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Abstract

Relay node deployment in wireless sensor network (WSN) is significantly explored in

specialized literature. There is a wide spectrum of performance issues like connectivity,

coverage, energy efficiency, latency of packet delivery that have been considered as the

target criteria to be optimized with the deployment strategies of relay nodes. The dynamic

variation of different attributes of the sensor nodes leverages a heterogeneous topology.

None of the literature has considered a heterogeneity-aware relay node placement

strategy to pacify the effect of structural diversity on network performance. In this work,

we propose chaos genetic algorithm-based relay node placement (CGARP) which takes

care of the structural heterogeneity of WSN. CGARP is based on chaos genetic algorithm
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(CGA), which overcomes the problem of premature convergence of genetic algorithm.

Tent Map-based generation of the initial population and Logistic Map-based chaotic

crossover enable CGARP to work well in WSN. The proposed technique has been compared

with other relay node placement solutions available in the literature. CGARP achieves 68%

improvement in average network lifetime in a 2D grid. It also results in 27% better

connectivity and 23% improvement in the usage of relay nodes compared to EERP. The

results are obtained through properly designed experiments with simulated realistic

environments. These results substantiate the improvements achieved by the proposed

approach.
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Availability of data and material

Data sharing is not applicable to this article as no datasets were generated or analyzed

during the current study. All the data are generated based on the simulation of different

parameters with theoretical constraints.

Code availability

The working environment for the current study has been designed in MATLAB by the

authors. The codes are available with the corresponding author and can be shared with

the respected Editors and Reviewers as and when required.
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Parameter of the Ashcroft model potential has been computed in this paper for twenty two hexagonal closed

pack (hcp) crystals. Calculation uses pseudopotential technique with nine different exchange and correlation
functions and either available experimental value of monovacancy formation energy or an empirical relation based on
other experimental parameters (melting temperature, cohesive energy or activation energy) as tool. The complete
set of value of this parameter for cubic crystals will be used for further calculation of energetic of self and impurity
diffusion via vacancy mechanism or other type of point defects.

DOI: 10.12693/APhysPolA.134.549
PACS/topics: point defect, vacancy, pseudopotential, Ashcroft model, hcp crystal

1. Introduction
The pseudopotential approach has been tested earlier

several times [1–3] and in this paper this formalism is ap-
plied to twenty two different hexagonal closed pack (hcp)
crystals, viz. (1) beryllium (Be), (2) magnesium (Mg),
(3) scandium (Sc), (4) titanium (Ti), (5) cobalt (Co), (6)
zinc (Zn), (7) yttrium (Y), (8) zirconium (Zr), (9) tech-
netium (Tc), (10) ruthenium (Ru), (11) cadmium (Cd),
(12) gadolinium (Gd), (13) terbium (Tb), (14) dyspro-
sium (Dy),(15) holmium (Ho), (16) erbium (Er), (17)
thullium (Tm), (18) lutetium (Lu), (19) hafnium (Hf),
(20) rhenium (Re), (21) osmium (Os) and (22) thallium
(Tl) (arranged according to increasing atomic number).
Although ab initio, DFT, molecular dynamics, etc. cal-
culations are most sophisticated techniques yet they lack
exact predictions when applied to defect property cal-
culations. In this situation this work is important be-
cause rigorous computation is not required as in above
new methodologies. Secondly it is comparatively easier
technique and thirdly there are very few data of point
defect parameters for hcp crystals. Especially out of 22
hcp crystals experimental evidence of monovacancy for-
mation energy is obtained for only six. So an empirical
relation among cohesive energy, melting temperature, ac-
tivation energy for self diffusion, and monovacancy for-
mation energy is used for theoretical estimation. Also
it is important because of recent studies of the mecha-
nism of melting [4, 5] by considering the role of surfaces
with regard to the concentration and migration of vacan-
cies. Lattice instability occurs both at the surface and
within the crystal lattice when the vacancy concentration
increases from 0.37% to 10% on melting.

2. Formulations
Harrison’s second order perturbation theory gives the

total energy of the pure crystal as [3]:

∗e-mail: amitavaghorai@rediffmail.com

ET = z

[
3}2k2F
10m

+ 〈k|W (r)|k〉
]

+ Ebs + Ees. (1)

Here z is the valency, kF — the Fermi wave number,
m — the electronic mass, and W (r) — the pseu-
dopotential. The first term within square bracket is
structure independent and the last two terms, called the
electrostatic energy Ees (depends on ion–ion interaction)
and the band structure energy Ebs (depends on ion–
electron and electron–electron interactions) depend on
the crystal structure. Any defect in the lattice changes
the structure dependent energy part of ET and so an
algebraic difference between the energy after defect
creation and that before will yield the defect formation
energy when considered for the whole lattice. This
structure dependent part of ET also depends on the
modified lattice wave numbers. The modifications in the
lattice wave numbers from its perfect lattice value, is
necessary to maintain the lattice volume and the number
of lattice ions constant. Details of it can be obtained
from literature and finally the expression for vacancy
formation energy is

E1v
F =

∑′

q0

q0
3

∂U (q0)

∂q0
+

Ω

2π2

∫ ∝
0

U (q) q2dq, (2)

where

U(q) = lim
η→∞

2πz2e2

Ωq2
e−

q2

4η + [ω(q)]2ε(q)χ(q) (3)

Here η is the convergence factor, Ω — the atomic
volume, q0 and q — the lattice and quasi-continuous
wave numbers respectively, ω (q) — the pseudopoten-
tial, ε (q) — the dielectric function, and χ (q) — the
perturbation characteristics. Here I have considered the
Ashcroft model pseudopotential [6], which is

w (q) = −4πze2 cos qrc
Ωq2

. (4)

Here rc is the parameter for the Ashcroft model. The
expressions for ε (q) and χ (q) are

ε(q) = 1− 8π e2

Ωq2
[1− f(q)]χ(q) (5)

(549)
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χ(q) = −mkFΩ
4π2}2

(
1 +

4k2F − q2

4kFq
ln
|2kF + q|
|2kF − q|

)
(6)

Here f (q) is the exchange and correlation function
(hence forth called ECF). Out of several ECFs only nine
such forms are taken into account and the expressions [1]
are
King and Kutler ECF (abbreviated henceforth as K-K)

f(q) =
q2

2(2k2F + q2)
, (7)

Sham ECF (abbreviated as Sham)

f(q) =
q2

2(k2F + q2 + 2kF
πa0

)
, (8)

Geldart and Vosko ECF (abbreviated as G-V)

f(q) =
q2

2q2 + 4k2F
/(

1 + 0.026m′

m
3

√
3Ω

4πza30

) , (9)

Kleinmann ECF (abbreviated as Kle)

f(q) =
1

4

(
q2

k2F + 2kF
πa0

+
q2

k2F + q2 + 2kF
πa0

)
, (10)

Harrison ECF (abbreviated as Harr)

f(q) =
q2

2
(
q2 +

4k2F
3

) , (11)

Vashishta and Singwi ECF (abbreviated as V-S)

f(q) = A

(
1− e

−Bq
2

k2
F

)
, (12)

Taylor ECF (abbreviated as Tay)

f(q) =
q2

4k2F

(
1 +

0.1534

πkF

)
, (13)

Hubbard ECF (abbreviated as Hub)

f(q) =
q2

2(k2F + q2)
, (14)

Mahanti and Das ECF (abbreviated as M-D)

f(q) =
q2

k2F + 4k2F
/(

1 + 0.026m′

m
3

√
3Ω

4πza30

)
+

q2

k2F + q2 + 4k2F
/(

1 + 0.026m′

m
3

√
3Ω

4πza30

) . (15)

Here a0 is the Bohr radius. Computation has been done
by integration over quasi-continuous wave numbers q
using the Gauss–Legendre quadrature integration within
the limit from 0 to 1 in 100 divisions and Gauss–Laguerre
quadrature integration in the limit from 1 to infinity as
follows:
∝
∫
0
→

1

∫
0
Gauss-Legendre +

∝
∫
1
Gauss-Laguerre. (16)

Computation also uses a discrete sum over lattice wave

numbers q0 with primitive and reciprocal lattice vectors
are defined respectively as

a1 =

√
3a

2

_

i +
a

2

_

j , a2 = −
√

3a

2

_

i +
a

2

_

j ,

a3 = c
_

k (17)

q1 =
2π√
3a

(
_

i +
√

3
_

j ), q2 =
2π√
3a

(−
_

i +
√

3
_

j ),

q3 =
2π

c

_

k (18)

with
q0 =

m1

N1
q1 +

m2

N2
q2 +

m3

N3
q3. (19)

The maximum value of mi/Ni = 14 with i = 1, 2, 3 and
the lattice wave numbers are generated in the cubic Bril-
louin zone. Here a and c are lattice constants of hcp
crystal.

3. Discussions

The input parameters used in this calculation are lat-
tice constant (a and c) and experimental value of vacancy
formation energy (E1v

F )exp or theoretical mean value of
it (E1v

F )fit. The necessity of (E1v
F )fit is due to the fact

that in most of the cases the experimental value of E1v
F

is not available and so (E1v
F )fit is determined from an

empirical relation among the melting temperature (Tm),
the cohesive energy (Ecoh), the activation energy (Q0)
and monovacancy formation energy (E1v

F ) as
Tm(K) = 1200E1v

F (eV) = 660Q0(eV) =

360Ecoh(eV). (20)
Earlier several researchers used different experimental

results, viz. resistivity, phonon dispersion relation, etc.
to determine parameter of the Ashcroft model potential
rc and here experimental or mean theoretical estimation
of E1v

F is used to determine rc. Comparison is done with
available other theoretical values of E1v

F which are shown
in Table I. Our fitted value of (E1v

F )fit is very close to the
Angsten et al. estimated values [8].

The variation of E1v
F in rydbergs (1 Ry= 13.605 eV)

with the Ashcroft parameter rc are shown in Figs. 1–
4 within zero to 5 AU (1 AU = 0.0529177 nm). The
graphs are almost similar for all exchange and correla-
tion functions because of square of cosine term of the
Ashcroft model. The available experimental value of E1v

F
is found to lie near the first nodal point corresponding
to the condition E1v

F → 0 and a0 ≤ rc < 2AU where
a0(= 1 AU) is the Bohr radius. The fitted value of rc is
shown in Table II for different ECFs.
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Fig. 1. E1v
F − rc plots for for beryllium (Be), magnesium (Mg), scandium (Sc), titanium (Ti), cobalt (Co), zinc (Zn).
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Fig. 2. E1v
F − rc plots for yttrium (Y), zirconium (Zr), technetium (Tc), ruthenium (Ru), cadmium (Cd), gadolin-

ium (Gd).
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Fig. 3. E1v
F − rc plots for terbium (Tb), dysprosium (Dy), holmium (Ho), erbium (Er), thulium (Tm), lutetium (Lu).
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Fig. 4. E1v
F − rc plots for hafnium (Hf), rhenium (Re) IV, osmium (Os) III, thallium (Tl) III.

The correct value of valency in crystalline state has
been chosen out of multiple values by noting that the
Ashcroft parameter rc lies near to first peak and the
Bohr radius. A graph shown in Fig. 5 for atomic num-
ber and fitted rc for different fcc [1] and hcp cubic crys-
tals satisfies this idea. Thus out of two valence states
(1, 2) for beryllium z = 1 has been chosen. Similarly
for other multi-valent metals like titanium, cobalt, tech-
netium, ruthenium, terbium, rhenium, osmium and thal-
lium the valency values corresponding to lowest rc values
are listed in Table I.

The variation of the Ashcroft parameter rc with
different exchange and correlation functions for different
hcp crystals is shown in Table II with the mean value.
The value of rc in cases of cobalt and zinc show slightly
less than the Bohr radius. This may be due to less
estimation of (E1v

F )fit because of higher calculated values
Fig. 5. Mean Ashcroft parameter rc for hcp and fcc
crystals.
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TABLE IInput parameters for hexagonal closed pack (hcp) crystals

Element Atomic no. z aa [nm] ca [nm]
V-S parameters T a

m Ea
coh Qb

0 (E1v
F )fit (E1v

F )bTh (E1v
F )exp

A in AU B in AU [K] [eV] [eV] [eV] [eV] [eV]
Beryllium (Be) 4 1 0.227 0.359 0.8079 0.3435 1562 3.32 1.149 1.04
Magnesium (Mg) 12 2 0.321 0.521 0.9009 0.3211 922 1.51 1.30 0.645 0.78 0.80f,g

Scandium (Sc) 21 3 0.331 0.521 0.9096 0.3257 1814 3.9 1.341 1.87 0.96c

Titanium (Ti) 22 3 0.295 0.468 0.8769 0.3264 1946 4.85 3.14 1.601 2.06
Cobalt (Co) 27 3 0.251 0.407 0.8338 0.3368 1770 4.39 1.396 1.67, 1.93
Zinc (Zn) 30 2 0.266 0.495 0.8496 0.3326 692.7 1.35 1 0.511 0.47 0.54c,g

Yttrium (Y) 39 3 0.365 0.573 0.9409 0.3193 1801 4.37 1.406 1.87
Zirconium (Zr) 40 4 0.323 0.515 0.9026 0.3264 2128 6.25 3.17 1.797 2.03
Technetium (Tc) 43 2 0.274 0.44 0.8579 0.3305 2477 6.85 2.060 0.25
Ruthenium (Ru) 44 3 0.271 0.428 0.8554 0.3311 2527 6.74 2.064 2.68
Cadmium (Cd) 48 2 0.298 0.562 0.8799 0.3326 594.3 1.16 0.86 0.439 0.25 0.46d

Gadolinium (Gd) 64 3 0.363 0.578 0.9390 0.3122 1587 4.14 1.282
Terbium (Tb) 65 3 0.36 0.57 0.9360 0.3130 1632 4.05 1.288
Dysprosium (Dy) 66 3 0.359 0.565 0.9352 0.3137 1684 3.04 1.158
Holmium (Ho) 67 3 0.358 0.562 0.9343 0.3139 1745 3.14 1.198
Erbium (Er) 68 3 0.356 0.559 0.9324 0.3138 1797 3.29 1.242
Thulium (Tm) 69 3 0.354 0.556 0.9306 0.3147 1820 2.42 1.121
Lutetium (Lu) 71 3 0.35 0.555 0.9270 0.3155 1938 4.43 1.472
Hafnium (Hf) 72 4 0.319 0.505 0.8991 0.3214 2504 6.44 3.35 1.954 2.26 2.45e

Rhenium (Re) 75 4 0.276 0.446 0.8597 0.3302 3459 8.03 2.646 3.42
Osmium (Os) 76 3 0.274 0.432 0.8579 0.3306 3306 8.17 2.603 3.03
Thallium (Tl) 81 3 0.346 0.552 0.9234 0.3103 577 1.88 1.04 0.539 0.40 0.46d,f
a Ref. [7]; b Ref. [8]; c Ref. [9]; d Ref. [10];e Ref. [11]; f Ref. [12]; g Ref. [13]

TABLE IIVariation of the Ashcroft parameter with ECFs for different hcp crystals.

hcp rc in AU fitted to (E1v
F )exp or (E1v

F )fit
crystal K-K Sham G-V Kle Harr V-S Tay Hub M-D Mean
Beryllium (Be) 1.3466 1.3473 1.3538 1.3427 1.3930 1.3585 1.3408 1.4384 1.4154 1.3707
Magnesium (Mg) 1.3590 1.3551 1.3648 1.3792 1.3912 1.3975 1.4208 1.4188 1.4751 1.3957
Scandium (Sc) 1.3849 1.3853 1.3916 1.4136 1.4210 1.4320 1.4501 1.4505 1.5054 1.4260
Titanium (Ti) 1.2429 1.2506 1.2512 1.2727 1.2758 1.2790 1.2954 1.3005 1.3420 1.2789
Cobalt (Co) 0.8856 0.9025 0.8979 0.9534 0.9244 0.9595 0.9916 0.9447 1.0618 0.9468
Zinc (Zn) 0.9432 0.9447 0.9512 0.9946 0.9737 1.0067 1.0487 0.9951 1.1168 0.9972
Yttrium (Y) 1.6359 1.6328 1.6409 1.6528 1.6633 1.6694 1.6822 1.6864 1.7224 1.6651
Zirconium (Zr) 1.4970 1.5017 1.5022 1.5468 1.5278 1.5483 1.5902 1.5530 1.6622 1.5477
Technetium (Tc) 1.3090 1.3103 1.3122 1.3168 1.3305 1.3199 1.3254 1.3507 1.3529 1.3253
Ruthenium (Ru) 1.1420 1.1517 1.1485 1.1706 1.1722 1.1717 1.1853 1.1954 1.2279 1.1739
Cadmium (Cd) 1.1015 1.0985 1.1069 1.1488 1.1290 1.1757 1.2200 1.1506 1.2960 1.1586
Gadolinium (Gd) 1.6128 1.6103 1.6184 1.6311 1.6389 1.6506 1.6686 1.6655 1.7129 1.6455
Terbium (Tb) 1.5955 1.5930 1.6015 1.6150 1.6241 1.6313 1.6497 1.6485 1.6930 1.6279
Dysprosium (Dy) 1.5714 1.5685 1.5769 1.5920 1.6027 1.6101 1.6269 1.6272 1.6737 1.6055
Holmium (Ho) 1.5697 1.5675 1.5750 1.5899 1.6007 1.6070 1.6228 1.6250 1.6684 1.6029
Erbium (Er) 1.5637 1.5614 1.5689 1.5829 1.5937 1.6001 1.6156 1.6179 1.6605 1.5961
Thulium(Tm) 1.5317 1.5300 1.5383 1.5587 1.5684 1.5761 1.5934 1.5944 1.6415 1.5703
Lutetium (Lu) 1.5589 1.5573 1.5635 1.5774 1.5862 1.5916 1.6077 1.6088 1.6491 1.5889
Hafnium (Hf) 1.4356 1.4381 1.4393 1.4801 1.4583 1.4874 1.5242 1.4733 1.5715 1.4786
Rhenium (Re) 1.2260 1.2368 1.2306 1.2757 1.2587 1.2691 1.3046 1.2830 1.3508 1.2706
Osmium (Os) 1.2088 1.2135 1.2118 1.2273 1.2300 1.2275 1.2353 1.2516 1.2736 1.2310
Thallium (Tl) 1.3945 1.3925 1.4033 1.4316 1.4409 1.4574 1.4862 1.4749 1.5578 1.4488



556 A. Ghorai

of (E1v
F )Th for cobalt by Angsten et al. [8]. However for

zinc the experimental value of (E1v
F )exp is higher than all

the theoretical estimates and average value of rc is very
close to one AU.

I started computing defect energy calculation using
simple model of Ashcroft which contains only one param-
eter. The complete set of value of rc for cubic crystals
will be used for further calculation of energetic of self and
impurity diffusion via vacancy mechanism or other type
of point defects. The work with two-parameter Heine–
Abarenkov model is under progress.
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_________________________________________________________________________________ 

ABSTRACT— The motion of rain drop through atmosphere is an interesting classical problem because of the fact that 

air resistance and moisture accretion are integral part of it. Mathematical modeling of it using Newtonian formalism is 

considered here and discussions are made for no mass accretion and air resistance proportional to nth power of velocity. 

We use python program and library extensively to find the terminal velocity of rain drop. Graphs show close agreement 

and velocity power up to n=3 is good. 

 

Keywords— Rain drop, terminal velocity, air resistance, mass accretion. 
_________________________________________________________________________________ 

 

1. INTRODUCTION 

The major component of the water cycle is rain, responsible for depositing most of the fresh water on the earth and the 
major cause of rain production is moisture. Precipitation falls for enough moisture and upward motion of convective clouds 
(those with strong upward vertical motion such as cumulonimbus or thunder clouds) which can organize into narrow rain 
bands [1]. When upslope flow is maximized within windward sides of the terrain, heavy precipitation in mountainous areas 
is possible. On the leeward side of mountains, desert climates can exist due to the dry air caused by down slope flow which 
causes heating and drying of the air mass. Down slope flow causes heating and drying of the air mass on the leeward side 
of mountains and so desert climates can exist due to the dry air. 

2. PHYSICAL PROPERTIES 

Raindrops differ widely in their shapes, sizes and velocities. Smaller raindrops are generally spherical in shape. 
However, as size of the drop increases, it becomes an oblate spheroid. The raindrop is axially symmetric along the line of 
motion and in general non-spherical. The shape will be governed by internal hydrostatic pressure, hydrodynamic pressure 
of medium and surface tension. Beard and Chuang [2] describe the shape of a raindrop as a 10th order cosine distortion of 

a sphere as   r(θ) = R(1 + ∑ cncosnθ)10i=1     - (1) 

Here R is the radius of the undistorted sphere in meter, cn’s are the coefficients that depend on the radius of the drop 
and θ is the polar angle of elevation. 

Raindrops have a wide size distribution. A commonly used empirical distribution for rain drop size is the Marshall - 

Palmer distribution [3]   N(a) = 8 × 106e−8200Rh−0.21
    - (2) 

Here h is the rain rate given in mm/hr and N(a) is the number of rain drops per unit volume that contains sizes within 
the interval (R, R + dR). Large drops are severely distorted, while smaller drops are almost spherical. Note that the drops 
that make up a significant fraction of rain are less than 1mm in size and are not severely distorted and their shapes can be 
well approximated by a sphere. Therefore, in this paper, we will model rain drops as transparent spheres of water. 

As a raindrop falls, it attains a constant velocity, called the terminal velocity [4]. Gunn and Kinzer [5] present an 
empirical study of the terminal velocities of falling raindrops for different drop sizes. Their observations show that the 
terminal velocity of a raindrop can be expressed as a function of its size and is given by 

     vT = √4g(2R)(ρw−ρa)bρa      - (3) 

Here vT is in (meter/sec) and R is in meters. Here The first order differential equation of rain drop considering 
nth power of velocity for air resistance is solved for the first time by both analytically as well as using the library 
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of python code for no mass accretion which is based on the undergraduate theoretical knowledge. Emphasis is 
given so that undergraduate students can think of novel ideas; increase their skill of understanding; to create new 
method for proper understanding, etc. 

3. THE PROBLEM 

In general this kind of problem can be solved using time integral theorem which states that the time integral of force or 

impulse is equal to the integral of linear momentum. Mathematically we can write it as ∫ dp⃗⃗⃗⃗ = ∫ F⃗ dt. 
Let at time t the mass of a raindrop is m and velocity v⃗  and those at a later time t + dt  are m + dm and v⃗ + dv⃗⃗⃗⃗  

respectively. Thus  F⃗ dt = (m + dm)(v⃗ + dv⃗⃗⃗⃗ ) − mv⃗  
Or,    F⃗ = m dv⃗⃗⃗⃗  ⃗dt + dmdt v⃗        - (4) 

In this case the motion will be governed by the weight of the raindrop mgk̂, buoyant force 
mρag

ρw k̂, and frictional force 

of the medium, which is proportional to the nth power of velocity bvnk̂ where ρa  and ρw are the density of the medium 

and raindrop respectively. We assume a = g(1 − ρa
ρw) and then 

    m dv⃗⃗⃗⃗  ⃗dt + dmdt v⃗ = amk̂ − bvnk̂     - (5) 

Here b is the resistive force per unit nth power of velocity. Lynch and Lommatsch [6] took the value of resistive constant 

as b = 0.15ρaA where the cross sectional area of raindrop assumes the form A = 3.3108 × (2R)2.21672, with mass of 

raindrop as m = 957.251 × (2R)3.09275 where R is the approximate radius. Generally we put n=1 for resistive force 
proportional to velocity. But there are examples where n>1 and generalized procedure for solution is to be taken in those 
cases. 

4. NO MASS VARIATION CASE 

In this no mass variation case since 
dmdt = 0 we get from equation (5) 

dvamb −vn = bdtm   - (6) 

When n=0 we have v = a − btm and for 
dvdt = 0 we have any value of the terminal velocity including zero because am =b and thus clearly am ≥ b. 

For n=1 we have  v = amb (1 − e−btm) and terminal velocity is vT = amb . 

When n=2 the roots of 
amb − v2 are ±√amb  and the solution is v = √amb 1−e−t√4abm

1+e−t√4abm m
abt

m
abt

e

e

b

am
4

4

1

1







 . Thus the terminal 

velocity can be obtained for t → ∞ as vT = √amb . 

When n=3 the roots of 
amb − v3 are (amb )13, 

−1±i√32 (amb )13. Neglecting negative and imaginary terms as they have no 

physical meaning the solution is v = (amb )13[1 − 𝑒−(𝑎𝑚𝑏 )233𝑏𝑡𝑚 ]. The terminal velocity can be obtained for t → ∞  as vT =(amb )13. 

When n=4 the roots of 
amb − v4 are ±(amb )14, ±i(amb )14. Hence v = (amb )14[1 − 𝑒−𝑏𝑡𝑚]14. The terminal velocity for t → ∞ as vT = (amb )14. 

Using the procedure of rational fraction of integration the first order differential equation for nth power of velocity 

reduces to   ∫ ∑ sldvrl−vnl=1v0 = ∫ bdtmt0 ebtm = ∏ ( rlrl−v)slnl=1     - (7) 

We can use another general procedure to solve equation (6). For that, we put 𝑥 = 1 − bvnam  and take 𝑝 = n−1n . So 𝑑𝑥 =− bnvn−1dvam   and thus the equation reduces to 
Amdxbnxvn−1 = adt 

Or,  − bndtm = dxx[amb (1−x)]n−1n = dxx [amb (1 − x)]−p = (amb )−p dxx [1 + px + p(p+1)2! x2 + p(p+1)(p+2)3! x3 + ⋯] 
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Or,  −(amb )p bndtm = dxx ∑ (p−1+l)!(p−1)!l!∞l=0 xl− (amb )p bn(t+C)m = ∑ (p−1+l)!(p−1)!l! xll∞l=0 = ∑ (l−1n)!l(−1n)!l!∞l=0 (1 − bvnam)l 
This is obtained by integration. Now at t=0 we have v=0 and C=− mbn ( bam)1−nn ∑ (l−1n)!l(−1n)!l!∞l=0 . Thus 

    −(amb )p bntm = ∑ (l−1n)!l(−1n)!l!∞l=0 (1 − bvnam)l     - (8) 

5. DISCUSSIONS 

Table 1 

Air density a  kg/m3 0.006211* Radius R  m 0.0001– 0.01 

Water density w  kg/m3 957.251* Ab a15.0  4.9110-12 – 6.8410-5 

Acceleration due to gravity 
g  m/s2 9.81* )1(

w

aga



  
9.8099363 

*ref [6]  
 
For no mass accretion a python code is developed (matplotlib) and integration by odeint is (code is written in 

appendix) performed for different powers of velocity using the values of the parameters given in table 1. The plot 
in logarithmic scale is shown in figure 1 where velocity reaches its terminal velocity almost within ten seconds for 
mass of rain drop 0.5 mg and approximate diameter 1 mm. As discussed in section 4 the velocity for n=0 increases 
with time. 

 
Figure 1 

For further verification terminal velocity in logarithmic scale for n=1,2,3,4,5 is plotted against mass in 
logarithmic scale along with Gunn and Kinzer value [5]. This is shown in figure 2. The plots show close agreement 
and velocity power up to n=3 perhaps a better choice. Here n=0 is not plotted as the terminal velocity is 
undetermined. 

The graphs contain a single intersecting point of approximate terminal velocity 1 m/s and mass 10 -06 mg. This 
perhaps is the choice of minimum raindrop size below which it may be assumed to be a cloud part icle. We note 
that terminal velocity satisfies the equation bvTn = ma which depends on mass of raindrop and value of b. Here 
again best agreement between analytical and graphical value of vTn is observed. 

6. CONCLUSIONS 

These graphs clearly speak about the fact that diameter and mass have some impact on terminal velocity. Due to mass 

accretion in moist air the raindrop collects mass and rate may be 
dmdt = ρavA where A = πR2 is the projected area of the 

raindrop which is the largest cross section. For spherical drop, increase in radius is proportional to 𝑚13 and an increase in 

area is proportional to 𝑚23. Also mass accretion depends on velocity and so the raindrop size changes with time, i.e. dm/dt 
is proportional to mass m and velocity v. Thus 

dmdt = cmαvβ where c>0 is a constant and  and  are (almost) arbitrary 
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exponents [7-9]. This form includes the two most commonly studied cases called the easy case  (, ) = (23 , 0) and the 

hard case (, ) = (23 , 1). The constant c depends on actual shape of raindrop. If the raindrop is spherical then [10] 

    𝑐 = 𝜋𝑅2(43𝜋𝑅3𝜌𝑤)𝛼      - (9) 

 
Figure 2 

This modification seems inadequate because of pressure and temperature variations in the atmosphere. This is not 

considered in any literature so far. 
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9. APPENDIX 

PYTHON CODE 
Program for 1st graph :- 

import numpy as np 
from scipy.integrate import odeint 
import matplotlib.pyplot as plt 
d = 10**(-3) * 1 
c = 0.3 
pw = 1000 
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pa = 1.161 # at 300K, 1 bar     
A = 3.3108*(d**2.21672) 
m = 1000*0.957251*(d**3.09275) 
g = 9.81 
p =  g * (1-(pa/pw)) 
q = 0.5 * c * pa * A 
v0=0 
sol = [v0] 
t= np.linspace(0,400,4000)   
def f(v,t,n,a,b,ca): 
    dvdt = (m*p - q*(v**n))/m - (ca*m**(a-1)*v**(b+1)) #raindrop motion equation 
    return dvdt 
for  n in range(0,6):  
    sol = odeint(f,v0,t,args=(n,0,0,0)) 
    plt.plot (t,sol) 
plt.title('velocity vs time graph with')     
plt.yscale('log') 
plt.xscale('log') 
plt.legend(['$n=0$','$n=1$','$n=2$','$n=3$','$n=4$','$n=5$']) 
plt.xlabel('time in sec') 
plt.ylabel('velocity in m/s') 
plt.show() 
 
Program for 2nd graph For terminal velocity vs mass graph:- 

from scipy.integrate import odeint 
import numpy as np 
import matplotlib.pyplot as plt 
def f(v,t): return a - (b/m)*v**n 
a=9.81*(1- 1.161/1000) 
c = 0.3 
pw = 1000 
pa = 1.161 # at 300K, 1 bar 
g = 9.81 
for n in range(1,6): 
    vt=[] 
    M=[] 
    Gn = [] 
    for d in np.arange(0.002*10**(-3),6*10**(-3),10**(-6)): 
        b=(0.3*1.161*3.3108*d**2.21672)/2.0 
        m=1000*0.957251*d**3.09275 
        t=np.linspace(0,150,300) 
        y0=0 
        sol=odeint(f,y0,t) 
        v=sol[:,0] 
        vt.append(v[-1]) 
        M.append(m) 
    plt.plot(M,vt) 
for d in np.arange(0.002*10**(-3),6*10**(-3),10**(-6)): 
    gn = (((4/3) * 9.81 * d * (pw-pa)) / (pa*c))**(0.5)  
    Gn.append(gn) 
plt.plot(M,Gn, color = 'black', marker = '.' , markerfacecolor = 'black', markersize = 3) 
plt.subplot(111) 
plt.xlabel('mass in SI unit') 
plt.ylabel('terminal velocity in SI unit') 
plt.yscale('log') 
plt.xscale('log') 
plt.title("Terminal velocity - mass plot") 
plt.legend(['$n=1$','$n=2$','$n=3$','$n=4$','$n=5$','$Gunn-Kinzer$']) 
plt.show() 
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