that the infected predator population goes to extinction (see Figure 3). Tak-
ing o = 2.6 and B = 0.01, we observe that the system (2.1) goes to predator free equilibrium point
(see Figure 4). Also, for o = 0.00001 and § = 0.015, system (2.1) goes to infected prey and predator
free equilibrium point (see Figure 5). Finally, for a clear understanding of the dynamical changes of
system (2.1) due to changing the value of the parameter o, from 0.04 to 0.09; a bifurcation diagram
is plotted as shown in (Figure 6).
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Fig. 5 The figure depicts that for o = .00001 and = .015, E* approaches infected prey, susceptible predator and infected
predator free equilibrium E; with other parametric values kept fixed in the Table 1.

0.04 0.05 0.06 0.07 0.08 0.09

0.04 0.05 0.06 0.07 0.08 0.09

0.04 0.05 0.06 0.07 0.08 0.09

0.04 0.05 0.06 0.07 0.08 0.09

Fig. 6 The bifurcation diagram of all the populations with ¢ as the bifurcation parameter.

6 Conclusion

In this paper, we discuss a predator-prey model with infectious disease which can transmit both in
predator and prey, but cannot transmit between predator and prey. We find that lots of diseases are not
transmitted vertically [15], so we assume that the disease in the predator is not genetic. This is the
major difference with [13]. The non-linear differential equations are set up. Through the discussion
on the stability of equilibrium points, we obtain four stable equilibrium points corresponding to four
existence statuses with different species. Furthermore, we discuss the basic reproduction numbers
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which are obtained analytically. And the threshold parameters which are combined to meaningful
biological conditions are given too.

7 Appendix

Since one of the eigenvalues of the variational matrix computed around Ej is r > 0, so the equilibrium
point Ey is always unstable node for all parametric values.
The characteristic roots of the variational matrix V; computed around E; are —r , —(d —KQ) , —d; , —d,.
Hence E; is stable if Ry; < 1, where Ry; = Rio = %.
The characteristic roots of the variational matrix V, computed around E; are —d»,
and the negative roots of the equation
12+ 4+ 4 (Ko—d) = 0.

r
o

rry (Ko—dy)
Kot (xI(K(x+r)l —d

Hence E; is stable if “7e®54) — dy < 0 which imply the condition Ro» < 1
__ crri(Ka—d)
where R02 = W

The variational matrix of the system (2.1) around the equilibrium point E3( X, Y, Z, 0) is

mipy mpp my3 mi4
my| My M3 M4
m3| M3 M33 M34
M4] M4y M43 M4

Vi3 =

where - -
mp = _EX <0, mp= —(E—I-OC)X <0,mi3 = m4 =0;

myp| = O(Y > 0, mppy = O, mp3 = —C? < 0, moy4 = —ceIN/ <0
m3; =0, m3p = }’1CZ> 0, my3 =0, m3g = rlce?—BZ;
may = map =my3 = 0,mas = PZ —dp > 0;

It is found that the characteristic roots of the variational matrix V, at E, are

K%“B {1 — d’(%rlkca) — Kia} — d; and the roots of the equation

V401 +0y+03=0

where Q1 =—-—m;; >0 (since mi < 0) Q2 = —m3zymy3 +mpmp; >0 (since moz < 0,m12 < 0); Q3 =
my1m3amy3 > 0 (since my; < 0,m23 < 0) and Q]Q2 — Q3 =mympamy; >0
Hence the Routh -Hurwitz criteria are satiesfied. So, E3 is locally asymptotically stable if
Kop 1—M—i}—d2<o
Ko

c Krric

which imply the condition Rg3 < 1.

where Rz = Iigf(l —Ry).
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Abstract. In this paper, we have considered an SEIT epidemic model with new modulated saturated
incidence and discrete time delay. From our motivation first we prepare the mathematical model and
the effect of time delay is investigated. Our main consideration that the disease is transmitted only by
contact with the infected individuals of the same species. The model convey two equilibria namely,
a disease free equilibrium and an endemic equilibrium. With the help of basic reproductive number
we discuss the transmission dynamics of the disease. Analyzing the model we have found out the
mathematical results like invariant region boundedness and local stability of both the delayed and
non delayed system. From our details study we can say that bifurcation occurs due to discrete time
delay t. Also we are trying to examine what will happen if we increase the discrete time delay. The
stability of the endemic equilibrium point breaks of the delay system and Hopf bifurcation occurs.
When the bifurcation parameter passes through the critical value, E* falls its stability and a family of
periodic solutions bifurcate from E*. With the support of competent value of the parameter we have
calculated the value of basic reproductive number. The proposed model has been solved numerically
and it verify the analytical results.

1 Introduction

At that conjuncture time all over the World population were faced various kind of life killing diseases,
such as Ebola, HIV/AIDS, Breast cancer, influenza, rubella, dengue and chicken pox. Basically such
type of disease is transmit through horizontally and vertically. Horizontal transmission means the dis-
ease spread by contact and vertical transmission means by birth that is pregnant mother to new born
child. All of you are know that some of the infectious disease are extent by direct touch with the

2010 Vathematics Subject Classification: 92B05, 37N25.
Keywords:SEIT Epidemic model, New modulated saturated incidence, Basic reproduction number, Stability, Time delay
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same species and some of them are transmitted by viral agent, such as measles, rubella and dengue.
In this paper we like take up only those diseases which spread only by horizontal transmission. Math-
ematical point of view the model which is related to epidemiology gives an idea to understanding the
mechanisms of spread and control of the contagious disease. In 1927 Kermack-Mckendrick introduce
a SIR epidemic model and he used the mass action term in the form % where f3, S and I denotes
the transmission rate, susceptible population, infected population and N is the total population. So
many epidemiological models have been developed with or without delay [1],[2],[3],[4].[5] and [6].
So many works have been done already on the disease transmission [7]. Innumerable papers have
been published through the use of non-linear incidence rate [8],[9],[10],[11],[12],[13], [14],[15] and
[16].

The above mention incidence rate plays a vital role to formulate a mathematical model. If the
number of infected individuals is increase then the infection force is decrease. According to biolog-
ical aspect there are so many reasons to initiate the time delays in mathematical model of disease
transmission. Various paper have been published with discrete time delay and non-linear incidence
rate [17] and [18]. Following different biological mechanisms came out from the various time delays
epidemiological models; a). Delay due to temporary immunity: Some kind of infections take steps or
time lag to recovered individuals with a short or long immunity against reinfection. Some type of dis-
eases provide life long immunity [19] and [20]. b). Delay caused by the latency in a vector: We know
that various infectious diseases are spread from one host to another by vector that is through agent.
Malaria, dengue fever is such types of disease which spread by vector and the disease take some time
to spread. According to various organisations report all the countries of the World the transmission
rate of such types of disease is very high. In this paper we proposed a delayed SEIT epidemic model
with new modulated saturated incidence rate i.e. % and the disease is transmitted horizon-
tally that is direct or indirect contact. The direct contact means touching, bitting, licking and indirect
contact means vector agent. In this model we would extend the non-linear incidence rate of the model
[21], [22] and [23]. The main focuses of my study on a SEIT epidemic model of disease transmission
with new modulated saturated incidence rate and the effect of time delay. It is very essentials to discus
all the parameters of the proposed mathematical model. The such types of disease transmission totally
depends on the basic reproduction number Ry. The disease will persists or fade out it totally depends
on the basic reproductive number Ry. If Ry lies between zero and one then the disease dies out and it
will be persists when R is greater than one. Analyze the stability of our proposed model and it solved
numerically which justify the analytical result.

2 The mathematical model

Here we consider a delay SEIT epidemic model with new modulated saturated incidence. For our
study suppose that the total population is constant and it is denoted by N(t). We divide the total
population into four subclasses such that susceptible class S(t), exposed class E(t), infected class 1(t)
and treatment class or recovery class T(t). Consequent to our assumption the disease is spread only
by contact.
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% = A Buf(S(t— D) — 7)) — Baf (S(t —D)E(t —T)) — uS 1T,
O (St~ (e ~ ) + St~ DE( ) e g,
dl
o =¢eE—0l —ul, (2.1
dT
= Ol =T —T.
where, f{S(t —1),I(t —1)} = ———u=DI=)

T 4oyl (t—1)+opl?(t—7)
FASU—0).E(1=7)} = gt
B is the per capita contact rate between susceptible class and infected class, B, is the per capita
contact rate between infected class and exposed class, o; and o, are two positive constants, u is the
mortality rate of all adults class, T > 0 is the latent time delay and it make a susceptible infected
after interaction with exposed class and infected class. € is the rate by which the exposed classes
are recruited to infected class. A the rate at which the susceptible classes are recruited. © the rate at
which the infected class are recruited to treatment class. 7 is the at which the individuals leave the
compartment T and enter the compartment S. We consider a new modulated saturated incidence rate
of the form Hoﬁ#ﬁ which indicates that infection force are decreases when the number of infective
are increasing. Let ¥(0) = [S(0),E(9),1(8),T(9)], O € [—1,0], with the norm of ¥ defined as
||| = sup_r<p<o | ¥(®)| where the symbol ||.|| is denote the norm in € R *.

Therefore the initial condition for system of equation (2.1) is W(®) = [S(®), E(®),1(9), T (9)], where
S(®) >0,E(%) >0,1(%) >0and T(9) >0, for all ¥ € [—7,0]. Equation (2.1) subject to the above
assumption has a unique solution [7].

3 Invariant region

Lemma 1. All the non-negative solutions of the system (2.1) starting in R% are bounded and eventu-
ally enter the attracting set ¥ = {(S,E,I,T) € Ri 0SS+ EH+I+TL %}

Proof: Let all parameters of the system (2.1) are non negative. Here N =S+ E +1+T ‘2—1;] =
A—u(S+E+I1+T) or, %} = A —uN. Since N(t) > 0 on [—7,0] by consideration, N(¢) > 0 for all
t > 0. Hence limy_esup (S+E+I1+T) < % Hence all the positive solutions of the model (2.1)

starting in Ri are bounded and eventually enter the invariant and compact set
W= {(SELT)ERLOSSTE+I+T <2},
Lemma 2. All the solutions of the system (2.1) is positive V' ¢ > 0 with the help of initials conditions
5(0) >0, E(0) >0,1(0) > 0,T(0) > 0,and ¢ € [-7,0].
Proof: From the first equation of equation (2.1), we have

@_ _ B]Slefh _ BzSEeiM _ @_ _ Blle—hr BZEE—M
dt =A 1+o I+opl? 1+o I+opl? uS+NT dt _A+YT 1+ou I+opl? + 1+ouy I+apl? +u| S

8> = [y + ibiean a8

140 I+opl? 140 I+opl?
- { B Bt +,u} JE
S(t) > S(0)e = Lreal@realiE) i@ rer@) > 0. Similarly from the second, third and fourth

equation of the system (2.1) we can prove that
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E(t) > (H(ﬂ)t >0, I(t)> ”&3 >0 and T(r) > ea(g%, > 0. Therefore all solutions of the system (2.1)

are positive V¢ > 0 in the region W.

4 Qualitative Analysis of the Model (2.1)

The system (2.1) consists two positive equilibria, namely

(i) the disease free equilibrium Ey = (%, 0,0,0),

(ii) the endemic equilibrium E* = (S*,E*,I*,T*), where

g — WO eIt taol?) _ Alltoul +aol?) pu _ ()" pu _ oI
T e M BietB(ute) HRo e (uty)

the quadratic equation

and /* is given as a root of

A +BIF+C =0 4.1)

, where A| = opue(u+0)(u+¢€)(u+7y) >0,

B = oupe(u+0)(u+e)(u-+y) + Bre(u+0)(u+e)(u+y) +Ba(u+6) — yebe *[Bre+Pa(u+6)],
Cr = pe(u+0)(u+e)(u+7)(1-Ro) >0,

where Ry is a basic reproduction number given as follows

Ae M [Bre+Ba(u+9)]
p(u+0)(u+e)
When Ry > 1, then C; < 0. The above result ensure that while Ry > 1 the above quadratic equation

—B1+y/(B}— 4A|C])
2A)

Ry =

has a positive root. Therefore I* =

4.1 Disease free-equilibrium £

Theorem 1. The disease free equilibrium Ej is locally asymptotically stable if Ry; < 1, (u+€+86) >
ATBZ and T > 0.

Proof. The variational matrix of the model system (2.1) around the disease free equilibrium point
Ey is given by

e—M e—?ﬂ:
Vo= | 0 =2 (ute) AP 0
0 € —(u+6) 0
0 0 6 (u+7)

The characteristic equation is

(et R (Y1) [22+ () + (o 8) = A At o ) u+-6) — et g

Two eigenvalues are —u, —(u+7) and the other two eigenvalues of the quadratic equation

At —AT
A2+ (u+s)+(u+e)—AB2e A+ (u+e) (u+6) — = [518262(“+e)} =0 (42)
For T = 0, equation (4.2) becomes
22+ [(;Hre) (,u+9)—52] (u+e)(u+e)—A[B18+52(“+9)] =0, (4.3)
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ie. PA24+QiA+R, =0, (4.4)

where Py =1, Q) = [(,u+8)+(,u+9)—ATBz] >0,if (u+€e+06) > AT[SZ and Ry = (u+¢€)(u+6)(1 —

Ro1) > 0, if Ry; < 1, where Ry = %

AB2
2.
Therefore when Ro; < 1, (u+€+86) > ATBZ, and T = 0 then the characteristic equation (4.2) has four

negative eigenvalues and the disease free equilibrium Ey is locally asymptotically stable.

Hence all the roots of the quadratic equation (4.4) are negative if Ro; < 1 and (u+¢€+6) >

Now suppose T # 0, i. e. T > 0 by Rouche’s theorem [24], Theorem 9.17.4, it follows that if in-
stability occurs for a particular value of the delay t, a characteristic root of (4.2) must intersect the
imaginary axis. Let A = @i, @ > 0 is a roots of the above quadratic equation (4.2). Putting the value
A = @i into the equation (4.2) we get

_ PBoAcosr | Asin@rBie+ [y (u+0)]
u

u+0)(u+e) =0 (4.5)

—¢* +i|Q(u+8)(ute)

_ @ABasingt  AcosQt[Bie+Ba(u+0)] iy
u u

Separating the real and imaginary part, gives

_ @ABrsingt N Acos@t[Bie+Ba(u+0)]

—¢7 + (u+0)(u+e) = (4.6)
u u
Acos@t  Asin@t|Bie+ +0
u u
Squaring and adding equation (4.6) and (4.7) we have
2A2
¢ +¢7? (u+9)2+(#+8)2—BM2 +(u+0)*(u+e)*(1 - R) =0 (4.8)

It follows from Routh-Hurwitz Criteria that the roots of the equation (4.8) all have negative real
parts if Ro; < 1 and when T > 0. Hence we say that the disease free equilibrium point Ey of the
given system is locally asymptotically stable if and only if T > 0, Rp; < 1 and satisfies the condition
(u+e+06)> ATBZ

4.2 Local Stability of Endemic Equilibrium :

Theorem 2. For Ry > 1, the endemic equilibrium point £ is locally asymptotically stable, if and only
ift>0.

Proof. The Jacobian matrix V* about the endemic equilibrium point £ is given by,

_Bll*ae—k;_ ﬁzaE*e_k;—,u _Bzas*e;m —315*62126;7“ Y
Bral*e ™ + BraE*e " BraS*e " Bi1S*ate 0
0 € —(u+9) 0

0 0 0 —(u+)

V=
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The characteristic equation is
A+ a4+ @\ +ash+ag + e (b A3 + byA? + b3k + by), where (4.9)

ar=p+(u+y)+ (u+e)+(u+0),

ay = p(u+7Y) +u(u+e) +u(u+0)+ (ut+e)(u+7y) + (u+0)(u+7v) + (u+e)(u+9),

az = p(u+Y) (u+€) +uu+7)(u+0) +uu+0)(u+e)+ (u+7)(u+6)(ute),

ag = pu(u+7)(u+0)(u+e) +aPE(u+7v)(u+0)(u+e),

by :aB11*+a[32E*—aB2S*,

by = aPoE" (u+0) + aPoE* (u+7) + aPoE" (u+ &) + aPi I (u+ 0) + aPil* (u+7) +aPul* (u +€) —
aPouS* —aa(u+7v)S* —aPa(u+0)S* — a’piS*E”,

by = aPoE*(u+0)(u+€) +aPil"(u+v)(u+6) +aPiI"(u+€)(u+0) + afil" (u+7)(u+€) +
aBaE* (u+7) (u+¢€) +aBaE* (u+7) (u+0) —aPaS u(u+7y) — aBaS*u(u+0) — aPaS* (u+0) (u+v) —
a’BiS*ue — a*B1S* (u+v)e,

by = a[31(,u+8)(1,u+6)(/.l+7)l* —aPoS* u(u+7v)(u+0) — aPI*ve0 — aBLE*yed — a’B1S*eu(u+v),
where a = T Tl

For T = 0, equation (4.9) becomes

7L4+C17\,3 +C27\42+C37\,+C4 =0, where 4.10)

cr=a;+by =u+u+Y)+(u+e)+ (u+0)+apiI* +aPrE* —aP,S*,
cx=ay+by=p(u+y)+pu+e)+uu+0)+u+e)(uty)+Wu+0)(u+y)+ m+e)(u+6)+
aPrE*(u+0) +aPoE* (u+7Y) +aPE* (u+€) +aPi I* (u+0) +aPi I (u+7) +aP I* (u+¢€) — aPouS* —
aPa(u+7)S* —aPa(u+0)S* —a’B1S*E",

c3=a3+bs =p(u+7)(u+e) +uu+v)(u+0)+u(u+0)(u+e)+ (ut+v)(u+0)(u+e)+aPE™(u+
6) (&) + aB1 1 (u-+7) (u+ 8) + aP I (u-+ &)+ 8) + aBy I (u-+ ) (- €) + aBoE* (u-+7) (u+€) +
a)BzE*(u+Y) (1+6) —aPaS*u(u+7y) — aPaS*u(u+0) — aaS* (u+6) (u-+y) — a*B1S*ue — a*1 5™ (u+
V)€,

and ¢4 = ag +bs = u(u+7y) (u+0)(u+¢€) +aPoE(u+7)(u+0) (u+e) +afi (u+e)(u+0)(u+ I —
aPaS* u(u+y)(u+8) — aBi1*ve0 — aPoE*1e0 — a*B1 S eu(u + 7).

Therefore, with the help of Routh-Hurwitz criterion, all the roots of the equation (4.10) have negative
real parts if ¢; >0, i =1, 2, 3, 4, cjca —c3 > 0 and ¢3(c1cp — ¢3) — 0%04 > 0. So we can conclude
that E* is locally asymptotically stable for T = 0. Now putting A = ¢'i’, ¢’ > 0 into the equation (4.9)
and separating the real and imaginary parts we get

0" 4+ a1 + a1 + a30'1 + ag + (cos @'t — i’ sin Q') (b1 @7 + by + b3¢'i +by) =0
@.11)

—b2(p’2 cos @'t — b](p’3 sin@Q/'T+ bycos@'T+b3¢ sin@'t = —(p’4 —|—a2(p’2 —ay (4.12)
b1¢” cos @'t — by sin @'t — b3¢’ cos ¢'T+ by sin @'t = az¢’ —a; 9" (4.13)

Squaring and adding equation no (4.12) and (4.13), we have
[—0™* + a2 — ag)? + [a30' — a19"]? = [~b9"? cos @'t — b1 @ sin @'T + by cos @'T + b3 ¢’ sin /1] +
b10” cos®'T— by sin @'t — b3®' cos @'t + by sin @'1]?
¢ ¢ ¢ ¢ ¢ cos@ ¢
¢+ ¢(af —2a; — b}) + ¢ (a3 +2a4 — 2ajas — b3 + 2b1b3) + ¢'*(a3 — 2ara4 — b3 + 2brby)

+ai—b;=0 (4.14)

Let u; = @2, then equation (4.14) can be rewritten as
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Ui + Poui + prut + Paur + p3 = 0, where (4.15)

Po = (a% —2ay — b%), p1 = (a% + 2a4 — 2a1a3 — b% + 2b1b3>, P2 = (a% —2ara4 — b% + 2b2b4) and
p3 = ai — bi. Therefore, by using the Routh-Hurwitz criterion, all the roots of the equation (4.15)
have negative real parts if p; >0, i =1, 2, 3, 4, pop1 — p2 > 0 and p2(pop1 — P2) — p%pg > 0.
Therefore we can notify that the endemic equilibrium point £* is locally asymptotically stable for
t>0.

4.3 Existence of Hopf bifurcation

From the above analysis for the local stability of E*, it is noted that the equation (4.15) has a positive
root @, This implies that the equation (4.15) has a pair of imaginary roots £i@y,. Let A = u(t) +i¢’(t)
be the eigen values of equation (4.9) such that u(to) = 0, ¢/(t9) = 0. From equation (4.12) and (4.13)
we get the corresponding T > 0 such that the characteristic equation (4.9) has a pair of imaginary
1oots.

T = 1 COS_I { (bzfalbl)(pgéf(@bzf@b]falb3+b4)(p{)4+(a2b4+a4b27a3b3)(p62fa4b4 } + 2km
) b19G +(b3—2b163) G +(b3—2b2ba ) +b5 %
k=0,1,2,3,.cccceunnnn. , assuming a;, b; (i =1, 2, 3, 4) to be bounded function of 7 if the follow-
d(Re))

ing condition is satisfied =~ >0, ar T=1

This will signify that there exists at least one eigenvalue with positive real part for T > T and for this
root of characteristic equation (4.9) crosses the imaginary axis from the left to the right as T continu-
ously varies from a numberless than T to one greater than t;. The real part of A(t) becomes positive
when T > Tg by continuity and the steady state becomes unstable. Since the loss of stability corre-
sponds to a root A(T) = i¢/(1) of the characteristic equation, there are solutions of the model heaving
like the real part of ¢? (Vi that is there are periodic solutions, [25]. This is exactly what happens ac-
cording to the Hopf bifurcation theorem, which says that while roots of the characteristic polynomial
cross the imaginary axis a stable periodic orbit arise [26] and [27].

5 Sensitivity Analysis on R

In our propose model we have considered only such types of disease which is only spread by contact.
For this concern we have some responsibilities to find out a desirable way to decrease the disease
transmission. We are trying to observe those parameters, which are responsible for increase the dis-
ease transmission. Our concentration to carry out the sensitivity of those parameters formerly which
have been given in Table:2 on Ry;. In epidemiology basically, disease transmission and control are
entirely depends on the basic reproduction number Ry, . First we investigate the sensitivity of Ry; with
respect to the parameters of the without delay system by the method of [28], using the formula,

Tablel: Sensitivity indicates of Ry; with respect to the parameters

Parameter vi N By Bo u 0 €
Value 1.3 0.001 0.2 0.001 0.03 0.12
Sfj@‘ 1 0.01899 0.98118 —0.01009 —0.18378 —0.97288
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From Table:1 it is clear that, the value of Ry; will either increase or decrease it depends on the param-
eters A, B, and B;. Therefore if the values of recruitment rate of susceptible population, contact rate
of susceptible population with infected and exposed class will increase (decrease) then the values of
Ro; will also increase (decrease). On the other hand u, © and € have inversely proportional relationship
with Ry . If we increases the value of 0 and € then the value of Ry; decreases. Numerically it has been
shown in Figure 6.

6 Numerical Simulation and Conclusion:

Table2: A set of parameter values

Parameter Definition Value
A Recruitment rate of susceptible class 1.3
By Per capita contact rate between susceptible class and infected class 0.001
B> Per capita contact rate between infected class and exposed class 0.2
i Mortality rate of all adults class 0.001
o Positive constant 0.001
(073 Positive constant 0.01
T Latent time delay 9.9
€ Rate by which the exposed classes are recruited to infected class  0.12
0 Rate at which the infected class are recruited to treatment class  0.03
Y Treatment rate 0.02

Now we investigate the behavior of the equilibria Ey and E* of the system (2.1) using numerical
simulation. For such investigation we choose set of parameter values satisfying the existence criteria
of Ey and E*. The values of different parameters are given in the following table: With this set of
parameters values we show that the endemic equilibrium point E* of the without delay system is
stable and with delay system is unstable ( see Figure 1) If we decrease the value of delay time from
9.9 to 9.0 then we have Figure 2, which indicates that the endemic equilibrium point of both the
system 1is stable. Figure 3 shows that when we decrease the value of O from 0.03 to 0.02 then the
endemic equilibrium point of the delay system goes from unstable situation to stable situation and
all other parameters values as in Table 2. Figure 4 indicates the bifurcation figure for the parameter
T. Figure 5 displays that if we can decreases the contact rate of susceptible populations with infected
populations and exposed populations then the value of basic reproductive number will decreases.
Therefore the disease transmission rate will also decrease.

7 Conclusion:

We have introduced and analyzed an SEIT epidemic model to study the effect of discrete time delay. It
is observed that the disease free equilibrium point is locally asymptotically stable if (u+6+¢€) > ATBZ
and the basic reproductive number satisfies the relation 0 < Ry < 1. While this two relations Ry > 1
and T > 0 are fulfilled then the endemic equilibrium point is locally asymptotically stable. In our final
analysis we have observed that, when we increase discrete delay time then the stable situation of the
endemic equilibrium point of the delayed model switches and Hopf bifurcation occurs. We have also
shown that if we decrease the value of treatment rate of the infected population from 0.03 to 0.02 then
the stability behavior of the endemic equilibrium of the delay system is also changed and its goes
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Solution without delay.
T T T

2000 T T T T T T
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1500 E=Red .
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: T=Black
ui 1000 —
500 fflv
.
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0 [l I 1 1 T T T T T
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Time
Solution with delay.
2000 T T T T T T T T T
S=Blue
1500 E=Red —
I=Green
: T=Black

0
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Time

Fig. 1 The endemic equilibrium point E* of the without delay system is stable and with delay system is unstable.

Solution without delay.
T

2000 T T T T T T T T
S=Blue
1500 E=Red N
(- |=Green
- T=Black
ui 1000 -
)
500
0 d 1 1 1 T T T T T T
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Time
Solution with delay.
2000 T T T T T T
S=Blue
1500 E=Red -
I=Green
= T=Black
ui 1000 B
%)
500
0 1 T T T 1 1
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Time

Fig. 2 The equilibrium point E* of both the system is stable when t=9.
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2000 T T T T T T T T T
“ 1000 —
VWA WAV ANV VTV
0 1 1 1 1 1 1 1 1 1
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
1000 T T T T T

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
1500 T T T T T T T T T
1000 -
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Time

Fig. 3 Endemic equilibrium point of the delay system is stable when 8= 0.02 and unstable when 6= 0.03 with the other
parametric values as given in Table 2.
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Fig. 4 Bifurcation figure for the parameter T and all other parameters values as in Table 2.
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Fig. 6 Sensitivity analysis on Ry; with respect to the parameters
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from unstable to stable. Therefore from our study we must say that if we will increases the value of
treatment rate of infected population and the progression rate of infected population then the value
of Ry will decreases which ensure that the transmission rate of disease will decrease. Our computed
analytical outcome also being verified and tested by using numerical technique.
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