ﬁEbﬂ%W 7.00#

N

WAN\W



http://www.ebook777.com

Free ebooks ==> www.Ebook777.com

-

Physical
Chemistry

THIRD EDITION

Thomas Engel
University of Washington

Philip Reid

University of Washington

Chapter 26, “"Computational Chemistry,”
was contributed by

Warren Hehre

CEO, Wavefunction, Inc.

PEARSON

Boston Columbus Indianapolis

New York San Francisco Upper Saddle River
Amsterdam Cape Town Dubai London
Madrid Milan Munich Paris Montréal Toronto
Delhi Mexico City Sao Paulo Sydney

Hong Kong Seoul Singapore Taipei Tokyo

Www.Ebook777.com



http://www.ebook777.com

Free ebooks ==> www.Ebook777.com

Editor in Chief: Adam Jaworski

Executive Editor: Jeanne Zalesky

Senior Marketing Manager: Jonathan Cottrell
Associate Editor: Jessica Neumann

VP/Executive Director, Development: Carol Trueheart
Development Editor: Michael Sypes

Editorial Assistant: Lisa Tarabokjia

Marketing Assistant: Nicola Houston

Managing Editor, Chemistry and Geosciences: Gina M. Cheselka
Senior Project Manager, Production: Beth Sweeten
Associate Media Producer: Ashley Eklund

Full Service/Compositor: GEX Publishing Services
Senior Technical Art Specialist: Connie Long
Hllustrator: Imagineering Media Services, Inc.
Design Manager: Mark Ong

Interior Designer: Integra Software Services, Inc.
Cover Designer: BigWig Designs

Photo Manager and Researcher: Maya Melenchuk
Text Permissions Manager: Beth Wollar

Text Permissions Researcher: Beth Keister
Operations Specialist: Jeff Sargent

Cover Photo Credit: Artwork courtesy of Kim Kopp; photo credit: Frank Huster.

Credits and acknowledgments borrowed from other sources and reproduced, with permission, in this
textbook appear on the appropriate page within the text or on pp. 1071-1072.

Copyright © 2013, 2010, 2006 Pearson Education, Inc. All rights reserved. Manufactured in the United
States of America. This publication is protected by Copyright, and permission should be obtained from the
publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or
by any means, electronic, mechanical, photocopying, recording, or likewise. To obtain permission(s) to use
material from this work, please submit a written request to Pearson Education, Inc., Permissions
Department, 1900 E. Lake Ave., Glenview, IL 60025. For information regarding permissions, call

(847) 486-2635.

Many of the designations used by manufacturers and sellers to distinguish their products are claimed as
trademarks. Where those designations appear in this book, and the publisher was aware of a trademark
claim, the designations have been printed in initial caps or all caps.

Library of Congress Cataloging-in-Publication Data
Engel, Thomas

Physical chemistry / Thomas Engel, Philip Reid, Warren Hehre. — 3rd ed.

p. cm.

Includes index.

ISBN 978-0-321-81200-1 (casebound)

1. Chemistry, Physical and theoretical—Textbooks. I. Reid, Philip (Philip J.) II. Engel, Thomas.
III. Hehre, Warren. IV. Title.

QD453.3.E54 2012

541-dc23

2011046907

123456789 10—CRK—15 14 13 12 11

PEARSON ISBN-10: 0-321-81200-X; ISBN-13: 978-0-321-81200-1
www.pearsonhighered.com

Www.Ebook777.com



www.pearsonhighered.com
http://www.ebook777.com

Free ebooks ==> www.Ebook777.com

To Walter and Juliane,
my first teachers,
and to Gloria,
Alex,
and Gabrielle.

Thomas Engel

To my family.
Philip Reid

Www.Ebook777.com



http://www.ebook777.com

Free ebooks ==> www.Ebook777.com

Fundamental Concepts of Thermodynamics 1

2 Heat, Work, Internal Energy, Enthalpy, and the

9
10
11

12
13
14
15

16

17

18

19

20

First Law of Thermodynamics 17

The Importance of State Functions: Internal
Energy and Enthalpy 45

Thermochemistry 67

Entropy and the Second and Third Laws of
Thermodynamics 85

Chemical Equilibrium 125
The Properties of Real Gases 165

Phase Diagrams and the Relative Stability of
Solids, Liquids, and Gases 181

Ideal and Real Solutions 209
Electrolyte Solutions 243

Electrochemical Cells, Batteries, and Fuel
Cells 259

From Classical to Quantum Mechanics 293
The Schrodinger Equation 309
The Quantum Mechanical Postulates 331

Using Quantum Mechanics on Simple
Systems 343

The Particle in the Box and the Real
World 361

Commuting and Noncommuting Operators
and the Surprising Consequences of
Entanglement 383

A Quantum Mechanical Model for the
Vibration and Rotation of Molecules 405

The Vibrational and Rotational Spectroscopy
of Diatomic Molecules 431

The Hydrogen Atom 465

21
22

23

24

25
26
27
28

29
30
31

32
33
34
35
36

Many-Electron Atoms 483

Quantum States for Many-Electron Atoms and
Atomic Spectroscopy 507

The Chemical Bond in Diatomic
Molecules 537

Molecular Structure and Energy Levels for
Polyatomic Molecules 567

Electronic Spectroscopy 601
Computational Chemistry 631
Molecular Symmetry 687

Nuclear Magnetic Resonance
Spectroscopy 715

Probability 747
The Boltzmann Distribution 771

Ensemble and Molecular Partition
Functions 793

Statistical Thermodynamics 825
Kinetic Theory of Gases 857
Transport Phenomena 877
Elementary Chemical Kinetics 909

Complex Reaction Mechanisms 955

APPENDIX A Math Supplement 1007

APPENDIX B Data Tables 1029

ApPENDIX C Point Group Character

Tables 1047

APPENDIX D Answers to Selected End-of-Chapter

Problems 1055

CREDITS 1071

INDEX 1073

Www.Ebook777.com



http://www.ebook777.com

Free ebooks ==

www.Ebook777.com

PREFACE

Xiii

1 Fundamental Concepts
of Thermodynamics 1

1.1

1.2

1.3

1.4
1.5

What Is Thermodynamics and Why Is
It Useful? 1

The Macroscopic Variables Volume, Pressure,
and Temperature 2

Basic Definitions Needed to Describe
Thermodynamic Systems 6

Equations of State and the Ideal Gas Law 7
A Brief Introduction to Real Gases 10

2 Heat, Work, Internal Energy,
Enthalpy, and the First Law of
Thermodynamics 17

2.1

2.2
23
24

25
2.6
2.7
2.8

29

2.10

2.11

The Internal Energy and the First Law of
Thermodynamics 17

Work 18
Heat 21

Doing Work on the System and Changing the
System Energy from a Molecular Level
Perspective 23

Heat Capacity 25

State Functions and Path Functions 28
Equilibrium, Change, and Reversibility 30
Comparing Work for Reversible and Irreversible
Processes 31

Determining AU and Introducing Enthalpy, a
New State Function 34

Calculating ¢, w, AU, and AH for Processes
Involving Ideal Gases 35

The Reversible Adiabatic Expansion

and Compression of an Ideal Gas 39

3 The Importance of State
Functions: Internal Energy
and Enthalpy 45

3.1

32
33

The Mathematical Properties of State
Functions 45

The Dependence of U on Vand T 50

Does the Internal Energy Depend More Strongly
onVorT? 52

34

3.5
3.6

3.7
3.8

The Variation of Enthalpy with Temperature at
Constant Pressure 55

How Are Cp and Cy Related? 57

The Variation of Enthalpy with Pressure at
Constant Temperature 58

The Joule-Thomson Experiment 60

Liquefying Gases Using an Isenthalpic
Expansion 63

Thermochemistry ¢7

4.1

4.2

4.3

4.4

4.5

4.6

Energy Stored in Chemical Bonds Is Released or
Taken Up in Chemical Reactions 67

Internal Energy and Enthalpy Changes
Associated with Chemical Reactions 68

Hess’s Law Is Based on Enthalpy Being a State
Function 71

The Temperature Dependence of Reaction
Enthalpies 73

The Experimental Determination of AU and AH
for Chemical Reactions 75

(Supplemental) Differential Scanning
Calorimetry 77

Entropy and the Second and Third
Laws of Thermodynamics ss

5.1

52

53
54
55

5.6
5.7

5.8

59
5.10
5.11

5.12

The Universe Has a Natural Direction
of Change 85

Heat Engines and the Second Law of
Thermodynamics 86

Introducing Entropy 90
Calculating Changes in Entropy 91

Using Entropy to Calculate the Natural Direction
of a Process in an Isolated System 96

The Clausius Inequality 97

The Change of Entropy in the Surroundings and
AStotal = AS + ASsurrm,mdings 98

Absolute Entropies and the Third Law of
Thermodynamics 101

Standard States in Entropy Calculations 104
Entropy Changes in Chemical Reactions 105

(Supplemental) Energy Efficiency: Heat Pumps,
Refrigerators, and Real Engines 106

(Supplemental) Using the Fact that S Is a State
Function to Determine the Dependence of S on V
and T 115

Www.Ebook777.com



http://www.ebook777.com

Vi

Free ebooks ==

CONTENTS

5.13 (Supplemental) The Dependence of S on
Tand P 117

5.14 (Supplemental) The Thermodynamic
Temperature Scale 118

Chemical Equilibrium 125

6.1 The Gibbs Energy and the Helmholtz Energy 125
6.2 The Differential Forms of U, H, A, and G 130

6.3 The Dependence of the Gibbs and Helmholtz
Energieson P, V,and T 132

6.4 The Gibbs Energy of a Reaction Mixture 134
6.5 The Gibbs Energy of a Gas in a Mixture 135

6.6 Calculating the Gibbs Energy of Mixing for Ideal

Gases 136
6.7 Calculating AGp for a Chemical Reaction 138

6.8 Introducing the Equilibrium Constant for a
Mixture of Ideal Gases 139

6.9 Calculating the Equilibrium Partial Pressures in a
Mixture of Ideal Gases 141

6.10 The Variation of Kp with Temperature 142

6.11 Equilibria Involving Ideal Gases and Solid or

Liquid Phases 145

Expressing the Equilibrium Constant in Terms of
Mole Fraction or Molarity 146

The Dependence of the Extent of Reaction on 7'
and P 147

(Supplemental) A Case Study: The Synthesis of
Ammonia 148

6.12
6.13
6.14

6.15 (Supplemental) Expressing U and H and Heat
Capacities Solely in Terms of Measurable

Quantities 153

(Supplemental) Measuring AG for the Unfolding
of Single RNA Molecules 157

(Supplemental) The Role of Mixing in Determining
Equilibrium in a Chemical Reaction 158

6.16

6.17

The Properties of Real Gases 165

7.1 Real Gases and Ideal Gases 165

7.2 Equations of State for Real Gases and Their

Range of Applicability 166
7.3 The Compression Factor 170
7.4

7.5 Fugacity and the Equilibrium Constant for
Real Gases 175

The Law of Corresponding States 173

Phase Diagrams and the Relative
Stability of Solids, Liquids, and
Gases 181

8.1  What Determines the Relative Stability of the
Solid, Liquid, and Gas Phases? 181

www.Ebook777.com

10

8.2  The Pressure—Temperature Phase Diagram 184
8.3  The Phase Rule 190

8.4  The Pressure—Volume and Pressure—Volume—
Temperature Phase Diagrams 191

8.5 Providing a Theoretical Basis for the P-T Phase
Diagram 193

8.6  Using the Clausius—Clapeyron Equation to
Calculate Vapor Pressure as a Function of 7 194

8.7  The Vapor Pressure of a Pure Substance Depends
on the Applied Pressure 196

8.8  Surface Tension 197
8.9 (Supplemental) Chemistry in Supercritical Fluids 201
8.10 (Supplemental) Liquid Crystal Displays 202

Ideal and Real Solutions 209

9.1 Defining the Ideal Solution 209

9.2 The Chemical Potential of a Component in the

Gas and Solution Phases 211

9.3  Applying the Ideal Solution Model to Binary
Solutions 212

The Temperature—Composition Diagram and
Fractional Distillation 216

9.5 The Gibbs—Duhem Equation 218
9.6

9.7 The Freezing Point Depression and Boiling Point
Elevation 220

9.8 The Osmotic Pressure 222

9.9 Real Solutions Exhibit Deviations from
Raoult’s Law 224

The Ideal Dilute Solution 227

Activities Are Defined with Respect to Standard
States 229

Henry’s Law and the Solubility of Gases in
a Solvent 232

Chemical Equilibrium in Solutions 233

94

Colligative Properties 219

9.10
9.11

9.12

9.13

9.14 Solutions Formed from Partially Miscible

Liquids 237

9.15 The Solid-Solution Equilibrium 238

Electrolyte Solutions 243

10.1 The Enthalpy, Entropy, and Gibbs Energy of Ion

Formation in Solutions 243

10.2 Understanding the Thermodynamics of Ton

Formation and Solvation 246

10.3 Activities and Activity Coefficients for

Electrolyte Solutions 248
Calculating y .. Using the Debye—Hiickel Theory 250

Chemical Equilibrium in Electrolyte
Solutions 254

10.4
10.5

Www.Ebook777.com



http://www.ebook777.com

11

12

Free ebooks ==> www.Ebook777.com

Electrochemical Cells, Batteries,
and Fuel Cells 259

11.1 The Effect of an Electrical Potential on the
Chemical Potential of Charged Species 259

11.2  Conventions and Standard States in
Electrochemistry 261

11.3 Measurement of the Reversible Cell
Potential 264

11.4 Chemical Reactions in Electrochemical Cells
and the Nernst Equation 264

11.5 Combining Standard Electrode Potentials to
Determine the Cell Potential 266

11.6  Obtaining Reaction Gibbs Energies and
Reaction Entropies from Cell Potentials 267

11.7  The Relationship between the Cell EMF and the
Equilibrium Constant 268

11.8 Determination of E° and Activity Coefficients
Using an Electrochemical Cell 270

11.9  Cell Nomenclature and Types of
Electrochemical Cells 270

11.10 The Electrochemical Series 272

11.11 Thermodynamics of Batteries and Fuel Cells 272

11.12 The Electrochemistry of Commonly Used
Batteries 273

11.13 Fuel Cells 277

11.14 (Supplemental) Electrochemistry at the Atomic
Scale 280

11.15 (Supplemental) Using Electrochemistry for

Nanoscale Machining 286
11.16 (Supplemental) Absolute Half-Cell Potentials 287

From Classical to Quantum
Mechanics 293

12.1  Why Study Quantum Mechanics? 293

12.2  Quantum Mechanics Arose out of the Interplay
of Experiments and Theory 294

12.3  Blackbody Radiation 295

12.4  The Photoelectric Effect 296

12.5 Particles Exhibit Wave-Like Behavior 298

12.6  Diffraction by a Double Slit 300

12.7  Atomic Spectra and the Bohr Model of the

Hydrogen Atom 303

13 The Schrédinger Equation 309

13.1 What Determines If a System Needs to Be
Described Using Quantum Mechanics? 309
13.2  Classical Waves and the Nondispersive Wave

Equation 313

CONTENTS vii

13.3 Waves Are Conveniently Represented as
Complex Functions 317

13.4 Quantum Mechanical Waves and the Schrodinger

Equation 318

13.5 Solving the Schrédinger Equation: Operators,

Observables, Eigenfunctions, and Eigenvalues 320

13.6 The Eigenfunctions of a Quantum Mechanical

Operator Are Orthogonal 322

13.7 The Eigenfunctions of a Quantum Mechanical

Operator Form a Complete Set 324
13.8 Summing Up the New Concepts 326

14 The Quantum Mechanical

15

Postulates 331
14.1 The Physical Meaning Associated with the Wave
Function Is Probability 332

14.2 Every Observable Has a Corresponding

Operator 333
The Result of an Individual Measurement 334
The Expectation Value 334

The Evolution in Time of a Quantum
Mechanical System 338

14.3
14.4
14.5

14.6 Do Superposition Wave Functions Really Exist? 338

Using Quantum Mechanics on
Simple Systems 343

15.1 The Free Particle 343

15.2 The Particle in a One-Dimensional Box 345
153
15.4

Two- and Three-Dimensional Boxes 349

Using the Postulates to Understand the Particle in
the Box and Vice Versa 350

16 The Particle in the Box and the

Real World 361

16.1 The Particle in the Finite Depth Box 361

16.2 Differences in Overlap between Core and Valence
Electrons 362

Pi Electrons in Conjugated Molecules Can Be
Treated as Moving Freely in a Box 363

Why Does Sodium Conduct Electricity and Why
Is Diamond an Insulator? 364

16.3

16.4

16.5
16.6
16.7

Traveling Waves and Potential Energy Barriers 365
Tunneling through a Barrier 367

The Scanning Tunneling Microscope and the
Atomic Force Microscope 369

16.8
16.9

Tunneling in Chemical Reactions 374

(Supplemental) Quantum Wells and
Quantum Dots 375

Www.Ebook777.com



http://www.ebook777.com

viii

17

18

Free ebooks ==

CONTENTS

Commuting and Noncommuting
Operators and the Surprising
Consequences of Entanglement 333
17.1
17.2
17.3
17.4

Commutation Relations 383
The Stern—Gerlach Experiment 385
The Heisenberg Uncertainty Principle 388

(Supplemental) The Heisenberg Uncertainty
Principle Expressed in Terms of Standard
Deviations 392

17.5 (Supplemental) A Thought Experiment Using a

Particle in a Three-Dimensional Box 394

17.6 (Supplemental) Entangled States, Teleportation,

and Quantum Computers 396

A Quantum Mechanical Model for
the Vibration and Rotation of
Molecules 405

18.1
18.2
183

The Classical Harmonic Oscillator 405
Angular Motion and the Classical Rigid Rotor 409

The Quantum Mechanical Harmonic
Oscillator 411

Quantum Mechanical Rotation in Two
Dimensions 416

18.4

18.5 Quantum Mechanical Rotation in Three

Dimensions 419
18.6
18.7
18.8

The Quantization of Angular Momentum 421
The Spherical Harmonic Functions 423
Spatial Quantization 425

19 The Vibrational and Rotational

Spectroscopy of Diatomic
Molecules 431

19.1
19.2

An Introduction to Spectroscopy 431

Absorption, Spontaneous Emission, and
Stimulated Emission 433

An Introduction to Vibrational Spectroscopy 435
The Origin of Selection Rules 438
Infrared Absorption Spectroscopy 440

19.3
19.4
19.5
19.6
19.7

Rotational Spectroscopy 443

(Supplemental) Fourier Transform Infrared
Spectroscopy 449

19.8
19.9

(Supplemental) Raman Spectroscopy 451

(Supplemental) How Does the Transition Rate
between States Depend on Frequency? 453

www.Ebook777.com

20 The Hydrogen Atom 465

21

22

20.1  Formulating the Schrodinger Equation 465

20.2  Solving the Schrodinger Equation for the
Hydrogen Atom 466

20.3  Eigenvalues and Eigenfunctions for the
Total Energy 467

20.4  The Hydrogen Atom Orbitals 473

20.5 The Radial Probability Distribution
Function 475

20.6  The Validity of the Shell Model of

an Atom 479

Many-Electron Atoms 433

21.1  Helium: The Smallest Many-Electron Atom 483

21.2  Introducing Electron Spin 485

21.3  Wave Functions Must Reflect the
Indistinguishability of Electrons 486

21.4  Using the Variational Method to Solve the
Schrodinger Equation 490

21.5 The Hartree—Fock Self-Consistent Field
Method 491

21.6  Understanding Trends in the Periodic Table

from Hartree—-Fock Calculations 499

Quantum States for
Many-Electron Atoms and
Atomic Spectroscopy 507

22.1  Good Quantum Numbers, Terms, Levels, and
States 507

22.2  The Energy of a Configuration Depends on Both
Orbital and Spin Angular Momentum 509

22.3  Spin-Orbit Coupling Breaks Up a Term into
Levels 516

22.4  The Essentials of Atomic Spectroscopy 517

22.5 Analytical Techniques Based on Atomic
Spectroscopy 519

22.6  The Doppler Effect 522

22.7  The Helium-Neon Laser 523

22.8 Laser Isotope Separation 526

22.9  Auger Electron and X-Ray Photoelectron
Spectroscopies 527

22.10 Selective Chemistry of Excited States:
OC’P) and O('D) 530

22.11 (Supplemental) Configurations with Paired and

Unpaired Electron Spins Differ in Energy 531

Www.Ebook777.com



http://www.ebook777.com

Free ebooks ==> www.Ebook777.com

23 The Chemical Bond in Diatomic
Molecules 537

23.1

23.2

23.3

234

23.5
23.6

23.7

23.8
23.9

Generating Molecular Orbitals from Atomic
Orbitals 537

The Simplest One-Electron Molecule:

Hi 541

The Energy Corresponding to the Hy
Molecular Wave Functions ¢, and ¢, 543

A Closer Look at the HJ Molecular Wave
Functions ¢, and ¢, 546

Homonuclear Diatomic Molecules 548

The Electronic Structure of Many-Electron
Molecules 552

Bond Order, Bond Energy, and Bond
Length 555

Heteronuclear Diatomic Molecules 557
The Molecular Electrostatic Potential 560

24 Molecular Structure and Energy
Levels for Polyatomic Molecules s67

25

24.1
242

243

24.4

24.5

24.6

24.7

24.8

249
24.10

Lewis Structures and the VSEPR Model 567

Describing Localized Bonds Using Hybridization
for Methane, Ethene, and Ethyne 570

Constructing Hybrid Orbitals for Nonequivalent
Ligands 573

Using Hybridization to Describe Chemical
Bonding 576

Predicting Molecular Structure Using
Qualitative Molecular Orbital Theory 578

How Different Are Localized and Delocalized
Bonding Models? 581

Molecular Structure and Energy Levels from
Computational Chemistry 584

Qualitative Molecular Orbital Theory for
Conjugated and Aromatic Molecules: The
Hiickel Mode 586

From Molecules to Solids 592

Making Semiconductors Conductive at Room
Temperature 593

Electronic Spectroscopy co1

25.1
25.2
25.3

The Energy of Electronic Transitions 601
Molecular Term Symbols 602

Transitions between Electronic States of
Diatomic Molecules 605

254

25.5

25.6

25.7

25.8
25.9

25.10
25.11
25.12

25.13
25.14

CONTENTS ix

The Vibrational Fine Structure of Electronic
Transitions in Diatomic Molecules 606

UV-Visible Light Absorption in Polyatomic
Molecules 608

Transitions among the Ground and Excited
States 610

Singlet—Singlet Transitions: Absorption and
Fluorescence 611

Intersystem Crossing and Phosphorescence 613

Fluorescence Spectroscopy and Analytical
Chemistry 614

Ultraviolet Photoelectron Spectroscopy 615
Single Molecule Spectroscopy 617

Fluorescent Resonance Energy
Transfer (FRET) 619

Linear and Circular Dichroism 623

Assigning + and — to 2 Terms of Diatomic
Molecules 625

26 Computational Chemistry 631

27

26.1
26.2
26.3

26.4
26.5

26.6
26.7
26.8
26.9
26.10

The Promise of Computational Chemistry 631
Potential Energy Surfaces 632

Hartree—Fock Molecular Orbital Theory: A Direct
Descendant of the Schrodinger Equation 636

Properties of Limiting Hartree—Fock Models 638

Theoretical Models and Theoretical Model
Chemistry 643

Moving Beyond Hartree—Fock Theory 644
Gaussian Basis Sets 649

Selection of a Theoretical Model 652
Graphical Models 666

Conclusion 674

Molecular Symmetry 637

27.1

27.2
273
274

27.5
27.6

27.7

Symmetry Elements, Symmetry Operations, and
Point Groups 687

Assigning Molecules to Point Groups 689
The H,O Molecule and the C,, Point Group 691

Representations of Symmetry Operators, Bases
for Representations, and the Character Table 696

The Dimension of a Representation 698

Using the C,, Representations to Construct
Molecular Orbitals for H,O 702

The Symmetries of the Normal Modes of
Vibration of Molecules 704

Www.Ebook777.com



http://www.ebook777.com

Free ebooks ==

CONTENTS

27.8 Selection Rules and Infrared versus Raman

Activity 708

(Supplemental) Using the Projection Operator
Method to Generate MOs That Are Bases for
Irreducible Representations 709

27.9

28 Nuclear Magnetic Resonance

29

30

Spectroscopy 715

28.1 Intrinsic Nuclear Angular Momentum and
Magnetic Moment 715

28.2  The Energy of Nuclei of Nonzero Nuclear Spin
in a Magnetic Field 717

28.3  The Chemical Shift for an Isolated Atom 719

28.4  The Chemical Shift for an Atom Embedded in a
Molecule 720

28.5  Electronegativity of Neighboring Groups and
Chemical Shifts 721

28.6  Magnetic Fields of Neighboring Groups and
Chemical Shifts 722

28.7  Multiplet Splitting of NMR Peaks Arises
through Spin—Spin Coupling 723

28.8  Multiplet Splitting When More Than Two Spins
Interact 728

28.9  Peak Widths in NMR Spectroscopy 730

28.10 Solid-State NMR 732

28.11 NMR Imaging 732

28.12 (Supplemental)The NMR Experiment in the
Laboratory and Rotating Frames 734

28.13 (Supplemental) Fourier Transform NMR

Spectroscopy 736
28.14 (Supplemental) Two-Dimensional NMR 740

Probability 747

29.1  Why Probability? 747

29.2  Basic Probability Theory 748

29.3  Stirling’s Approximation 750

29.4  Probability Distribution Functions 757

29.5 Probability Distributions Involving Discrete and
Continuous Variables 759

29.6  Characterizing Distribution Functions 762

The Boltzmann Distribution 771

30.1 Microstates and Configurations 771
30.2 Derivation of the Boltzmann Distribution 777
30.3 Dominance of the Boltzmann Distribution 782

www.Ebook777.com

31

32

33

34

30.4 Physical Meaning of the Boltzmann
Distribution Law 784

30.5 The Definition of 8 785

Ensemble and Molecular Partition
Functions 793

31.1 The Canonical Ensemble 793

31.2 Relating Q to g for an Ideal Gas 795

31.3 Molecular Energy Levels 797

31.4 Translational Partition Function 797

31.5 Rotational Partition Function: Diatomics 800
31.6  Rotational Partition Function: Polyatomics 807
31.7  Vibrational Partition Function 809

31.8 The Equipartition Theorem 8§14

31.9 Electronic Partition Function 815

31.10 Review 819

Statistical Thermodynamics 325

32.1 Energy 825

32.2  Energy and Molecular Energetic Degrees of
Freedom 829

32.3 Heat Capacity 833

32.4  Entropy 837

32.5 Residual Entropy 842

32.6  Other Thermodynamic Functions 843

3277 Chemical Equilibrium 847

Kinetic Theory of Gases ss7

33.1 Kinetic Theory of Gas Motion and Pressure 857

33.2  Velocity Distribution in One Dimension 858

33.3 The Maxwell Distribution of Molecular
Speeds 862

33.4  Comparative Values for Speed Distributions:
Vaves Vimps and v,,,,; 864

33.5 Gas Effusion 866

33.6 Molecular Collisions 868

337 The Mean Free Path 872

Transport Phenomena 377

34.1 WhatIs Transport? 877

34.2  Mass Transport: Diffusion 879

34.3  The Time Evolution of a Concentration
Gradient 882

344  (Supplemental) Statistical View of Diffusion 884

Www.Ebook777.com



http://www.ebook777.com

35

345
34.6
34.7
34.8
349

34.10

Free ebooks ==> www.Ebook777.com

Thermal Conduction 886

Viscosity of Gases 890

Measuring Viscosity 892

Diffusion in Liquids and Viscosity of Liquids 894

(Supplemental) Sedimentation and
Centrifugation 896

Ionic Conduction 899

Elementary Chemical Kinetics 909

35.1
35.2
353
354
35.5
35.6
35.7
35.8
35.9
35.10
35.11

35.12

35.13

Introduction to Kinetics 909

Reaction Rates 910

Rate Laws 912

Reaction Mechanisms 917

Integrated Rate Law Expressions 918
Numerical Approaches 923

Sequential First-Order Reactions 924

Parallel Reactions 929

Temperature Dependence of Rate Constants 931
Reversible Reactions and Equilibrium 933

(Supplemental) Perturbation-Relaxation
Methods 936

(Supplemental) The Autoionization of Water:
A Temperature-Jump Example 938

Potential Energy Surfaces 940

CONTENTS Xi

35.14 Activated Complex Theory 942
35.15 Diffusion Controlled Reactions 946

36 Complex Reaction Mechanisms 955
36.1 Reaction Mechanisms and Rate Laws 955
36.2 The Preequilibrium Approximation 957
36.3 The Lindemann Mechanism 959
36.4 Catalysis 961
36.5 Radical-Chain Reactions 972
36.6 Radical-Chain Polymerization 975
36.7 Explosions 976

36.8 Feedback, Nonlinearity, and Oscillating
Reactions 978

36.9 Photochemistry 981
36.10 Electron Transfer 993

APPENDIX A Math Supplement 1007
APPENDIX B Data Tables 1029
APPENDIX C Point Group Character Tables 1047

APPENDIX D Answers to Selected End-of-Chapter
Problems 1055

CREDITS 1071
INDEX 1073

Www.Ebook777.com



http://www.ebook777.com

Free ebooks ==> www.Ebook777.com

About the Authors

Thomas Engel has taught chemistry at the University of Washington for more than
20 years, where he is currently professor emeritus of chemistry. Professor Engel
received his bachelor’s and master’s degrees in chemistry from the Johns Hopkins
University, and his Ph.D. in chemistry from the University of Chicago. He then spent
11 years as a researcher in Germany and Switzerland, in which time he received the
Dr. rer. nat. habil. degree from the Ludwig Maximilians University in Munich. In
1980, he left the IBM research laboratory in Zurich to become a faculty member at the
University of Washington.

Professor Engel’s research interests are in the area of surface chemistry, and he has
published more than 80 articles and book chapters in this field. He has received the Sur-
face Chemistry or Colloids Award from the American Chemical Society and a Senior
Humboldt Research Award from the Alexander von Humboldt Foundation.

Philip Reid has taught chemistry at the University of Washington since 1995. Professor Reid
received his bachelor’s degree from the University of Puget Sound in 1986, and his Ph.D.
from the University of California, Berkeley in 1992. He performed postdoctoral research at
the University of Minnesota, Twin Cities before moving to Washington.

Professor Reid’s research interests are in the areas of atmospheric chemistry, ultra-
fast condensed-phase reaction dynamics, and organic electronics. He has published
more than 100 articles in these fields. Professor Reid is the recipient of a CAREER
Award from the National Science Foundation, is a Cottrell Scholar of the Research
Corporation, and is a Sloan Fellow. He received the University of Washington
Distinguished Teaching Award in 2005.

Xii

Www.Ebook777.com



http://www.ebook777.com

Free ebooks ==> www.Ebook777.com

Preface

/

The third edition of this book builds on user and reviewer comments on the previous
editions. Our goal remains to provide students with an accessible overview of the
whole field of physical chemistry while focusing on basic principles that unite
the subdisciplines of the field. We continue to present new research developments in
the field to emphasize the vibrancy of physical chemistry. Many chapters have been
extensively revised as described below. We include additional end-of-chapter concept
problems and most of the numerical problems have been revised. The target audience
remains undergraduate students majoring in chemistry, biochemistry, and chemical
engineering, as well as many students majoring in the atmospheric sciences and the
biological sciences. The following objectives, illustrated with brief examples, outline
our approach to teaching physical chemistry.

* Focus on teaching core concepts. The central principles of physical chemistry
are explored by focusing on core ideas, and then extending these ideas to a variety
of problems. The goal is to build a solid foundation of student understanding rather
than cover a wide variety of topics in modest detail.

* Illustrate the relevance of physical chemistry to the world around us. Many
students struggle to connect physical chemistry concepts to the world around them.
To address this issue, example problems and specific topics are tied together to help
the student develop this connection. Fuel cells, refrigerators, heat pumps, and real
engines are discussed in connection with the second law of thermodynamics. The
particle in the box model is used to explain why metals conduct electricity and why
valence electrons rather than core electrons are important in chemical bond forma-
tion. Examples are used to show the applications of chemical spectroscopies. Every
attempt is made to connect fundamental ideas to applications that are familiar to the

U.S. 2002 Carbon Dioxide Emissions from Energy
Consumption — 5,682* Million Metric Tons of CO>**

Renewables 3***

Electricity
power sector
Natural Gas 2,249
1,203 — 1,503

_ L Residential/
commercial

2,206

Industrial
— 1,674

T aaaNw

Source: Energy Information Administration. Emissions of
Greenhouse Gases in the United States 2002. Tables 4-10.

*Includes adjustments of 42.9 million metric tons of carbon dioxide

from U.S. territories, less 90.2 MtCO, from international and military bunker fuels.
**Previous versions of this chart showed emissions in metric tons of carbon, not of CO,.
***Municipal solid waste and geothermal energy.

Note: Numbers may not equal sum of components because of independent rounding.
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XiV  PREFACE

student. Art is used to convey complex information in an accessible manner as in the
images here of U.S. carbon dioxide emissions.

* Present exciting new science in the field of physical chemistry. Physical chem-
istry lies at the forefront of many emerging areas of modern chemical research.
Recent applications of quantum behavior include band-gap engineering, quantum
dots, quantum wells, teleportation, and quantum computing. Single-molecule spec-
troscopy has led to a deeper understanding of chemical kinetics, and heterogeneous
catalysis has benefited greatly from mechanistic studies carried out using the
techniques of modern surface science. Atomic scale electrochemistry has become
possible through scanning tunneling microscopy. The role of physical chemistry in
these and other emerging areas is highlighted throughout the text. The following
figure shows direct imaging of the arrangement of the atoms in pentacene as well as
imaging of a delocalized molecular orbital using scanning tunneling and atomic
force miscroscopies.

*  Web-based simulations illustrate the concepts being explored and avoid math
overload. Mathematics is central to physical chemistry; however, the mathemat-
ics can distract the student from “seeing” the underlying concepts. To circumvent
this problem, web-based simulations have been incorporated as end-of-chapter
problems throughout the book so that the student can focus on the science and avoid
a math overload. These web-based simulations can also be used by instructors dur-
ing lecture. An important feature of the simulations is that each problem has been
designed as an assignable exercise with a printable answer sheet that the student can
submit to the instructor. The Study Area in MasteringChemistry® also includes a
graphing routine with a curve-fitting capability, which allows students to print and
submit graphical data. The 50 web-based simulations listed in the end-of-chapter

o @ ——— Animation

0.9-107m
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PREFACE

problems are available in the Study Area of MasteringChemistry® for Physical
Chemistry. MasteringChemistry® also includes a broad selection of end-of-chapter
problems with answer-specific feedback.

° Show that learning problem-solving skills is an essential part of physical
chemistry. Many example problems are worked through in each chapter. They
introduce the student to a useful method to solve physical chemistry problems.

| EXAMPLE PROBLEM 2.5

A system containing 2.50 mol of an ideal gas for which Cy,,, = 20.79J mol 'K is
taken through the cycle in the following diagram in the direction indicated by the
arrows. The curved path corresponds to PV = nRT, where T = 1| = T4,

a. Calculate g, w, AU, and AH for each segment and for the cycle assuming that
the heat capacity is independent of temperature.

b. Calculate g, w, AU, and AH for each segment and for the cycle in which the
direction of each process is reversed.

* The End-of-Chapter Problems cover a range of difficulties suitable for students
at all levels.

P8.6 A P-T phase diagram for potassium is shown next.

a. Which phase has the higher density, the fcc or the bee
phase? Explain your answer.
b. Indicate the range of P and T in the phase diagram for

which fce and liquid potassium are in equilibrium. Does
fce potassium float on or sink in liquid potassium? Explain

0 200 400 600 800

K your answer.
¢. Redraw this diagram for a different pressure range and
Source: Phase Diagrams of the Elements by David A. Young. indicate where you expect to find the vapor phase.
© 1991 Regents of the University of California. Published by Explain how you chose the slope of your liquid-vapor
the University of California Press. coexistence line.

* Conceptual questions at the end of each chapter ensure that students learn to
express their ideas in the language of science.

Conceptual Problems

Q21.1 Why does the effective nuclear charge for the 1s
orbital increase by (.99 in going from oxygen to fluorine but
only increases by 0.65 for the 2p orbital?

Q21.2 There are more clectrons in the n = 4 shell than for
the n = 3 shell in krypton. However, the peak in the radial
distribution in Figure 21.6 is smaller for the n = 4 shell than
for the n = 3 shell. Explain this fact.

Q21.3 How is the effective nuclear charge related to the size (@
of the basis set in a Hartree—Fock calculation?

Q214 The angular functions, O(8)d (), for the one-electron
Hartree—Fock orbitals are the same as for the hydrogen atom,

and the radial functions and radial probability functions are = =

similar to those for the hydrogen atom. The contour coloring is « f,':._

explained in the caption to figure 20.7. The following figure =

shows (a) a contour plot in the xy plane with the y axis being

the vertical axis, (b) the radial function, and (c) the radial proba-

bility distribution for a one-electron orbital. Identify the orbital r r
(25, 4d_, and so on). (b) (c)

Www.Ebook777.com

XV


http://www.ebook777.com

XVi

40 —

w
o

Cpm/(JK™ " mol ™)
N
o

Free ebooks ==> www.Ebook777.com

PREFACE

Solid |

Solid Il

Solid I1l §

20 40 60 80 100 120
Temperature/K

* Integrate computational chemistry into the standard curriculum. The teaching of
quantum mechanics has not taken advantage of the widespread availability of Ab Initio
Software. Many chapters include computational problems for which detailed instruc-
tions for the student are available in the Study Area in MasteringChemistry®. It is our
experience that students welcome this material, (see L. Johnson and T. Engel, Journal of
Chemical Education 2011, 88 [569-573]) which transforms the teaching of chemical
bonding and molecular structure from being qualitative to quantitative. For example, an
electrostatic potential map of acetonitrile built in Spartan Student is shown here.

* Key equations. Physical chemistry is a chemistry subdiscipline that is mathemat-
ics intensive in nature. Key equations that summarize fundamental relationships
between variables are colored in red for emphasis.

* Green boxes. Fundamental principles such as the laws of thermodynamics and
the quantum mechanical postulates are displayed in green boxes.

e Updated graph design. Color is used in graphs to clearly display different rela-
tionships in a single figure as shown in the heat capacity for oxygen as a function of
temperature and important transitions in the electron spectroscopy of molecules.

Energy

So
VR
Absorption

Fluorescence

Phosphorescence

This text contains more material than can be covered in an academic year, and this is
entirely intentional. Effective use of the text does not require a class to proceed sequen-
tially through the chapters, or to include all sections. Some topics are discussed in sup-
plemental sections that can be omitted if they are not viewed as essential to the course.
Also, many sections are self contained so that they can be readily omitted if they do not
serve the needs of the instructor. This text is constructed to be flexible to your needs, not
the other way around. We welcome the comments of both students and instructors how
the material was used and how the presentation can be improved.

Thomas Engel
University of Washington
Philip Reid

University of Washington
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New to This Edition

The third edition of Physical Chemistry includes changes at several levels. The most far-
reaching change is the introduction of MasteringChemistry® for Physical Chemistry. Over
460 tutorials will augment the example problems in the book and enhance active learning
and problem solving. Selected end of chapter problems are now assignable within
MasteringChemistry® and numerical, equation and symbolic answer types are automati-
cally graded.

The art program has been updated and expanded, and several levels of accuracy
checking have been incorporated to increase accuracy throughout the text. Many new
conceptual problems have been added to the book and most of the numerical problems
have been revised. Significant content updates include moving part of the kinetic gas
theory to Chapter 1 to allow a molecular level discussion of P and 7. The heat capac-
ity discussion previously in sections 2.5 and 3.2 have been consolidated in Chapter 2,
and a new section on doing work and changing the system energy from a molecular
level perspective has been added. The discussion of differential scanning calorimetry
in Chapter 4 has been expanded and a molecular level discussion of entropy has been
added to Chapter 5. The discussion of batteries and fuel cells in Chapter 11 has been
revised and updated. Problems have been added to the end of Chapter 14 and a new
section entitled on superposition wave functions has been added. A new section on
traveling waves and potential energy barriers has been added to Chapter 16. The dis-
cussion of the classical harmonic oscillator and rigid rotor has been better integrated
by placing these sections before the corresponding quantum models in Chapter 18.
Chapter 23 has been revised to better introduce molecular orbital theory. A new sec-
tion on computational results and a set of new problems working with molecular
orbitals has been added to Chapter 24. The number and breadth of the numerical prob-
lems has been increased substantially in Chapter 25. The content on transition state
theory in Chapter 32 has been updated. A discussion of oscillating reactions has been
added to Chapter 36 and the material on electron transfer has been expanded.

Acknowledgments
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provided us with feedback directly and through the questions they have asked, which has
helped us to understand how they learn. Many of our colleagues including Peter
Armentrout, Doug Doren, Gary Drobny, Graeme Henkelman, Lewis Johnson, Tom
Pratum, Bill Reinhardt, Peter Rosky, George Schatz, Michael Schick, Gabrielle Varani,
and especially Wes Borden and Bruce Robinson have been invaluable in advising us. Paul
Siders generously provided problems for Chapter 24. We are also fortunate to have access
to some end-of-chapter problems that were originally presented in Physical Chemistry,
3rd edition, by Joseph H. Noggle and in Physical Chemistry, 3rd edition, by Gilbert
W. Castellan. The reviewers, who are listed separately, have made many suggestions for
improvement, for which we are very grateful. All those involved in the production process
have helped to make this book a reality through their efforts. Special thanks are due to Jim
Smith, who helped initiate this project, to our editors Jeanne Zalesky and Jessica
Neumann, and to the staff at Pearson, who have guided the production process.
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Fundamental
Concepts of
Thermodynamics

Thermodynamics provides a description of matter on a macroscopic
scale using bulk properties such as pressure, density, volume, and temper-
ature. This chapter introduces the basic concepts employed in thermody-
namics including system, surroundings, intensive and extensive variables,
adiabatic and diathermal walls, equilibrium, temperature, and thermome-
try. The macroscopic variables pressure and temperature are also dis-
cussed in terms of a molecular level model. The usefulness of equations of

state, which relate the state variables of pressure, volume, and tempera-

ture, is also discussed for real and ideal gases.
'I What Is Thermodynamics and Why Is It
- | Useful?

Thermodynamics is the branch of science that describes the behavior of matter and the
transformation between different forms of energy on a macroscopic scale, or the human
scale and larger. Thermodynamics describes a system of interest in terms of its bulk prop-
erties. Only a few such variables are needed to describe the system, and the variables are
generally directly accessible through measurements. A thermodynamic description of
matter does not make reference to its structure and behavior at the microscopic level. For
example, 1 mol of gaseous water at a sufficiently low density is completely described by
two of the three macroscopic variables of pressure, volume, and temperature. By con-
trast, the microscopic scale refers to dimensions on the order of the size of molecules. At
the microscopic level, water would be described as a dipolar triatomic molecule, H,O,
with a bond angle of 104.5° that forms a network of hydrogen bonds.

In this book, we first discuss thermodynamics and then statistical thermodynamics.
Statistical thermodynamics (Chapters 31 and 32) uses atomic and molecular properties
to calculate the macroscopic properties of matter. For example, statistical thermody-
namics can show that liquid water is the stable form of aggregation at a pressure of
1 bar and a temperature of 90°C, whereas gaseous water is the stable form at 1 bar and
110°C. Using statistical thermodynamics, the macroscopic properties of matter are cal-
culated from underlying molecular properties.
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2 CHAPTER 1 Fundamental Concepts of Thermodynamics

FIGURE 1.1

Cartesian components of velocity. The
particle velocity v can be decomposed into
three velocity components: vy, vy, and v..

Given that the microscopic nature of matter is becoming increasingly well under-
stood using theories such as quantum mechanics, why is a macroscopic science like
thermodynamics relevant today? The usefulness of thermodynamics can be illustrated
by describing four applications of thermodynamics which you will have mastered after
working through this book:

® You have built a plant to synthesize NH; gas from N, and H,. You find that the
yield is insufficient to make the process profitable and decide to try to improve the
NH; output by changing the temperature and/or the pressure. However, you do not
know whether to increase or decrease the values of these variables. As will be
shown in Chapter 6, the ammonia yield will be higher at equilibrium if the temper-
ature is decreased and the pressure is increased.

* You wish to use methanol to power a car. One engineer provides a design for an
internal combustion engine that will burn methanol efficiently according to the
reaction CH30H(I) + 3/20,(g) — CO,(g) + 2H,O(l). A second engineer
designs an electrochemical fuel cell that carries out the same reaction. He claims
that the vehicle will travel much farther if powered by the fuel cell than by the inter-
nal combustion engine. As will be shown in Chapter 5, this assertion is correct, and
an estimate of the relative efficiencies of the two propulsion systems can be made.

® You are asked to design a new battery that will be used to power a hybrid car.
Because the voltage required by the driving motors is much higher than can be gen-
erated in a single electrochemical cell, many cells must be connected in series.
Because the space for the battery is limited, as few cells as possible should be used.
You are given a list of possible cell reactions and told to determine the number of
cells needed to generate the required voltage. As you will learn in Chapter 11, this
problem can be solved using tabulated values of thermodynamic functions.

* Your attempts to synthesize a new and potentially very marketable compound have
consistently led to yields that make it unprofitable to begin production. A supervi-
sor suggests a major effort to make the compound by first synthesizing a catalyst
that promotes the reaction. How can you decide if this effort is worth the required
investment? As will be shown in Chapter 6, the maximum yield expected under
equilibrium conditions should be calculated first. If this yield is insufficient, a cata-
lyst is useless.

'I The Macroscopic Variables Volume,
-Z_ Pressure, and Temperature

We begin our discussion of thermodynamics by considering a bottle of a gas such as He
or CH,. At a macroscopic level, the sample of known chemical composition is com-
pletely described by the measurable quantities volume, pressure, and temperature for
which we use the symbols V, P, and T. The volume V is just that of the bottle. What
physical association do we have with P and 77?7

Pressure is the force exerted by the gas per unit area of the container. It is most eas-
ily understood by considering a microscopic model of the gas known as the kinetic the-
ory of gases. The gas is described by two assumptions: the atoms or molecules of an
ideal gas do not interact with one another, and the atoms or molecules can be treated as
point masses. The pressure exerted by a gas on the container confining the gas arises
from collisions of randomly moving gas molecules with the container walls. Because
the number of molecules in a small volume of the gas is on the order of Avogadro’s
number N,, the number of collisions between molecules is also large. To describe pres-
sure, a molecule is envisioned as traveling through space with a velocity vector v that
can be decomposed into three Cartesian components: V,, vy, and v, as illustrated in
Figure 1.1.

The square of the magnitude of the velocity v? in terms of the three velocity
components is

V2:V'V:V)2€+V§+V% (1.1)
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1.2 THE MACROSCOPIC VARIABLES VOLUME, PRESSURE, AND TEMPERATURE 3

The particle kinetic energy is 1/2 mv? such that

L o1, 1 5 1 5
er, = —mv- = —mvy + Emvy + EmvZ =ep, T ETr, + ery,

> > 1.2)

where the subscript 7r indicates that the energy corresponds to translational motion of
the particle. Furthermore, this equation states that the total translational energy is the
sum of translational energy along each Cartesian dimension.

Pressure arises from the collisions of gas particles with the walls of the container;
therefore, to describe pressure we must consider what occurs when a gas particle col-
lides with the wall. First, we assume that the collisions with the wall are elastic
collisions, meaning that translational energy of the particle is conserved. Although the
collision is elastic, this does not mean that nothing happens. As a result of the collision,
linear momentum is imparted to the wall, which results in pressure. The definition of
pressure is force per unit area and, by Newton’s second law, force is equal to the product
of mass and acceleration. Using these two definitions, the pressure arising from the col-
lision of a single molecule with the wall is expressed as

P_E_’”“i_ﬂﬁ _ 1 (dmvi\ 1 [dpi
A A A\dr ) A\ ar )] A\ at

In Equation (1.3), F is the force of the collision, A is the area of the wall with which the
particle has collided, m is the mass of the particle, v; is the velocity component along
the 7 direction (i = x, y, or ), and p; is the particle linear momentum in the i direction.
Equation (1.3) illustrates that pressure is related to the change in linear momentum with
respect to time that occurs during a collision. Due to conservation of momentum, any
change in particle linear momentum must result in an equal and opposite change in
momentum of the container wall. A single collision is depicted in Figure 1.2. This fig-
ure illustrates that the particle linear momentum change in the x direction is —2mv,
(note there is no change in momentum in the y or z direction). Given this, a correspon-
ding momentum change of 2mv, must occur for the wall.

The pressure measured at the container wall corresponds to the sum of collisions
involving a large number of particles that occur per unit time. Therefore, the total
momentum change that gives rise to the pressure is equal to the product of the momen-
tum change from a single particle collision and the total number of particles that collide
with the wall:

1.3)

Ap

E— 1.4
molecule (14)

Ap, . = X (number of molecules)
How many molecules strike the side of the container in a given period of time? To
answer this question, the time over which collisions are counted must be considered.
Consider a volume element defined by the area of the wall A times length Ax as illus-
trated in Figure 1.3. The collisional volume element depicted in Figure 1.3 is given by

V = AAx (1.5)

The length of the box Ax is related to the time period over which collisions will be
counted Ar and the component of particle velocity parallel to the side of the box (taken
to be the x direction):

Ax = v, At (1.6)

In this expression, v, is for a single particle; however, an average of this quantity
will be used when describing the collisions from a collection of particles. Finally, the
number of particles that will collide with the container wall N, in the time interval Az
is equal to the number density N. This quantity is equal to the number of particles in
the container N divided by the container volume V and multiplied by the collisional vol-

ume element depicted in Figure 1.3:
}’ZNA 1
v (AVXAZ‘) <2>
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FIGURE 1.2

Collision between a gas particle and a wall.
Before the collision, the particle has a
momentum of mv, in the x direction, and
after the collision the momentum is —mv,.
Therefore, the change in particle momen-
tum resulting from the collision is —2mv,.
By conservation of momentum, the change
in momentum of the wall must be 2mv,.
The incoming and outgoing trajectories are
offset to show the individual momentum
components.

Area= A

AX = VAt —

FIGURE 1.3
Volume element used to determine the num-
ber of collisions with the wall per unit time.
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CHAPTER 1 Fundamental Concepts of Thermodynamics

We have used the equality N = n N, where N, is Avogadro’s number and n is the
number of moles of gas in the second part of Equation (1.7). Because particles travel in
either the +x or —x direction with equal probability, only those molecules traveling in
the +x direction will strike the area of interest. Therefore, the total number of collisions
is divided by two to take the direction of particle motion into account. Employing
Equation (1.7), the total change in linear momentum of the container wall imparted by
particle collisions is given by

Aprm,,l = (vax)(Ncoll)

nN 4 Av, At
2
( mVx)< % B >

nNA

AN m(v2) (1.8)

In Equation (1.8), angle brackets appear around v, to indicate that this quantity
represents an average value since the particles will demonstrate a distribution of veloc-
ities. This distribution is considered in detail later in Chapter 30. With the total change
in linear momentum provided in Equation (1.8), the force and corresponding pressure
exerted by the gas on the container wall [Equation (1.3)] are as follows:

Ap,,. nNy
F = # = 7AH1<V%>
F _ nNg4
P="== m{v) (1.9)

Equation (1.9) can be converted into a more familiar expression once 1/2 m(v?) is rec-

ognized as the translational energy in the x direction. In Chapter 31, it will be shown
that the average translational energy for an individual particle in one dimension is

=— (1.10)

where 7 is the gas temperature.
Substituting this result into Equation (1.9) results in the following expression
for pressure:

niN niN RT
P=""Appty = A =8 1.11)
v 1% %

We have used the equality N4 kg = R where kg is the Boltzmann constant and R is
the ideal gas constant in the last part of Equation (1.11). Equation (1.11) is the ideal
gas law. Although this relationship is familiar, we have derived it by employing a clas-
sical description of a single molecular collision with the container wall and then scaling
this result up to macroscopic proportions. We see that the origin of the pressure exerted
by a gas on its container is the momentum exchange of the randomly moving gas mole-
cules with the container walls.

What physical association can we make with the temperature 77 At the microscopic
level, temperature is related to the mean kinetic energy of molecules as shown by
Equation (1.10). We defer the discussion of temperature at the microscopic level until
Chapter 30 and focus on a macroscopic level discussion here. Although each of us has
a sense of a “temperature scale” based on the qualitative descriptors hot and cold, a
more quantitative and transferable measure of temperature that is not grounded in indi-
vidual experience is needed. The quantitative measurement of temperature is accom-
plished using a thermometer. For any useful thermometer, the measured temperature,
T, must be a single-valued, continuous, and monotonic function of some thermometric
system property such as the volume of mercury confined to a narrow capillary, the elec-
tromotive force generated at the junction of two dissimilar metals, or the electrical
resistance of a platinum wire.
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1.2 THE MACROSCOPIC VARIABLES VOLUME, PRESSURE, AND TEMPERATURE 5

The simplest case that one can imagine is when T is linearly related to the value of
the thermometric property x:

T(x) =a + bx 1.12)

Equation (1.12) defines a temperature scale in terms of a specific thermometric prop-
erty, once the constants a and b are determined. The constant a determines the zero of
the temperature scale because 7(0) = a and the constant b determines the size of a
unit of temperature, called a degree.

One of the first practical thermometers was the mercury-in-glass thermometer. This
thermometer utilizes the thermometric property that the volume of mercury increases
monotonically over the temperature range —38.8°C to 356.7°C in which Hg is a liquid.
In 1745, Carolus Linnaeus gave this thermometer a standardized scale by arbitrarily
assigning the values 0 and 100 to the freezing and boiling points of water, respectively.
Because there are 100 degrees between the two calibration points, this scale is known
as the centigrade scale.

The centigrade scale has been superseded by the Celsius scale. The Celsius scale
(denoted in units of °C) is similar to the centigrade scale. However, rather than being
determined by two fixed points, the Celsius scale is determined by one fixed reference
point at which ice, liquid water, and gaseous water are in equilibrium. This point is
called the triple point (see Section 8.2) and is assigned the value 0.01°C. On the Celsius
scale, the boiling point of water at a pressure of 1 atmosphere is 99.975°C. The size of
the degree is chosen to be the same as on the centigrade scale.

Although the Celsius scale is used widely throughout the world today, the numeri-
cal values for this temperature scale are completely arbitrary, because a liquid other
than water could have been chosen as a reference. It would be preferable to have a tem-
perature scale derived directly from physical principles. There is such a scale, called
the thermodynamic temperature scale or absolute temperature scale. For such a
scale, the temperature is independent of the substance used in the thermometer, and the
constant a in Equation (1.12) is zero. The gas thermometer is a practical thermometer
with which the absolute temperature can be measured. A gas thermometer contains a
dilute gas under conditions in which the ideal gas law of Equation (1.11) describes the
relationship among P, T, and the molar density p,, = n/V with sufficient accuracy:

P = p,RT 1.13)
Equation (1.13) can be rewritten as
P
T=— (1.14)
pmR

showing that for a gas thermometer, the thermometric property is the temperature
dependence of P for a dilute gas at constant V. The gas thermometer provides the inter-
national standard for thermometry at very low temperatures. At intermediate tempera-
tures, the electrical resistance of platinum wire is the standard, and at higher
temperatures the radiated energy emitted from glowing silver is the standard. The
absolute temperature is shown in Figure 1.4 on a logarithmic scale together with associ-
ated physical phenomena.

Equation (1.14) implies that as 7 — 0, P — 0. Measurements carried out by
Guillaume Amontons in the 17th century demonstrated that the pressure exerted by a
fixed amount of gas at constant V varies linearly with temperature as shown in
Figure 1.5. At the time of these experiments, temperatures below —30°C were not
attainable in the laboratory. However, the P versus T data can be extrapolated to the
limiting T value at which P — 0. It is found that these straight lines obtained for dif-
ferent values of V intersect at a common point on the 7 axis that lies near —273°C.

The data in Figure 1.5 show that at constant V, the thermometric property P varies

with temperature as
P=a+ bT¢ (1.15)

where T is the temperature on the Celsius scale, and a and b are experimentally
obtained proportionality constants. Figure 1.5 shows that all lines intersect at a single
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The absolute temperature is shown on a
logarithmic scale together with the temper-
ature of a number of physical phenomena.
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FIGURE 1.5

The pressure exerted by 5.00 X 1073 mol
of a dilute gas is shown as a function of the
temperature measured on the Celsius scale
for different fixed volumes. The dashed por-
tion indicates that the data are extrapolated to
lower temperatures than could be achieved
experimentally by early investigators.
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Nucleus

Vacuole

Cell wall Chloroplast Mitochondrion

Plant cell

Nucleus

Mitochondrion Plasma membrane

Animal cell

FIGURE 1.6

Animal and plant cells are open systems.
The contents of the animal cell include
the cytosol fluid and the numerous
organelles (e.g., nucleus, mitochondria,
etc.) that are separated from the surround-
ings by a lipid-rich plasma membrane.
The plasma membrane acts as a boundary
layer that can transmit energy and is
selectively permeable to ions and various
metabolites. A plant cell is surrounded by
a cell wall that similarly encases the
cytosol and organelles, including chloro-
plasts, that are the sites of photosynthesis.

point, even for different gases. This suggests a unique reference point for temperature,
rather than the two reference points used in constructing the centigrade scale. The value
zero is given to the temperature at which P — 0, so that ¢ = 0. However, this choice is
not sufficient to define the temperature scale, because the size of the degree is undefined.
By convention, the size of the degree on the absolute temperature scale is set equal to the
size of the degree on the Celsius scale. With these two choices, the absolute and Celsius
temperature scales are related by Equation (1.16). The scale measured by the ideal gas
thermometer is the absolute temperature scale used in thermodynamics. The unit of tem-
perature on this scale is called the kelvin, abbreviated K (without a degree sign):

T/K = T¢/°C + 27315 (1.16)

Basic Definitions Needed to Describe
Thermodynamic Systems

1.3

Having discussed the macroscopic variables pressure, volume, and temperature, we
introduce some important concepts used in thermodynamics. A thermodynamic system
consists of all the materials involved in the process under study. This material could be
the contents of an open beaker containing reagents, the electrolyte solution within an
electrochemical cell, or the contents of a cylinder and movable piston assembly in an
engine. In thermodynamics, the rest of the universe is referred to as the surroundings.
If a system can exchange matter with the surroundings, it is called an open system; if
not, it is a closed system. Living cells are open systems (see Figure 1.6). Both open and
closed systems can exchange energy with the surroundings. Systems that can exchange
neither matter nor energy with the surroundings are called isolated systems.

The interface between the system and its surroundings is called the boundary.
Boundaries determine if energy and mass can be transferred between the system and
the surroundings and lead to the distinction between open, closed, and isolated systems.
Consider Earth’s oceans as a system, with the rest of the universe being the surround-
ings. The system—surroundings boundary consists of the solid—liquid interface between
the continents and the ocean floor and the water—air interface at the ocean surface. For
an open beaker in which the system is the contents, the boundary surface is just inside
the inner wall of the beaker, and it passes across the open top of the beaker. In this case,
energy can be exchanged freely between the system and surroundings through the side
and bottom walls, and both matter and energy can be exchanged between the system
and surroundings through the open top boundary. The portion of the boundary formed
by the beaker in the previous example is called a wall. Walls can be rigid or movable
and permeable or nonpermeable. An example of a movable wall is the surface of a bal-
loon. An example of a selectively permeable wall is the fabric used in raingear, which
is permeable to water vapor, but not liquid water.

The exchange of energy and matter across the boundary between system and sur-
roundings is central to the important concept of equilibrium. The system and sur-
roundings can be in equilibrium with respect to one or more of several different system
variables such as pressure (P), temperature (7), and concentration. Thermodynamic
equilibrium refers to a condition in which equilibrium exists with respect to P, T, and
concentration. What conditions are necessary for a system to come to equilibrium with
its surroundings? Equilibrium is established with respect to a given variable only if that
variable does not change with time, and if it has the same value in all parts of the sys-
tem and surroundings. For example, the interior of a soap bubble! (the system) and the
surroundings (the room) are in equilibrium with respect to P because the movable wall
(the bubble) can reach a position where P on both sides of the wall is the same, and
because P has the same value throughout the system and surroundings. Equilibrium
with respect to concentration exists only if transport of all species across the boundary
in both directions is possible. If the boundary is a movable wall that is not permeable to

'For this example, the surface tension of the bubble is assumed to be so small that it can be set equal to zero.
This is in keeping with the thermodynamic tradition of weightless pistons and frictionless pulleys.
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1.4 EQUATIONS OF STATE AND THE IDEAL GAS LAW 7

all species, equilibrium can exist with respect to P, but not with respect to concentra-
tion. Because N, and O, cannot diffuse through the (idealized) bubble, the system and
surroundings are in equilibrium with respect to P, but not to concentration. Equilibrium

with respect to temperature is a special case that is discussed next.

Two systems that have the same temperature are in thermal equilibrium. We use .
the concepts of temperature and thermal equilibrium to characterize the walls 0.0 y o |8
between a system and its surroundings. Consider the two systems with rigid walls 0 8
shown in Figure 1.7a. Each system has the same molar density and is equipped with a o o° S

pressure gauge. If we bring the two systems into direct contact, two limiting behav- @)
iors are observed. If neither pressure gauge changes, as in Figure 1.7b, we refer to the
walls as being adiabatic. Because P; # P,, the systems are not in thermal equilib-
rium and, therefore, have different temperatures. An example of a system surrounded
by adiabatic walls is coffee in a Styrofoam cup with a Styrofoam lid.> Experience
shows that it is not possible to bring two systems enclosed by adiabatic walls into
thermal equilibrium by bringing them into contact, because adiabatic walls insulate
against the transfer of “heat.” If we push a Styrofoam cup containing hot coffee
against one containing ice water, they will not reach the same temperature. Rely on
experience at this point regarding the meaning of heat; a thermodynamic definition
will be given in Chapter 2.

The second limiting case is shown in Figure 1.7c. In bringing the systems into inti-
mate contact, both pressures change and reach the same value after some time. We
conclude that the systems have the same temperature, 7; = T, and say that they are
in thermal equilibrium. We refer to the walls as being diathermal. Two systems in
contact separated by diathermal walls reach thermal equilibrium because diathermal
walls conduct heat. Hot coffee stored in a copper cup is an example of a system sur-
rounded by diathermal walls. Because the walls are diathermal, the coffee will quickly
reach room temperature.

The zeroth law of thermodynamics generalizes the experiment illustrated in
Figure 1.7 and asserts the existence of an objective temperature that can be used to define
the condition of thermal equilibrium. The formal statement of this law is as follows:

Two systems that are separately in thermal equilibrium with a third system are FIGURE 1.7

also in thermal equilibrium with one another. (a) Two separated systems with rigid
walls and the same molar density have
different temperatures. (b) Two systems
are brought together so that their adiabatic
walls are in intimate contact. The pressure
in each system will not change unless heat

The unfortunate name assigned to the “zeroth” law is due to the fact that it was formu-
lated after the first law of thermodynamics, but logically precedes it. The zeroth law tells us
that we can determine if two systems are in thermal equilibrium without bringing them into
contact. Imagine the th%rd system to be a thermometer, which is defined more precisely in ransfer is possible. (¢) As in part (b), two
the next section. The third system can be used to compare the temperatures of the other two systems are brought together so that their
systems; if they have the same temperature, they will be in thermal equilibrium if placed  §jathermal walls are in intimate contact.

1n contact. The pressures become equal.

1 4 Equations of State and the Ideal Gas Law

Macroscopic models in which the system is described by a set of variables are based on
experience. It is particularly useful to formulate an equation of state, which relates the
state variables. A dilute gas can be modeled as consisting of point masses that do not
interact with one another; we call this an ideal gas. The equation of state for an ideal
gas was first determined from experiments by the English chemist Robert Boyle. If the
pressure of He is measured as a function of the volume for different values of tempera-
ture, the set of nonintersecting hyperbolas as shown in Figure 1.8 is obtained. The
curves in this figure can be quantitatively fit by the functional form

PV = aT 1.17)

2In this discussion, Styrofoam is assumed to be a perfect insulator.

Www.Ebook777.com



http://www.ebook777.com

Free ebooks ==> www.Ebook777.com

where T is the absolute temperature as defined by Equation (1.16), allowing « to be
determined. The constant « is found to be directly proportional to the mass of gas used.
It is useful to separate this dependence by writing &« = nR, where n is the number of
moles of the gas, and R is a constant that is independent of the size of the system. The
result is the ideal gas equation of state

PV = NkgT' = nRT (1.18)

as derived in Equation (1.11). The equation of state given in Equation (1.18) is familiar
as the ideal gas law. Because the four variables P, V, T, and n are related through the
equation of state, any three of these variables is sufficient to completely describe the
ideal gas.

Of these four variables, P and T are independent of the amount of gas, whereas V
and n are proportional to the amount of gas. A variable that is independent of the size of
the system (for example, P and 7) is referred to as an intensive variable, and one that
is proportional to the size of the system (for example, V) is referred to as an extensive
variable. Equation (1.18) can be written in terms of intensive variables exclusively:

P = p,RT (1.13)

8 CHAPTER 1 Fundamental Concepts of Thermodynamics
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[lustration of the relationship between
pressure and volume of 0.010 mol of He
for fixed values of temperature, which dif-
fer by 100 K.

For a fixed number of moles, the ideal gas equation of state has only two independent
intensive variables: any two of P, T, and p,,,.
For an ideal gas mixture

PV = >'mRT (1.19)

because the gas molecules do not interact with one another. Equation (1.19) can be
rewritten in the form

n; RT
P:E lV :EPZZP1+P2+P3+ (1.20)
L

1

In Equation (1.20), P; is the partial pressure of each gas. This equation states that
each ideal gas exerts a pressure that is independent of the other gases in the mixture.
We also have

anT anT
Pi V V ni
k] = =1 =y 1.21
P nRT ~ nRT  n .

2

which relates the partial pressure of a component in the mixture P; with its mole fraction,
x; = n;/n, and the total pressure P.

In the SI system of units, pressure is measured in Pascal (Pa) units, where
1Pa= 1N/ m2. The volume is measured in cubic meters, and the temperature is meas-
ured in kelvin. However, other units of pressure are frequently used, and these units are
related to the Pascal as indicated in Table 1.1. In this table, numbers that are not exact
have been given to five significant figures. The other commonly used unit of volume is
the liter (L), where 1 m® = 10°Land 1L = 1 dm® = 1073 m’.

TABLE 1.1 Units of Pressure and Conversion Factors

Unit of Pressure Symbol Numerical Value

Pascal Pa INm?2=1kg m's?
Atmosphere atm 1 atm = 101,325 Pa (exactly)

Bar bar 1 bar = 10° Pa

Torr or millimeters of Hg Torr 1 Torr = 101,325/760 = 133.32 Pa
Pounds per square inch psi 1 psi = 6,894.8 Pa
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1.4 EQUATIONS OF STATE AND THE IDEAL GAS LAW 9
| EXAMPLE PROBLEM 1.1

Starting out on a trip into the mountains, you inflate the tires on your automobile to a
recommended pressure of 3.21 X 10° Pa on a day when the temperature is —5.00°C.
You drive to the beach, where the temperature is 28.0°C. (a) What is the final pressure
in the tires, assuming constant volume? (b) Derive a formula for the final pressure,
assuming more realistically that the volume of the tires increases with increasing pres-
sureas Vy = V(1 + y[P r P,-]) where 7 is an experimentally determined constant.

Solution

a. Because the number of moles is constant,

PVi _ PV _ PViTy
T, v
PViTy s V; _ (273.15 + 28.0) 5
Py = =321 X 10°Pa X —* X = =361 X 10°Pa
VT, V" (273.15 — 5.00)

L PVi _ PVl olPr - P

T T, ’
PT; = P;T(1+ y[P; — P}

P{Tyy + P;T{(1 — Pyy) — PT; =0

—Ti(1 — Pyy) + VT?(1 — Py)? + 4T, jyP;

P =
/ 2Tyy

We leave it to the end-of-chapter problems to show that this expression for Prhas the
correct limit as y — 0.

In the SI system, the constant R that appears in the ideal gas law has the value TABLE 1.2 The Ideal Gas

8314JK ! mol_l, where the joule (J) is the unit of energy in the SI system. To sim- Constant, R, in Various Units
plify calculations for other units of pressure and volume, values of the constant R with
different combinations of units are given in Table 1.2. R =8314JK ' mol™

R =8314Pam*K ' mol™!

R =8314 X 10 >LbarK ' mol™!
[;\MPLE PROBLEM 1.2 R = 8206 X 1072Latm K~ ' mol~!

Consider the composite system, which is held at 298 K, shown in the following figure. R = 62.36 L Torr K~ ' mol ™
Assuming ideal gas behavior, calculate the total pressure and the partial pressure of
each component if the barriers separating the compartments are removed. Assume that
the volume of the barriers is negligible.

° ) 090309
° 000,
. & o
: oOooog%o
¢ °Q G0 000
e 5 (5900 OO
o o o OO O O 800
He Ne Xe
2.00 L 3.00 L 1.00L
1.50 bar 2.50 bar 1.00 bar
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2

FIGURE 1.9
The temperature measured in a gas ther-
mometer is independent of the gas used
only in the limit that P — 0.

4 6 8 10
10~4 P/Pa

Solution

The number of moles of He, Ne, and Xe is given by

PV 1.50bar X 2.00L

Npe = = Y — — = 0.121 mol
RT 8314 X 107 “Lbar K™ "'mol ' X 298 K
PV 2.50bar X 3.00L

Hyy = = e = 0.303 mol
RT 8314 X 107 “Lbar K™ 'mol " X 298 K
PV 1.00bar X 1.00 L

Nxe = - = = 0.0403 mol

RT 8314 X 1072 Lbar K ' mol™! X 298 K

n = nyg, + ny, + nx, = 0.464

The mole fractions are

nge  0.121

= HHe _ T2 261
YHe = 77T 0464

nye 0303

= DNe _ 22 _ 653
e = 7 T 0464

nye 00403
Ko = 0= ey = 00860

The total pressure is given by
(nge + nye + nxe)RT
1%

0.464 mol X 8.314 X 1072 Lbar K "mol™! X 298 K
6.00 L

= 1.92 bar
The partial pressures are given by
Pye = xg.P = 0.261 X 1.92 bar = 0.501 bar
Py, = xy.P = 0.653 X 1.92 bar = 1.25 bar

Pyo = xx.P = 0.0860 X 1.92 bar = 0.165 bar I

1 5 A Brief Introduction to Real Gases

The ideal gas law provides a first look at the usefulness of describing a system in
terms of macroscopic parameters. However, we should also emphasize the downside
of not taking the microscopic nature of the system into account. For example, the ideal
gas law only holds for gases at low densities. In practice, deviations from the ideal gas
law that occur for real gases must be taken into account in such applications as a gas
thermometer. If data were obtained from a gas thermometer using He, Ar, and N, for a
temperature very near the temperature at which the gas condenses to form a liquid,
they would exhibit the behavior shown in Figure 1.9. We see that the temperature only
becomes independent of P and of the gas used in the thermometer if the data are
extrapolated to zero pressure. It is in this limit that the gas thermometer provides a
measure of the thermodynamic temperature. In practice, gas-independent 7 values are
only obtained below P ~ 0.01 bar.

For most applications, calculations based on the ideal gas law are valid to much
higher pressures. Real gases will be discussed in detail in Chapter 7. However, because
we need to take nonideal gas behavior into account in Chapters 2 through 6, we intro-
duce an equation of state that is valid to higher densities in this section.
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The ideal gas assumptions that the atoms or molecules of a gas do not interact
with one another and can be treated as point masses have a limited range of validity,
which can be discussed using the potential energy function typical for a real gas, as
shown in Figure 1.10. This figure shows the potential energy of interaction of two
gas molecules as a function of the distance between them. The intermolecular
potential can be divided into regions in which the potential energy is essentially
zero (r > Fiansiion)» N€gative (attractive interaction) (s ansiion = ¥ > Fy=0), and
positive (repulsive interaction) (r < ry—g). The distance r;qsision 1S DOt uniquely
defined and depends on the energy of the molecule. It is on the order of the
molecular size.

As the density is increased from very low values, molecules approach one
another to within a few molecular diameters and experience a long-range attractive
van der Waals force due to time-fluctuating dipole moments in each molecule. This
strength of the attractive interaction is proportional to the polarizability of the elec-
tron charge in a molecule and is, therefore, substance dependent. In the attractive
region, P is lower than that calculated using the ideal gas law. This is the case
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because the attractive interaction brings the atoms or molecules closer than they
would be if they did not interact. At sufficiently high densities, the atoms or mole-
cules experience a short-range repulsive interaction due to the overlap of the elec-
tron charge distributions. Because of this interaction, P is higher than that calculated
using the ideal gas law. We see that for a real gas, P can be either greater or less than
the ideal gas value. Note that the potential becomes repulsive for a value of r greater
than zero. As a consequence, the volume of a gas even well above its boiling tem-
perature approaches a finite limiting value as P increases. By contrast, the ideal gas
law predicts that V — 0 as P — o0,

Given the potential energy function depicted in Figure 1.10, under what conditions
is the ideal gas equation of state valid? A real gas behaves ideally only at low densities
for which r > 7, 4usition, and the value of r,,,sii0n 1 Substance dependent. The van der
Waals equation of state takes both the finite size of molecules and the attractive poten-
tial into account. It has the form

nRT n*a

p=—"= _-°
V — nb V2

1.22)
This equation of state has two parameters that are substance dependent and must be
experimentally determined. The parameters b and a take the finite size of the molecules
and the strength of the attractive interaction into account, respectively. (Values of a and
b for selected gases are listed in Table 7.4.) The van der Waals equation of state is more
accurate in calculating the relationship between P, V, and T for gases than the ideal gas
law because a and b have been optimized using experimental results. However, there
are other more accurate equations of state that are valid over a wider range than the van
der Waals equation, as will be discussed in Chapter 7.

| EXAMPLE PROBLEM 1.3

Van der Waals parameters are generally tabulated with either of two sets of units:
a. Pam®mol 2 or bar dm® mol 2

b. m> mol™! or dm® mol ™!
Determine the conversion factor to convert one system of units to the other. Note that
ldm® =103 m? =1L

Solution

bar 10° dm®

E X = 10 bar dm® mol 2
10° Pa m6

Pa m® mol 2 X

= 10° dm® mol ™!

103 dm?
m> mol™! X 73m

—_
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ideal gas law should be used. V(r) = 0 at
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12 CHAPTER 1 Fundamental Concepts of Thermodynamics

In Example Problem 1.4, a comparison is made of the molar volume for N, calcu-
lated at low and high pressures, using the ideal gas and van der Waals equations of state.

| EXAMPLE PROBLEM 1.4

a. Calculate the pressure exerted by N, at 300. K for molar volumes of 250. L mol™!
and 0.100 L mol™" using the ideal gas and the van der Waals equations of state.
The values of parameters a and b for N, are 1.370 bar dm® mol 2 and
0.0387 dm? mol !, respectively.

b. Compare the results of your calculations at the two pressures. If P calculated
using the van der Waals equation of state is greater than those calculated with the
ideal gas law, we can conclude that the repulsive interaction of the N, molecules
outweighs the attractive interaction for the calculated value of the density. A
similar statement can be made regarding the attractive interaction. Is the attrac-
tive or repulsive interaction greater for N, at 300. K and V,,, = 0.100 L?

Solution

a. The pressures calculated from the ideal gas equation of state are

nRT  1mol X 8314 X 10" 2L bar mol 'K~! X 300. K

P= = =998 X 10 >b
% 250. L o
nRT  1mol X 8314 X 1072 L barmol 'K~ X 300. K
P = = = 249 bar
|4 0.100 L
The pressures calculated from the van der Waals equation of state are
nRT n*a
P = —
V — nb V2
~ 1mol X 8.314 X 10"2Lbarmol 'K ™! X 300. K
250.L — 1mol X 0.0387 dm? mol !
(1mol)? X 1.370 bar dm® mol 2
(250. L)
= 9.98 X 102 bar
p _ Lmol X 8.314 X 1072 L bar mol 'K™! X 300K

0.100L — 1mol X 0.0387 dm® mol ™!
(1mol)? X 1.370 bar dm® mol 2
(0.100 L)?

= 270. bar

b. Note that the result is identical with that for the ideal gas law for V,, = 250. L,
and that the result calculated for V,, = 0.100 L deviates from the ideal gas law
result. Because P"¢ > pided , we conclude that the repulsive interaction is more
important than the attractive interaction for this specific value of molar volume
and temperature. _J

Vocabulary

absolute temperature scale Celsius scale elastic collision
adiabatic centigrade scale equation of state
Boltzmann constant closed system equilibrium
boundary diathermal extensive variable
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gas thermometer
ideal gas mole fraction
ideal gas constant open system
ideal gas law partial pressure
intensive variable surroundings
isolated system system
kelvin system variables

macroscopic scale temperature

macroscopic variables
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temperature scale

thermal equilibrium
thermodynamic equilibrium
thermodynamic temperature scale
thermometer

van der Waals equation of state
wall

zeroth law of thermodynamics

Conceptual Problems

Q1.1 Real walls are never totally adiabatic. Use your
experience to order the following walls in increasing order
with respect to their being diathermal: 1-cm-thick concrete,
1-cm-thick vacuum, 1-cm-thick copper, 1-cm-thick cork.

Q1.2 The parameter a in the van der Waals equation is greater
for H,O than for He. What does this say about the difference in
the form of the potential function in Figure 1.10 for the two gases?

Q1.3 Give an example based on molecule-molecule interac-
tions excluding chemical reactions, illustrating how the total
pressure upon mixing two real gases could be different from
the sum of the partial pressures.

Q1.4 Can temperature be measured directly? Explain your
answer.

Q1.5 Explain how the ideal gas law can be deduced for the
measurements shown in Figures 1.5 and 1.8.

Q1.6 The location of the boundary between the system and
the surroundings is a choice that must be made by the thermo-
dynamicist. Consider a beaker of boiling water in an airtight
room. Is the system open or closed if you place the boundary
just outside the liquid water? Is the system open or closed if
you place the boundary just inside the walls of the room?

Q1.7 Give an example of two systems that are in equilib-
rium with respect to only one of two state variables.

Q1.8 At sufficiently high temperatures, the van der Waals
equation has the form P =~ RT/(V,, — b). Note that the

attractive part of the potential has no influence in this expres-
sion. Justify this behavior using the potential energy diagram
of Figure 1.10.

Q1.9 Give an example of two systems separated by a wall
that are in thermal but not chemical equilibrium.

Q1.10 Which of the following systems are open? (a) a dog,
(b) an incandescent light bulb, (c) a tomato plant, (d) a can of
tomatoes. Explain your answers.

Q1.11 Which of the following systems are isolated? (a) a
bottle of wine, (b) a tightly sealed, perfectly insulated ther-
mos bottle, (¢) a tube of toothpaste, (d) our solar system.
Explain your answers.

Q1.12 Why do the z and y components of the velocity not
change in the collision depicted in Figure 1.2?

Q1.13 If the wall depicted in Figure 1.2 were a movable
piston, under what conditions would it move as a result of the
molecular collisions?

Q1.14 The mass of a He atom is less than that of an Ar
atom. Does that mean that because of its larger mass, Argon
exerts a higher pressure on the container walls than He at
the same molar density, volume, and temperature? Explain
your answer.

Q1.15 Explain why attractive interactions between mole-
cules in gas make the pressure less than that predicted by the
ideal gas equation of state.

Numerical Problems

Problem numbers in red indicate that the solution to the prob-
lem is given in the Student’s Solutions Manual.

P1.1 Approximately how many oxygen molecules arrive
each second at the mitochondrion of an active person with a
mass of 84 kg? The following data are available: Oxygen con-
sumption is about 40. mL of O, per minute per kilogram of
body weight, measured at 7 = 300. K and P = 1.00 atm. In
an adult there are about 1.6 X 10'° cells per kg body mass.
Each cell contains about 800. mitochondria.

P1.2 A compressed cylinder of gas contains 2.74 X 10° g
of N, gas at a pressure of 3.75 X 10’ Pa and a temperature
of 18.7°C. What volume of gas has been released into the

atmosphere if the final pressure in the cylinder is
1.80 X 10° Pa? Assume ideal behavior and that the gas
temperature is unchanged.

P1.3 Calculate the pressure exerted by Ar for a molar vol-
ume of 1.31 L mol™" at 426 K using the van der Waals equa-
tion of state. The van der Waals parameters a and b for Ar are
1.355 bar dm® mol~2 and 0.0320 dm?® mol ", respectively. Is
the attractive or repulsive portion of the potential dominant
under these conditions?

P1.4 A sample of propane (C3Hg) is placed in a closed ves-
sel together with an amount of O, that is 2.15 times the
amount needed to completely oxidize the propane to CO, and
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14 CHAPTER 1 Fundamental Concepts of Thermodynamics

H,O at constant temperature. Calculate the mole fraction of
each component in the resulting mixture after oxidation,
assuming that the H,O is present as a gas.

P1.5 A gas sample is known to be a mixture of ethane and
butane. A bulb having a 230.0 cm? capacity is filled with the
gas to a pressure of 97.5 X 10° Pa at 23.1°C. If the mass of
the gas in the bulb is 0.3554 g, what is the mole percent of
butane in the mixture?

P1.6  One liter of fully oxygenated blood can carry

0.18 liters of O, measured at 7 = 298 K and P = 1.00 atm.
Calculate the number of moles of O, carried per liter of
blood. Hemoglobin, the oxygen transport protein in blood
has four oxygen binding sites. How many hemoglobin mole-
cules are required to transport the O, in 1.0 L of fully oxy-
genated blood?

P1.7 Yeast and other organisms can convert glucose
(CgH1,0¢) to ethanol (CH3;CH,OH) by a process called
alchoholic fermentation. The net reaction is

C6H1206 (S) i 2C2H50H (l) + 2C02 (g)

Calculate the mass of glucose required to produce 2.25 L of
CO, measured at P = 1.00 atm and T = 295 K.

P1.8 A vessel contains 1.15 g liqg H,O in equilibrium with

water vapor at 30.°C. At this temperature, the vapor pressure
of H,O is 31.82 torr. What volume increase is necessary for

all the water to evaporate?

P1.9 Consider a 31.0 L sample of moist air at 60.°C and one
atm in which the partial pressure of water vapor is 0.131 atm.
Assume that dry air has the composition 78.0 mole percent
N>, 21.0 mole percent O,, and 1.00 mole percent Ar.

a. What are the mole percentages of each of the gases in
the sample?

b. The percent relative humidity is defined as %RH =
Pr.o/ P*HZO wheri P, is the partial pressure of water in
the sample and P, = 0.197 atm is the equilibrium vapor
pressure of water at 60.°C. The gas is compressed at 60.°C
until the relative humidity is 100.%. What volume does the
mixture contain now?

c. What fraction of the water will be condensed if the total
pressure of the mixture is isothermally increased to
81.0 atm?

P1.10 A typical diver inhales 0.450 liters of air per breath
and carries a 25 L breathing tank containing air at a pressure
of 300. bar. As she dives deeper, the pressure increases by

1 bar for every 10.08 m. How many breaths can the diver take
from this tank at a depth of 35 m? Assume that the tempera-
ture remains constant.

P1.11 Use the ideal gas and van der Waals equations to cal-
culate the pressure when 2.25 mol H, are confined to a vol-
ume of 1.65 L at 298 K. Is the gas in the repulsive or
attractive region of the molecule-molecule potential?

P1.12 A rigid vessel of volume 0.400 m? containing H, at
21.25°C and a pressure of 715 X 10° Pa is connected to a sec-
ond rigid vessel of volume 0.750 m? containing Ar at 30.15°C
at a pressure of 203 X 10° Pa. A valve separating the two
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vessels is opened and both are cooled to a temperature of
12.2°C. What is the final pressure in the vessels?

P1.13 A mixture of oxygen and hydrogen is analyzed by
passing it over hot copper oxide and through a drying tube.
Hydrogen reduces the CuO according to the reaction
CuO(s) + Hy(g) — Cu(s) + H,O(l), and oxygen reoxidizes
the copper formed according to Cu(s) + 1/2 Ox(g) — CuO(s).
At 25°C and 750. Torr, 172.0 cm? of the mixture yields

77.5 cm? of dry oxygen measured at 25°C and 750. Torr after
passage over CuO and the drying agent. What is the original
composition of the mixture?

P1.14 An athlete at high performance inhales ~3.75 L of air
at 1.00 atm and 298 K. The inhaled and exhaled air contain
0.50 and 6.2% by volume of water, respectively. For a respira-
tion rate of 32 breaths per minute, how many moles of water
per minute are expelled from the body through the lungs?

P1.15 Devise a temperature scale, abbreviated G, for which
the magnitude of the ideal gas constant is 5.52 J G~ mol ™.

P1.16 Aerobic cells metabolize glucose in the respiratory
system. This reaction proceeds according to the overall reaction

60,(g) + CeH,0¢(s) = 6CO,(g) + 6H,O()

Calculate the volume of oxygen required at STP to metabo-
lize 0.025 kg of glucose (CgH,0g). STP refers to standard
temperature and pressure, that is, 7 = 273 K and

P = 1.00 atm. Assume oxygen behaves ideally at STP.

P1.17 An athlete at high performance inhales ~3.75 L of air
at 1.0 atm and 298 K at a respiration rate of 32 breaths per
minute. If the exhaled and inhaled air contain 15.3 and 20.9%
by volume of oxygen respectively, how many moles of oxy-
gen per minute are absorbed by the athlete’s body?

P1.18 A mixture of 2.10 X 103 g of O, 3.88 X 1073 mol
of N,, and 5.25 X 10%° molecules of CO are placed into a
vessel of volume 5.25 L at 12.5°C.

a. Calculate the total pressure in the vessel.

b. Calculate the mole fractions and partial pressures of
each gas.

P1.19 Calculate the pressure exerted by benzene for a molar
volume of 2.00 L at 595 K using the Redlich-Kwong equation
of state:

p= RT _a 1
Vm_b \/?Vm(vm_l—b)
nRT n*a 1

V—nb_\/fV(V+nb)

The Redlich-Kwong parameters a and b for benzene are
452.0 bar dm® mol2 K2 and 0.08271 dm?> molfl, respec-
tively. Is the attractive or repulsive portion of the potential
dominant under these conditions?

P1.20 In the absence of turbulent mixing, the partial pres-
sure of each constituent of air would fall off with height
above sea level in Earth’s atmosphere as P; = P?e_MigZ/ RT
where P; is the partial pressure at the height z, P is the partial
pressure of component i at sea level, g is the acceleration of
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gravity, R is the gas constant, T is the absolute tempera-
ture, and M; is the molecular mass of the gas. As a result of
turbulent mixing, the composition of Earth’s atmosphere is
constant below an altitude of 100 km, but the total pressure
decreases with altitude as P = Pl¢™Mae8?/RT \yhere M, 1s
the mean molecular weight of air. At sea level,

xy, = 0.78084 and x, = 0.00000524 and T = 300. K.

a. Calculate the total pressure at 8.5 km, assuming a mean
molecular mass of 28.9 g mol ™! and that 7 = 300. K
throughout this altitude range.

b. Calculate the value that xy,/xy, would have at 8.5 km in
the absence of turbulent mixing. Compare your answer
with the correct value.

P1.21 An initial step in the biosynthesis of glucose
CgH 1,04 is the carboxylation of pyruvic acid CH;COCOOH
to form oxaloacetic acid HOOCCOCH,COOH

CH3;COCOOH (s) + CO;,(g) = HOOCCOCH,COOH (s)

If you knew nothing else about the intervening reactions
involved in glucose biosynthesis other than no further car-
boxylations occur, what volume of CO, is required to produce
1.10 g of glucose? Assume P = 1 atmand 7 = 298 K.

P1.22 Consider the oxidation of the amino acid glycine
NH,CH,COOH to produce water, carbon dioxide, and urea
NH2CONH21

NH2CH2COOH(S) + 302(g) -
NHQCONHZ (S) + 3C02(g) + 3H20(l)

Calculate the volume of carbon dioxide evolved at

P = 1.00 atm and 7 = 305 K from the oxidation of 0.022 g
of glycine.

P1.23  Assume that air has a mean molar mass of 28.9 g mol™!
and that the atmosphere has a uniform temperature of 25.0°C.
Calculate the barometric pressure in Pa in Santa Fe, for
which z = 7000. ft. Use the information contained in
Problem P1.20.

P1.24 When Julius Caesar expired, his last exhalation had a
volume of 450. cm?® and contained 1.00 mole percent argon.
Assume that 7 = 300. K and P = 1.00 atm at the location of
his demise. Assume further that 7" has the same value through-
out Earth’s atmosphere. If all of his exhaled Ar atoms are now
uniformly distributed throughout the atmosphere, how many
inhalations of 450. cm® must we make to inhale one of the Ar
atoms exhaled in Caesar’s last breath? Assume the radius of
Earth to be 6.37 X 10° m. [Hint: Calculate the number of Ar
atoms in the atmosphere in the simplified geometry of a plane
of area equal to that of Earth’s surface. See Problem P1.20 for
the dependence of the barometric pressure and the composi-
tion of air on the height above Earth’s surface.

P1.25 Calculate the number of molecules per m? in an ideal

gas at the standard temperature and pressure conditions of
0.00°C and 1.00 atm.

P1.26 Consider a gas mixture in a 1.50 dm? flask at 22.0°C.
For each of the following mixtures, calculate the partial pressure
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of each gas, the total pressure, and the composition of the mix-
ture in mole percent:

a. 3.06 gH, and 2.98 g O,
b. 2.30 g N, and 1.61 g O,
c. 2.02 g CHy and 1.70 g NH;

P1.27 A mixture of H, and NH; has a volume of 139.0 cm®
at 0.00°C and 1 atm. The mixture is cooled to the temperature
of liquid nitrogen at which ammonia freezes out and the
remaining gas is removed from the vessel. Upon warming the
vessel to 0.00°C and 1 atm, the volume is 77.4 cm?’. Calculate
the mole fraction of NHj in the original mixture.

P1.28 A sealed flask with a capacity of 1.22 dm® contains
4.50 g of carbon dioxide. The flask is so weak that it will burst
if the pressure exceeds 9.500 X 10° Pa. At what temperature
will the pressure of the gas exceed the bursting pressure?

P1.29 A balloon filled with 11.50 L of Ar at 18.7°C and

1 atm rises to a height in the atmosphere where the pressure is
207 Torr and the temperature is —32.4°C. What is the final
volume of the balloon? Assume that the pressure inside and
outside the balloon have the same value.

P1.30 Carbon monoxide competes with oxygen for bind-
ing sites on the transport protein hemoglobin. CO can be
poisonous if inhaled in large quantities. A safe level of CO
in air is 50. parts per million (ppm). When the CO level
increases to 800. ppm, dizziness, nausea, and unconscious-
ness occur, followed by death. Assuming the partial pressure
of oxygen in air at sea level is 0.20 atm, what proportion of
CO to O, is fatal?

P1.31 The total pressure of a mixture of oxygen and hydro-
gen is 1.65 atm. The mixture is ignited and the water is
removed. The remaining gas is pure hydrogen and exerts a
pressure of 0.190 atm when measured at the same values of T
and V as the original mixture. What was the composition of
the original mixture in mole percent?

P1.32 Suppose that you measured the product PV of 1 mol of
a dilute gas and found that PV = 24.35 L atm at 0.00°C and
33.54 L atm at 100.°C. Assume that the ideal gas law is valid,
with 7 = ¢(°C) + a, and that the values of R and a are not
known. Determine R and a from the measurements provided.

P1.33 Liquid N, has a density of 875.4 kg m™ at its normal
boiling point. What volume does a balloon occupy at 298 K
and a pressure of 1.00 atm if 3.10 X 1073 L of liquid N is
injected into it? Assume that there is no pressure difference
between the inside and outside of the balloon.

P1.34 Calculate the volume of all gases evolved by the
complete oxidation of 0.375 g of the amino acid alanine
CH3CH(NH,)COOH if the products are liquid water, nitro-
gen gas, and carbon dioxide gas; the total pressure is

1.00 atm; and T = 298 K.

P1.35 As aresult of photosynthesis, an acre of forest

(1 acre = 4047 square meters) can take up 1000. kg of CO,.
Assuming air is 0.0314% CO, by volume, what volume of
air is required to provide 350. kg of CO,? Assume 7 = 310 K
and P = 1.00 atm.
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P1.36 A glass bulb of volume 0.198 L contains 0.457 g of gas
at 759.0 Torr and 134.0°C. What is the molar mass of the gas?
P1.37 Use L'Hopital's rule, lim| f(x)/g(x)],—0 =

{df (x)/dx
lim| ———

dg(x)/dx

Pyin part (b) of Example Problem 1.1 has the correct limit
asy—0.

P1.38 A 455 cm’ vessel contains a mixture of Ar and Xe. If the
mass of the gas mixture is 2.245 g at 25.0°C and the pressure is
760. Torr, calculate the mole fraction of Xe in the mixture.

} to show that the expression derived for
x—0
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P1.39 Many processes such as the fabrication of integrated
circuits are carried out in a vacuum chamber to avoid reac-
tion of the material with oxygen in the atmosphere. It is dif-
ficult to routinely lower the pressure in a vacuum chamber
below 1.0 X 107!° Torr. Calculate the molar density at this
pressure at 300. K. What fraction of the gas phase molecules
initially present for 1.0 atm in the chamber are present at

1.0 X 1071 Torr?

P1.40 Rewrite the van der Waals equation using the molar
volume rather than V and n.

Www.Ebook777.com



http://www.ebook777.com

Free ebooks ==> www.Ebook777.com

Heat, Work, Internal
Energy, Enthalpy, and
the First Law of
Thermodynamics

| n this chapter, the internal energy U is introduced. The first law of ther-
modynamics relates AU to the heat (q) and work (w) that flows across the
boundary between the system and the surroundings. Other important
concepts introduced include heat capacity, the difference between state
and path functions, and reversible versus irreversible processes. The
enthalpy H is introduced as a form of energy that can be directly meas-
ured by the heat flow in a constant pressure process. We show how AU,

AH, g, and w can be calculated for processes involving ideal gases.

2.

This section focuses on the change in energy of the system and surroundings during a
thermodynamic process such as an expansion or compression of a gas. In thermo-
dynamics, we are interested in the internal energy of the system, as opposed to the
energy associated with the system relative to a particular frame of reference. For exam-
ple, a container of gas in an airplane has a kinetic energy relative to an observer on the
ground. However, the internal energy of the gas is defined relative to a coordinate sys-
tem fixed on the container. Viewed at a molecular level, the internal energy can take on
a number of forms such as

The Internal Energy and the First Law of
Thermodynamics

* the translational energy of the molecules.

* the potential energy of the constituents of the system; for example, a crystal consist-
ing of polarizable molecules will experience a change in its potential energy as an
electric field is applied to the system.

* the internal energy stored in the form of molecular vibrations and rotations.

* the internal energy stored in the form of chemical bonds that can be released
through a chemical reaction.

* the potential energy of interaction between molecules.
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Mechanical
stops

P V;

a T
-

Initial state

Final state

FIGURE 2.1

A system is shown in which compression
work is being done on a gas. The walls
are adiabatic.

The total of all these forms of energy for the system of interest is given the symbol
U and is called the internal energy.'

The first law of thermodynamics is based on our experience that energy can be
neither created nor destroyed, if the energies of both the system and the surroundings
are taken into account. This law can be formulated in a number of equivalent forms.
Our initial formulation of this law is as follows:

[ The internal energy U of an isolated system is constant. ]

This form of the first law looks uninteresting because it suggests that nothing happens
in an isolated system when viewed from outside the system. How can the first law tell
us anything about thermodynamic processes such as chemical reactions? Consider sep-
arating an isolated system into two subsystems, the system and the surroundings. When
changes in U occur in a system in contact with its surroundings, AU, is given by

AUtotal = AUsystem + AUsurroundings =0 2.1
Therefore, the first law becomes

AUsystem == AUsurroundings (2.2)

For any decrease of Usygems Usurmoundings Must increase by exactly the same amount. For
example, if a gas (the system) is cooled, the temperature of the surroundings must increase.

How can the energy of a system be changed? There are many ways to alter U, several
of which are discussed in this chapter. Experience has shown that all changes in a closed
system in which no chemical reactions or phase changes occur can be classified only as
heat, work, or a combination of both. Therefore, the internal energy of such a system can
only be changed by the flow of heat or work across the boundary between the system and
surroundings. For example, U for a gas can be increased by putting it in an oven or by
compressing it. In both cases, the temperature of the system increases. This important
recognition leads to a second and more useful formulation of the first law:

AU =qg+w 2.3)

where ¢ and w designate heat and work, respectively. We use AU without a subscript to
indicate the change in internal energy of the system. What do we mean by heat and
work? In the following two sections, we define these important concepts and discuss
how they differ.

The symbol A is used to indicate a change that occurs as a result of an arbitrary
process. The simplest processes are those in which one of P, V, or T remains constant.
A constant temperature process is referred to as isothermal, and the corresponding
terms for constants P and V are isobaric and isochoric, respectively.

2.2 work

In this and the next section, we discuss the two ways in which the internal energy of a
system can be changed. Work in thermodynamics is defined as any quantity of energy
that “flows” across the boundary between the system and surroundings as a result of a
force acting through a distance. Examples are moving an ion in a solution from one
region of electrical potential to another, inflating a balloon, or climbing stairs. In each
of these examples, there is a force along the direction of motion. Consider another
example, a gas in a piston and cylinder assembly as shown in Figure 2.1. In this exam-
ple, the system is defined as the gas alone. Everything else shown in the figure is in the
surroundings. As the gas is compressed, the height of the mass in the surroundings is
lowered and the initial and final volumes are defined by the mechanical stops indicated
in the figure.

'We could include other terms such as the binding energy of the atomic nuclei but choose to include only the
forms of energy that are likely to change in simple chemical reactions.
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Work has several important characteristics:

*  Work is transitory in that it only appears during a change in state of the system and
surroundings. Only energy, and not work, is associated with the initial and final
states of the systems.

® The net effect of work is to change U of the system and surroundings in accordance
with the first law. If the only change in the system results from a force acting through
a distance (as for example the movement of the mass in Figure 2.1), work has flowed
between the system and the surroundings. Work can usually be represented by a mass
in the surroundings that has been raised or lowered in Earth’s gravitational field.

* The quantity of work can be calculated using the definition

rf
w = / F-dx
Xi

Note that because of the scalar product in the integral, the work will be zero unless
the force has a component along the displacement direction.

24

® The sign of the work follows from evaluating the preceding integral. If w > 0,
AU > 0 for an adiabatic process. It is common usage to say that if w is positive, work
is done on the system by the surroundings. If w is negative, work is done by the system
on the surroundings. The quantity of work can also be calculated from the change in
potential energy of the mass in the surroundings, AE ,y/epiiqt = mgAh = —w, where
g is the gravitational acceleration and A# is the change in the height of the mass m.

Using the definition of pressure as the force per unit area (A), the work done in moving
the mass in Figure 2.1 is given by

xf Xf Vf
w = / F-dx = —/ PorternaiAdx = _/ Poxiernat AV
X; X Vi

The minus sign appears because F and dx are vectors that point in opposite directions.
Note that the pressure that appears in this expression is the external pressure P,y eormai
which need not equal the system pressure P.

An example of another important kind of work, electrical work, is shown in Figure 2.2,
in which the content of the cylinder is the system. Electrical current flows through a con-
ductive aqueous solution and water undergoes electrolysis to produce H, and O, gas. The
current is produced by a generator, like that used to power a light on a bicycle through the
mechanical work of pedaling. As current flows, the mass that drives the generator is low-
ered. In this case, the surroundings do the electrical work on the system. As a result, some
of the liquid water is transformed to H, and O,. From electrostatics, the work done in
transporting a charge Q through an electrical potential difference ¢ is

(2.5)

Welectrical = Qd) (2-6)
For a constant current / that flows for a time ¢, Q = It. Therefore,
Welectrical = 1¢t (2-7)

The system also does work on the surroundings through the increase in the volume of
the gas phase at the constant external pressure P;, as shown by the raised mass on the
piston. The total work done is

Vi
W= Wp_y T Weecrrical = 1t _/V Poviernat AV = It — Pexternal(vf - Vi)(2.8)

Other forms of work include the work of expanding a surface, such as a soap bub-
ble, against the surface tension. Table 2.1 shows the expressions for work for four dif-
ferent cases. Each of these different types of work poses a requirement on the walls
separating the system and surroundings. To be able to carry out the first three types of
work, the walls must be movable, whereas for electrical work, they must be conductive.
Several examples of work calculations are given in Example Problem 2.1.
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Current produced by a generator is used
to electrolyze water and thereby do work

on the system as shown by the lowered

mass linked to the generator.
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20 CHAPTER 2 Heat, Work, Internal Energy, Enthalpy, and the First Law of Thermodynamics
TABLE 2.1 Types of Work
Types of Work Variables Equation for Work Conventional Units
Vy
Volume expansion Pressure (P), volume (V) w=— / Poornar V. Pam’® =7
Vi
xr
Stretching Force (F), length (/) w = / F-dl Nm=1]
Xi
ar
Surface expansion Surface tension (7y), area (o) w = / y-do (Nm™H(m?) =17
g
Q
Electrical Electrical potential (¢), electrical charge (Q) w = ¢dQ’ vCc=1]

0

| EXAMPLE PROBLEM 2.1

a. Calculate the work involved in expanding 20.0 L of an ideal gas to a final volume
of 85.0 L against a constant external pressure of 2.50 bar.

b. An air bubble in liquid water expands from a radius of 1.00 cm to a radius of
3.25 cm. The surface tension of water is 71.99 N m™!. How much work is done in
increasing the area of the bubble? Assume that the system is the contents of the bubble.

c. A current of 3.20 A is passed through a heating coil for 30.0 s. The electrical
potential across the resistor is 14.5 V. Calculate the work done on the coil.

d. If the force to stretch a fiber a distance x is given by F = —kx with
k = 100. N cmfl, how much work is done to stretch the fiber 0.15 cm?

Solution
Vi
a w= _[/ Poxternat AV = _Pexternal(vf -V

5 -3 3
P 10
2% (85.0L — 20.0L) X 7Lm = 163k

= —2.50 bar X 10

b. A factor of 2 is included in the following calculation because a bubble has an
inner and an outer surface. We consider the bubble and its contents to be the sys-
tem. The vectors y and o point in opposite directions, giving rise to the negative
sign in the second integral.

S
Il

af af
/ y-do = —/ ydo = 27477(r}2c — rlz)
i o

10 *m?

—47r X 71.99 Nm™'(3.25%? cm? — 1.00% cm?) X
sz

= —0.865]

Q
c. w= / ddQ' = ¢Q = Ipt = 145V X 320 A X 30.0s = 1.39kJ
0

d. We must distinguish between F, the restoring force on the fiber, and F’, the force
exerted by the person stretching the fiber. They are related by F = —F’. If we
calculate the work done on the fiber, F’ - dl = F'dl because the vectors F’ and
dl point in the same direction

xf 5 1 L ,70ls
kx= | 100.Nm ' X x
w= [Fedl= [kxdx=|— = =11J
2 |, 2

0
X0
If we calculate the work done by the fiber, the sign of w is reversed because F and
dl point in opposite directions.
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2.3 heat

Heat’ is defined in thermodynamics as the quantity of energy that flows across the
boundary between the system and surroundings because of a temperature difference
between the system and the surroundings. Heat always flows spontaneously from
regions of high temperature to regions of low temperature. Just as for work, several
important characteristics of heat are of importance:

® Heat is transitory, in that it only appears during a change in state of the system and
surroundings. Heat is not associated with the initial and final states of the system
and the surroundings.

* The net effect of heat is to change the internal energy of the system and surround-
ings in accordance with the first law. If the only change in the surroundings is a
change in temperature of a reservoir, heat has flowed between the system and the
surroundings. The quantity of heat that has flowed is directly proportional to the
change in temperature of the reservoir.

* The sign convention for heat is as follows. If the temperature of the system is raised,
q is positive; if it is lowered, ¢ is negative. It is common usage to say that if g is pos-
itive, heat is withdrawn from the surroundings and deposited in the system. If ¢ is
negative, heat is withdrawn from the system and deposited in the surroundings.

Defining the surroundings as the rest of the universe is impractical because it is not
realistic to search through the whole universe to see if a mass has been raised or low-
ered and if the temperature of a reservoir has changed. Experience shows that in gen-
eral only those parts of the universe close to the system interact with the system.
Experiments can be constructed to ensure that this is the case, as shown in Figure 2.3.
Imagine that we are interested in an exothermic chemical reaction that is carried out in
a rigid sealed container with diathermal walls. We define the system as consisting
solely of the reactant and product mixture. The vessel containing the system is
immersed in an inner water bath separated from an outer water bath by a container with
rigid diathermal walls. During the reaction, heat flows out of the system (¢ < 0), and
the temperature of the inner water bath increases to 7y Using an electrical heater, the
temperature of the outer water bath is increased so that at all times, T ,10r = Tiner-
Because of this condition, no heat flows across the boundary between the two water
baths, and because the container enclosing the inner water bath is rigid, no work flows
across this boundary. Therefore, AU = ¢ + w = 0 + 0 = 0 for the composite system
made up of the inner water bath and everything within it. Therefore, this composite sys-
tem is an isolated system that does not interact with the rest of the universe. To deter-
mine g and w for the reactant and product mixture, we need to examine only the
composite system and can disregard the rest of the universe.

To emphasize the distinction between g and w and the relationship between ¢, w,
and AU, we discuss the two processes shown in Figure 2.4. They are each carried out in
an isolated system, divided into two subsystems, I and II. In both cases, system I con-
sists solely of the liquid in the beaker, and everything else including the rigid adiabatic
walls is in system II. We refer to system I as the system and system II as the surround-
ings in the following discussion. We assume that the temperature of the liquid is well
below its boiling point so that its vapor pressure is negligibly small. This ensures that
no liquid is vaporized in the process, and the system is closed. We also assume that the
change in temperature of the system is very small. System II can be viewed as the sur-
roundings for system I and vice versa.

Heat is perhaps the most misused term in thermodynamics as discussed by Robert Romer [“Heat is not a
Noun.” American Journal of Physics, 69 (2001), 107-109]. In common usage, it is incorrectly referred to as a
substance as in the phrase “Close the door; you're letting the heat out!” An equally inappropriate term is heat
capacity (discussed in Section 2.5), because it implies that materials have the capacity to hold heat, rather
than the capacity to store energy. We use the terms heat flow or heat transfer to emphasize the transitory
nature of heat. However, you should not think of heat as a fluid or a substance.
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An isolated composite system is created
in which the surroundings to the system
of interest are limited in extent. The walls
surrounding the inner water bath are rigid.


http://www.ebook777.com

Free ebooks ==> www.Ebook777.com
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FIGURE 2.4

Two subsystems, I and II, are enclosed in
arigid adiabatic enclosure. System I con-
sists solely of the liquid in the beaker for
each case. System II consists of every-
thing else in the enclosure, and is the sur-
roundings for system I. (a) The liquid is
heated using a flame. (b) The liquid is
heated using a resistive coil through
which an electrical current flows.

Electrical
generator

coil

Propane

() (b)

Bunsen burner

In Figure 2.4a, a Bunsen burner fueled by a propane canister is used to heat the lig-
uid (system). The boundary between system and surroundings is the surface that
encloses the liquid, and heat can flow all across this boundary. It is observed that the
temperature of the liquid increases in the process. The temperature of the surroundings
also increases because the system and surroundings are in thermal equilibrium. From
Section 1.2, we know that the internal energy of a monatomic gas increases linearly
with 7. This result can be generalized to state that U is a monotonically increasing
function of T for a uniform single-phase system of constant composition. Therefore,
because AT > 0, AU > 0.

We next consider the changes in the surroundings. From the first law,
AU gurroundings = —AU < 0. No forces oppose changes in the system. We conclude
that w = 0. Therefore, if AU > 0, g > 0 and ggrroundings < O-

We now consider Figure 2.4b. In this case, the boundary between system and sur-
roundings lies just inside the inner wall of the beaker, across the open top of the beaker,
and just outside of the surface of the heating coil. Note that the heating coil is entirely
in the surroundings. Heat can flow across the boundary surface. Upon letting the mass
in the surroundings fall, electricity flows through the heating coil. It is our experience
that the temperature of the liquid (system) will increase. We again conclude that
AU > 0. What values do ¢ and w have for the process?

To answer this question, consider the changes in the surroundings. From the first
law, AU grroundings = —AU < 0. We see that a mass has been lowered in the sur-
roundings. Can we conclude that w > 0?7 No, because work is being done only on the
heating coil, which is in the surroundings. The current flow never crosses the boundary
between system and surroundings. Therefore, w = 0 because no work is done on the
system. However, AU > 0, so if w = 0 we conclude that ¢ > 0. The increase in U is
due to heat flow from the surroundings to the system caused by the difference between
the temperature of the heating filament and the liquid and not by the electrical work
done on the filament. Note that because AU + AU grroundings = 0, the heat flow from
the surroundings to the system can be calculated from the electrical work done entirely
within the surroundings, ¢ = ~Wgroundings = 1P

These examples show that the distinction between heat and work must be made
carefully with a clear knowledge of the position and nature of the boundary between
the system and the surroundings.

| EXAMPLE PROBLEM 2.2

A heating coil is immersed in a 100. g sample of H,O liquid which boils at 99.61°C
in an open insulated beaker on a laboratory bench at 1 bar pressure. In this process,
10.0% of the liquid is converted to the gaseous form at a pressure of 1 bar. A

current of 2.00 A flows through the heater from a 12.0 V battery for 1.00 X 10%s to
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2.4 DOING WORK ON THE SYSTEM AND CHANGING THE SYSTEM ENERGY FROM A MOLECULAR LEVEL PERSPECTIVE 23

effect the transformation. The densities of liquid and gaseous water under these condi-
tions are 997 and 0.590 kg m™, respectively.

a. Itis often useful to replace a real process by a model that exhibits the important
features of the process. Design a model system and surroundings, like those
shown in Figures 2.1 and 2.2, that would allow you to measure the heat and work
associated with this transformation. For the model system, define the system and
surroundings as well as the boundary between them.

b. How can you define the system for the open insulated beaker on the laboratory
bench such that the work is properly described?

c. Calculate g and w for the process.

Solution

a. The model system is shown in the following figure. The cylinder walls and the
piston form adiabatic walls. The external pressure is held constant by a suit-
able weight.

b. Define the system as the liquid in the beaker and the volume containing only
molecules of H,O in the gas phase. This volume will consist of disconnected
volume elements dispersed in the air above the laboratory bench.

c¢. In the system shown, the heat input to the liquid water can be equated with the
work done on the heating coil. Therefore,

g=1Ipt =2.00A X 120V X 1.00 X 10>s = 24.0kJ

As the liquid is vaporized, the volume of the system increases at a constant exter-
nal pressure. Therefore, the work done by the system on the surroundings is

w = ~Poyerna(Vy — Vi) = —10°Pa
100 X 1073kg  90.0 X 107 3kg  100.0 X 10 kg
< 0590kgm > | 997kgm > 997kgm 3 >
= —1.70kJ

Note that the electrical work done on the heating coil is much larger than the P-V
work done in the expansion. I

Doing Work on the System and Changing
2 the System Energy from a Molecular
.~T Level Perspective

Our discussion so far has involved changes in energy for macroscopic systems, but
what happens at the molecular level if energy is added to the system? In shifting to a
molecular perspective, we move from a classical to a quantum mechanical description
of matter. For this discussion, we need two results that will be discussed elsewhere in
this textbook. First, as will be discussed in Chapter 15, in general the energy levels of
quantum mechanical systems are discrete and molecules can only possess amounts of
energy that correspond to these values. By contrast, in classical mechanics the energy is
a continuous variable. Second, we use a result from statistical mechanics that the
relative probability of a molecule being in a state corresponding to the allowed energy
values & and &, at temperature 7 is given by e ([22mell/ksT)  Thig result will be
discussed in Chapter 30.

To keep the mathematics simple, consider a very basic model system: a gas con-
sisting of a single He atom confined in a one-dimensional container with a length of
10. nm. Quantum mechanics tells us that the translational energy of the He atom
confined in this box can only have the discrete values shown in Figure 2.5a. We
lower the temperature of this one-dimensional He gas to 0.20 K. The calculated
probability of the atom being in a given energy level is shown in Figure 2.5a. If we
now do work on the system by compressing the box to half its original length at con-
stant temperature, the energy levels will change to those shown in Figure 2.5b. Note

Www.Ebook777.com

Heating coil

®

Poyternas = 1.00 atm



http://www.ebook777.com

24

FIGURE 2.5
Energy levels are
shown for the box of
length (a) 10. nm, and
(b) 5.0 nm. The circles
indicate the probability
that the He atom has
an energy correspon-
ding to each of the
energy levels at 0.2 K.
Each circle indicates a
probability of 0.010.
For example, the prob-
ability that the energy
of the He atom corre-
sponds to the lowest
energy level in

Figure 2.5a1s 0.22.
Note the different
scales for energy in
each graph.

FIGURE 2.6
Energy levels are
shown for the 5.0 nm
box. The circles indi-
cate the probability
that a He atom has an
energy corresponding
to each of the energy
levels at (a) 0.20 K
and (b) 0.40 K.
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that all the energy levels are shifted to higher values as the container is made smaller
(an effect that will be fully explored in Chapter 15). If we keep the temperature con-
stant at 0.20 K during this compression, the distribution of the atoms among the
energy levels changes to that shown in Figure 2.5b. This redistribution occurs
because the total translational energy of the He atom remains constant in the com-
pression if the temperature is kept constant, assuming ideal gas behavior.

What happens if we keep the container at the smaller length and raise the system
energy by increasing 7 to 0.40 K? In this case, the energy levels are unchanged because
they depend on the container length, but not on the temperature of the gas. However,
the energy of the system increases and as shown in Figure 2.6, this occurs by a redistri-
bution of the probability of finding the He atom in the energy levels. The increase in
system energy comes from an increase in the probability of the He atom populating
higher-energy levels and a corresponding decrease in the probability of populating
lower-energy levels.

Just as for a calculation of the energy of a gas using classical mechanics, the quan-
tum mechanical system energy increases through an increase in the translational energy
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0008
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of the atom. However, the discrete energy level structure influences how the system can
take up energy. This will become clearer in the next section when we consider how
molecules can take up energy through rotation and vibration.

2 . 5 Heat Capacity

The process shown in Figure 2.4b provides a way to quantify heat flow in terms of the
easily measured electrical work done on the heating coil, w = I¢t. The response of a
single-phase system of constant composition to heat input is an increase in 7" as long as
the system does not undergo a phase change such as the vaporization of a liquid.

The thermal response of the system to heat flow is described by a very important
thermodynamic property called the heat capacity, which is a measure of energy
needed to change the temperature of a substance by a given amount. The name heat
capacity is unfortunate because it implies that a substance has the capacity to take up
heat. A much better name would be energy capacity.

Heat capacity is a material-dependent property, as will be discussed later.
Mathematically, heat capacity is defined by the relation

o qg _dq

C= lim ———=— 2.9)
AT—0T; —T; dT

where C is in the SI unit of J K~!. It is an extensive quantity that doubles as the mass of
the system is doubled. Often, the molar heat capacity C,, is used in calculations. It is an
intensive quantity with the units of J K~' mol™!. Experimentally, the heat capacity of
fluids is measured by immersing a heating coil in the gas or liquid and equating the
electrical work done on the coil with the heat flow into the sample. For solids, the heat-
ing coil is wrapped around the solid. The significance of the notation .€’q for an incre-
mental amount of heat is explained in the next section.

The value of the heat capacity depends on the experimental conditions under which
it is determined. The most common conditions are constant V or P, for which the heat
capacity is denoted Cy and Cp, respectively. Values of Cp,, at 298.15 K for pure sub-
stances are tabulated in Tables 2.2 and 2.3 (see Appendix B, Data Tables), and formulas
for calculating Cp,, at other temperatures for gases and solids are listed in Tables 2.4
and 2.5, respectively.

We next discuss heat capacities using a molecular level model, beginning with
gases. Figure 2.7 illustrates the energy level structure for a molecular gas. Molecules
can take up energy by moving faster, by rotating in three-dimensional space, by peri-
odic oscillations (known as vibrations) of the atoms around their equilibrium structure,
and by electronic excitations. These energetic degrees of freedom are referred to as

AEelectranic
AE ipration AE,otation E—, Y =SSP
] Rotational Translational
Vibrational energy ?”ell'gy
energy levels evels
levels
Electronic
energy
levels
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FIGURE 2.7

Energy levels are shown schematically for
each degree of freedom. The gray area
between electronic energy levels on the
left indicates what appear to be a continu-
ous range of allowed energies. However,
as the energy scale is magnified stepwise,
discrete energy levels for vibration, rota-
tion, and translation can be resolved.
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TABLE 2.2 Energy Level

Spacings for Different Degrees
of Freedom

Degree of Energy Level
Freedom Spacing
Electronic 5% 107197
Vibration 2 X 107207
Rotation 2 X 1075
Translation 2x 1074
80 —
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FIGURE 2.8

Molar heat capacities Cy,,, are shown for
a number of gases. Atoms have only
translational degrees of freedom and,
therefore, have comparatively low values
for Cy,, that are independent of tempera-
ture. Molecules with vibrational degrees
of freedom have higher values of Cy, at
temperatures sufficiently high to activate
the vibrations.

translation, rotation, vibration, and electronic excitation. Each of the degrees of free-
dom has its own set of energy levels and the probability of an individual molecule
occupying a higher energy level increases as it gains energy. Except for translation, the
energy levels for atoms and molecules are independent of the container size.

The amount of energy needed to move up the ladder of energy levels is very differ-
ent for the different degrees of freedom: AFE jeconic == AEyibration == A Erotation ==
AFE anstation- Values for these AE are molecule dependent, but order of magnitude num-
bers are shown in Table 2.2.

Energy is gained or lost by a molecule through collisions with other molecules. An
order of magnitude estimate of the energy that can be gained or lost by a molecule in a
collision is kT, where k = R/N 4 is the Boltzmann constant, and 7 is the absolute
temperature. A given degree of freedom in a molecule can only take up energy through
molecular collisions if the spacing between adjacent energy levels and the temperature
satisfies the relationship AE ~ kgT, which has the value 4.1 X 10721 J at 300 K. At
300 K, AE ~ kgT is always satisfied for translation and rotation, but not for vibration
and electronic excitation. We formulate the following general rule relating the heat
capacity Cy,, and the degrees of freedom in a molecule, which will be discussed in
more detail in Chapter 32.

-
The heat capacity Cy,, for a gas at temperature 7' not much lower than 300 K is

R/2 for each translation and rotational degree of freedom, where R is the ideal
gas constant. Each vibrational degree of freedom for which the relation
AE/kT < 0.1is obeyed contributes R to Cy,,. If AE/kgT > 10, the degree of
freedom does not contribute to Cy,,. For 10 > AE/kgT > 0.1, the degree of

L freedom contributes partially to Cy,,. )

Figure 2.8 shows the variation of Cy,, for a monatomic gas and several molecu-
lar gases. Atoms only have three translational degrees of freedom. Linear molecules
have an additional 2 rotational degrees of freedom and 3n-5 vibrational degrees of
freedom where n is the number of atoms in the molecule. Nonlinear molecules have
3 translational degrees of freedom, 3 rotational degrees of freedom, and 3n-6 vibra-
tional degrees of freedom. A He atom has only 3 translational degrees of freedom,
and all electronic transitions are of high energy compared to k7. Therefore,
Cyn = 3R/2 over the entire temperature range as shown in the figure. CO is a lin-
ear diatomic molecule that has two rotational degrees of freedom for which
AE/kgT < 0.1 at 200. K. Therefore, Cy ,, = 5R/2 at 200. K. The single vibrational
degree of freedom begins to contribute to Cy,,, above 200. K, but does not contribute
fully for 7' < 1000. K because 10 > AE/kgT below 1000. K. CO, has 4 vibrational
degrees of freedom, some of which contribute to Cy,,, near 200. K. However, Cy,,
does not reach its maximum value of 13R/2 below 1000. K. Similarly, Cy,,, for
C,H,, which has 12 vibrational degrees of freedom, does not reach its maximum
value of 15 R below 1000. K, because 10 > AE/kgT for some vibrational degrees
of freedom. Electronic energy levels are too far apart for any of the molecular gases
to give a contribution to Cy .

To this point, we have only discussed Cy, for gases. It is easier to measure Cp ,
than Cy,, for liquids and solids because liquids and solids generally expand with
increasing temperature and exert enormous pressure on a container at constant vol-
ume (see Example Problem 3.2.) An example of how Cp,, depends on T for solids
and liquids is illustrated in Figure 2.9 for Cl,. To make the functional form of Cp,,(T)
understandable, we briefly discuss the relative magnitudes of Cp,, in the solid, liquid,
and gaseous phases using a molecular level model. A solid can be thought of as a set
of interconnected harmonic oscillators, and heat uptake leads to the excitations of the
collective vibrations of the solid. At very low temperatures these vibrations cannot be
activated, because the spacing of the vibrational energy levels is large compared to
kgT. As a consequence, energy cannot be taken up by the solid. Hence, Cp,,
approaches zero as T approaches zero. For the solid, Cp,, rises rapidly with T because
the thermal energy available as T increases is sufficient to activate the vibrations of
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the solid. The heat capacity increases discontinuously as the solid melts to form a lig-
uid. This is the case because the liquid retains all the local vibrational modes of the
solid, and more low-energy modes become available upon melting. Therefore, the
heat capacity of the liquid is greater than that of the solid. As the liquid vaporizes,
the local vibrational modes present in the liquid are converted to translations that
cannot take up as much energy as vibrations. Therefore, Cp,, decreases discontinu-
ously at the vaporization temperature. The heat capacity in the gaseous state
increases slowly with temperature as the vibrational modes of the individual mole-
cules are activated as discussed previously. These changes in Cp,, can be calculated
for a specific substance using a microscopic model and statistical thermodynamics,
as will be discussed in detail in Chapter 32.

Once the heat capacity of a variety of different substances has been determined, we
have a convenient way to quantify heat flow. For example, at constant pressure, the heat
flow between the system and surroundings can be written as

Txys,f TA‘urr,f
gp = /C%'stem(T)dT I /Cg,trroundings(T)dT (2.10)
Txt.r,i Tsurr,i

By measuring the temperature change of a thermal reservoir in the surroundings at con-
stant pressure, gp can be determined. In Equation (2.10), the heat flow at constant pres-
sure has been expressed both from the perspective of the system and from the
perspective of the surroundings. A similar equation can be written for a constant vol-
ume process. Water is a convenient choice of material for a heat bath in experiments
because Cp is nearly constant at the value 4.18 J g_1 K~ or 75.3 J mol™! K! over the
range from 0°C to 100.°C.

| EXAMPLE PROBLEM 2.3

The volume of a system consisting of an ideal gas decreases at constant
pressure. As a result, the temperature of a 1.50 kg water bath in the sur-
roundings increases by 14.2°C. Calculate gp for the system.

Solution

Tsurr, J

qp = \/CAI'Jurroundings(T)dT — _C.;yrroundingsAT

Tsurr,i
= —150kg X 4187 g 'K™! X 142K = —89.1kJ I

2.5 HEAT CAPACITY 27

60
50
40

30

Cpm/J KT mol~1

20 Gas

10

100 200 300 400
Temperature/K

FIGURE 2.9
The variation of Cp,, with temperature is
shown for Cl,.

Constant pressure heating

A D

Initial state Final state

Constant volume heating

How are Cp and Cy related for a gas? Consider the processes shown in

Figure 2.10 in which a fixed amount of heat flows from the surroundings
into a gas. In the constant pressure process, the gas expands as its tem-
perature increases. Therefore, the system does work on the surround-
ings. As a consequence, not all the heat flow into the system can be used ql:{
to increase AU. No such work occurs for the corresponding constant
volume process, and all the heat flow into the system can be used to

ar T
increase AU. Therefore, dTp < dTy for the same heat flow 4g. For this = =

reason, Cp > Cy for gases.
The same argument applies to liquids and solids as long as V increases

VAT

IR

Initial state Final state

with 7. Nearly all substances follow this behavior, although notable excep-  r1GURE 2.10

tions occur, such as liquid water between 0°C and 4°C, for which the vol-

Not all the heat flow into the system can be used to

ume increases as T decreases. However, because AV,, upon heating iS increase AU in a constant pressure process, because the
much smaller than for a gas, the difference between Cp,, and Cy,, for alig-  system does work on the surroundings as it expands.
uid or solid is much smaller than for a gas. However, no work is done for constant volume heating.
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CHAPTER 2 Heat, Work, Internal Energy, Enthalpy, and the First Law of Thermodynamics

The preceding remarks about the difference between Cp and Cy have been qualita-
tive in nature. However, the following quantitative relationship, which will be proved in
Chapter 3, holds for an ideal gas:

Cp—Cy=nR or Cp, —Cynu=R @.11)

26 State Functions and Path Functions

An alternate statement of the first law is that AU is independent of the path connecting
the initial and final states, and depends only on the initial and final states. We make this
statement plausible for the kinetic energy, and the argument can be extended to the
other forms of energy listed in Section 2.1. Consider a single molecule in the system.
Imagine that the molecule of mass m initially has the speed v;. We now change its
speed incrementally following the sequence v|; — v, — v3 — v4. The change in the
kinetic energy along this sequence is given by

AEinetic = <; m(vy)* — ;m(V1)2> + (; m(v3)* — ;m(V2)2>

+ (; m(va)? ;m<v3>2>

= <1 m(vs)? — lm(V1)2> (2.12)
2 2

Even though v, and v3 can take on any arbitrary values, they still do not influence the
result. We conclude that the change in the kinetic energy depends only on the initial and
final speed and that it is independent of the path between these values. Our conclusion
remains the same if we increase the number of speed increments in the interval between
v; and v to an arbitrarily large number. Because this conclusion holds for all molecules
in the system, it also holds for AU.

This example supports the assertion that AU depends only on the final and initial
states and not on the path connecting these states. Any function that satisfies this condi-
tion is called a state function, because it depends only on the state of the system and
not the path taken to reach the state. This property can be expressed in a mathematical
form. Any state function, for example U, must satisfy the equation

f
AU = /dU=Uf—Ui (2.13)
i
where i and f denote the initial and final states. This equation states that in order for AU
to depend only on the initial and final states characterized here by i and f, the value of
the integral must be independent of the path. If this is the case, U can be expressed as
an infinitesimal quantity, dU, that when integrated, depends only on the initial and final
states. The quantity dU is called an exact differential. We defer a discussion of exact
differentials to Chapter 3.
It is useful to define a cyclic integral, denoted by the symbol f , as applying to a cyclic
path such that the initial and final states are identical. For U or any other state function,

?{dU =U;—U;=0 (2.14)

because the initial and final states are the same in a cyclic process.

We next show that g and w are not state functions. The state of a single-phase sys-
tem at fixed composition is characterized by any two of the three variables P, T, and V.
The same is true of U. Therefore, for a system of fixed mass, U can be written in any of
the three forms U(V,T), U(P,T), or U(P,V). Imagine that a gas characterized by V; and
T, is confined in a piston and cylinder system that is isolated from the surroundings.
There is a thermal reservoir in the surroundings at a temperature 73 < 7'y. We do com-
ression work on the system starting from an initial state in which the volume is V| to
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2.6 STATE FUNCTIONS AND PATH FUNCTIONS

an intermediate state in which the volume is V, using a constant external pressure
P ovtornas Where V., < V4. The work is given by

vy vy
w = _/Pexternal dv = _Pexternal/dv = _Pexternal(vf - Vi) = _PexternalAV (2.15)
Vi Vi

Because work is done on the system in the compression (see Figure 2.11), w is positive
and U increases. Because the system consists of a uniform single phase, U is a monoto-
nic function of T, and T also increases. The change in volume AV has been chosen such
that the temperature of the system 75 in the intermediate state after the compression sat-
isfies the inequality 7; < T, < T;.

‘We next lock the piston in place and let an amount of heat g flow between the system
and surroundings at constant V by bringing the system into contact with the reservoir at
temperature 75. The final state values of T and V after these two steps are 75 and V5.

This two-step process is repeated for different values of the external pressure by
changing the mass resting on the piston. In each case the system is in the same final state
characterized by the variables V, and T5. The sequence of steps that takes the system
from the initial state VT to the final state V,,T5 is referred to as a path. By changing
the mass, a set of different paths is generated, all of which originate from the state V1,77,
and end in the state V,,T5. According to the first law, AU for this two-step process is

AU = U(T3,V2) - U(Tl,Vl) =dq + w (2.16)

Because AU is a state function, its value for the two-step process just described is the
same for each of the different values of the mass.
Are g and w also state functions? For this two step process,

W = =PoxiernalAV (2.17)

and P,yena s different for each value of the mass or for each path, whereas AV is
constant. Therefore, w is also different for each path; we can choose one path from
V1.T to V,,T5 and a different path from V,,T5 back to V,T. Because the work is dif-
ferent along these paths, the cyclic integral of work is not equal to zero. Therefore, w
is not a state function.

Using the first law to calculate ¢ for each of the paths, we obtain the result

g =AU —w =AU + PoyernaAV (2.18)

Because AU is the same for each path, and w is different for each path, we conclude that
q is also different for each path. Just as for work, the cyclic integral of heat is not equal to
zero. Therefore, neither g nor w are state functions, and they are called path functions.

Because both ¢ and w are path functions, there are no exact differentials for work and
heat unless the path is specified. Incremental amounts of these quantities are denoted by
dq and .dw, rather than dg and dw, to emphasize the fact that incremental amounts of
work and heat are not exact differentials. Because g and 4w are not exact differentials,
there are no such quantities as Ag, g5 g; and Aw, wy, w;. One cannot refer to the work or
heat possessed by a system or to the change in work or heat associated with a process.
After a transfer of heat and/or work between the system and surroundings is completed,
the system and surroundings possess internal energy, but not heat or work.

The preceding discussion emphasizes that it is important to use the terms work and
heat in a way that reflects the fact that they are not state functions. Examples of systems of
interest to us are batteries, fuel cells, refrigerators, and internal combustion engines. In each
case, the utility of these systems is that work and/or heat flows between the system and sur-
roundings. For example, in a refrigerator, electrical energy is used to extract heat from the
inside of the device and to release it in the surroundings. One can speak of the refrigerator as
having the capacity to extract heat, but it would be wrong to speak of it as having heat. In
the internal combustion engine, chemical energy contained in the bonds of the fuel mole-
cules and in O, is released in forming CO, and H,O. This change in internal energy can be
used to rotate the wheels of the vehicle, thereby inducing a flow of work between the vehi-
cle and the surroundings. One can refer to the capability of the engine to do work, but it
would be incorrect to refer to the vehicle or the engine as containing or having work.
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Initial state

Intermediate state
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FIGURE 2.11

A system consisting of an ideal gas is
contained in a piston and cylinder
assembly. An external pressure is
generated by the mass resting on the
piston.The gas in the initial state V,T is
compressed to an intermediate state,
whereby the temperature increases to the
value T>. It is then brought into contact
with a thermal reservoir at 73, leading to a
further rise in temperature. The final state
is V,,T5. The mechanical stops allow the
system volume to be only V; or V,.
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FIGURE 2.12

All combinations of pressure, volume,
and temperature consistent with 1 mol of
an ideal gas lie on the colored surface. All
combinations of pressure and volume
consistent with 77 = 800 K and all combi-
nations of pressure and temperature con-
sistent with a volume of 4.0 L are shown
as black curves that lie in the P-V-T sur-
face. The third curve corresponds to a
path between an initial state i and a final
state f that is neither a constant tempera-
ture nor a constant volume path.

Pulley
1 kg

1kg

FIGURE 2.13

Two masses of exactly 1 kg each are con-
nected by a wire of zero mass running
over a frictionless pulley. The system is in
mechanical equilibrium and the masses
are stationary.

CHAPTER 2 Heat, Work, Internal Energy, Enthalpy, and the First Law of Thermodynamics

27 Equilibrium, Change, and Reversibility

Thermodynamics can only be applied to systems in internal equilibrium, and a require-
ment for equilibrium is that the overall rate of change of all processes such as diffusion
or chemical reaction be zero. How do we reconcile these statements with our calcula-
tions of ¢, w, and AU associated with processes in which there is a macroscopic change
in the system? To answer this question, it is important to distinguish between the sys-
tem and surroundings each being in internal equilibrium, and the system and surround-
ings being in equilibrium with one another.

We first discuss the issue of internal equilibrium. Consider a system made up of an
ideal gas, which satisfies the equation of state, P = nRT/V. All combinations of P, V,
and T consistent with this equation of state form a surface in P-V-T space as shown in
Figure 2.12. All points on the surface correspond to states of internal equilibrium, mean-
ing that the system is uniform on all length scales and is characterized by single values of
T, P, and concentration. Points that are not on the surface do not correspond to any equi-
librium state of the system because the equation of state is not satisfied. Nonequilibrium
situations cannot be represented on such a plot, because 7, P, and concentration do not
have unique values for a system that is not in equilibrium. An example of a system that is
not in internal equilibrium is a gas that is expanding so rapidly that different regions of
the gas have different values for the density, pressure, and temperature.

Next, consider a process in which the system changes from an initial state charac-
terized by P;, V;, and T; to a final state characterized by Py V5 and Ty as shown in
Figure 2.12. If the rate of change of the macroscopic variables is negligibly small, the
system passes through a succession of states of internal equilibrium as it goes from the
initial to the final state. Such a process is called a quasi-static process, in which inter-
nal equilibrium is maintained in the system. If the rate of change is large, the rates of
diffusion and intermolecular collisions may not be high enough to maintain the system
in a state of internal equilibrium. Thermodynamic calculations for such a process are
valid only if it is meaningful to assign a single value of the macroscopic variables P, V, T,
and concentration to the system undergoing change. The same considerations hold for
the surroundings. We only consider quasi-static processes in this text.

We now visualize a process in which the system undergoes a major change in
terms of a directed path consisting of a sequence of quasi-static processes, and distin-
guish between two very important classes of quasi-static processes, namely reversible
and irreversible processes. It is useful to consider the mechanical system shown in
Figure 2.13 when discussing reversible and irreversible processes. Because the two
masses have the same value, the net force acting on each end of the wire is zero, and
the masses will not move. If an additional mass is placed on either of the two masses,
the system is no longer in mechanical equilibrium, and the masses will move. In the
limit in which the incremental mass approaches zero, the velocity at which the initial
masses move approaches zero. In this case, one refers to the process as being
reversible, meaning that the direction of the process can be reversed by placing the
infinitesimal mass on the other side of the pulley.

Reversibility in a chemical system can be illustrated by a system consisting of lig-
uid water in equilibrium with gaseous water that is surrounded by a thermal reservoir.
The system and surroundings are both at temperature 7. An infinitesimally small
increase in T results in a small increase of the amount of water in the gaseous phase,
and a small decrease in the liquid phase. An equally small decrease in the temperature
has the opposite effect. Therefore, fluctuations in T give rise to corresponding fluctua-
tions in the composition of the system. If an infinitesimal opposing change in the vari-
able that drives the process (temperature in this case) causes a reversal in the direction
of the process, the process is reversible.

If an infinitesimal change in the driving variable does not change the direction of
the process, one says that the process is irreversible. For example, if a large stepwise
temperature increase is induced in the system using a heat pulse, the amount of water in
the gas phase increases abruptly. In this case, the composition of the system cannot be
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2.8 COMPARING WORK FOR REVERSIBLE AND IRREVERSIBLE PROCESSES 31

returned to its initial value by an infinitesimal temperature decrease. This relationship
is characteristic of an irreversible process. Although any process that takes place at a
rapid rate in the real world is irreversible, real processes can approach reversibility in
the appropriate limit. For example, a slow increase in the electrical potential in an elec-
trochemical cell can convert reactants to products in a nearly reversible process.

2 Comparing Work for Reversible and
- Irreversible Processes

We concluded in Section 2.6 that w is not a state function and that the work associated
with a process is path dependent. This statement can be put on a quantitative footing by
comparing the work associated with the reversible and irreversible expansion and the
compression of an ideal gas. This process is discussed next and illustrated in Figure 2.14.

Consider the following irreversible process, meaning that the internal and external
pressures are not equal. A quantity of an ideal gas is confined in a cylinder with a weight-
less movable piston. The walls of the system are diathermal, allowing heat to flow
between the system and surroundings. Therefore, the process is isothermal at the temper-
ature of the surroundings, 7. The system is initially defined by the variables 7, P;, and V;.
The position of the piston is determined by P, /erna = P1, Which can be changed by
adding or removing weights from the piston. Because the weights are moved horizontally,
no work is done in adding or removing them. The gas is first expanded at constant tem-
perature by decreasing P, abruptly to the value P, (weights are removed), where
P, < Py. A sufficient amount of heat flows into the system through the diathermal walls
to keep the temperature at the constant value 7. The system is now in the state defined by
T, P,, and V,, where V, > V. The system is then returned to its original state in an
isothermal process by increasing P, abruptly to its original value P, (weights are
added). Heat flows out of the system into the surroundings in this step. The system has
been restored to its original state and, because this is a cyclic process, AU = 0. Are g,y
and wy,,, also zero for the cyclic process? The total work associated with this cyclic
process is given by the sum of the work for each individual step:

Wiotal = E - Pexternal, iAVi = Wexpansion + Weompression
i

= —Py(Vo = Vy) = Pi(Vy — V»)
= —(Py — P;) X (V, = V) >0 because P, < P; andV, > V| (2.19)

The relationship between P and V for the process under consideration is shown graphi-
cally in Figure 2.14, in what is called an indicator diagram. An indicator diagram is
useful because the work done in the expansion and contraction steps can be evaluated
from the appropriate area in the figure, which is equivalent to evaluating the integral
w= - f P,yiernat AV. Note that the work done in the expansion is negative because
AV > 0, and that done in the compression is positive because AV < 0. Because
P, < Py, the magnitude of the work done in the compression process is more than that
done in the expansion process and w;,;,; > 0. What can one say about g,,,,;? The first
law states that because AU = Gpia1 + Wiotal = 05 Qrorar < 0.

The same cyclical process is carried out in a reversible cycle. A necessary condition
for reversibility is that P = P,,.na at every step of the cycle. This means that P changes
during the expansion and compression steps. The work associated with the expansion is

av Vs
Wexpansion = ~ | Pexternat dV = — [ PdV = —nRT v = —nRT ln71 (2.20)

This work is shown schematically as the red area in the indicator diagram of Figure 2.15.
If this process is reversed and the compression work is calculated, the following
result is obtained:

Vi
Weompression — _nRTlnvi (2.21)
2
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FIGURE 2.14

The work for each step and the total work
can be obtained from an indicator diagram.
For the compression step, w is given by the
total area in red and yellow; for the expan-
sion step, w is given by the red area. The
arrows indicate the direction of change in
Vin the two steps. The sign of w is
opposite for these two processes. The total
work in the cycle is the yellow area.
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FIGURE 2.15

Indicator diagram for a reversible process.
Unlike Figure 2.14, the areas under the
P-V curves are the same in the forward
and reverse directions.

The magnitudes of the work in the forward and reverse processes are equal. The
total work done in this cyclical process is given by

Va 1
W = Wexpansion T Weompression = —nRT lnil - I’lRTlIlvz
Vs Va
= —nRTIn— +nRTIn— =0 (2.22)
Vi Vi

Therefore, the work done in a reversible isothermal cycle is zero. Because
AU = g + w is a state function, ¢ = —w = 0 for this reversible isothermal process.
Looking at the heights of the weights in the surroundings at the end of the process, we
find that they are the same as at the beginning of the process. To compare the work for
reversible and irreversible processes, the state variables need to be given specific values
as is done in Example Problem 2.4.

| EXAMPLE PROBLEM 2.4

In this example, 2.00 mol of an ideal gas undergoes isothermal expansion along
three different paths: (1) reversible expansion from P; = 25.0 bar and V; = 4.50 L to
Py = 4.50 bar, (2) a single-step irreversible expansion against a constant external
pressure of 4.50 bar, and (3) a two-step irreversible expansion consisting initially of
an expansion against a constant external pressure of 11.0 bar until P = P, sernais
followed by an expansion against a constant external pressure of 4.50 bar until
P = Peyiernal-

Calculate the work for each of these processes. For which of the irreversible
processes is the magnitude of the work greater?

Solution
The processes are depicted in the following indicator diagram:

: Pi
25 T
20
_ 15 4
5
T ]
S\
T RN
] S /
. EEIXLA
1 ,00““‘00,0‘ .
0 5 10 15 20 25

VIL

We first calculate the constant temperature at which the process is carried out, the final
volume, and the intermediate volume in the two-step expansion:

PV, 25.0 bar X 4.50 L
nR 8314 X 10" 2Lbarmol ' K™! X 2.00 mol

nRT 8314 X 1072 Lbarmol ' K™! X 2.00 mol X 677 K

= 677K

vV, = - =250L
I Py, 4.50 bar
nRT 8314 X 1072 Lbarmol ' K™ X 2.00 mol X 677 K
Vi = = =102L
Pin 11.0 bar
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The work of the reversible process is given by

Vi
w = —nRTIn —
V.

1

250L
—2.00 mol X 8314Jmol 'K™! X 677K X In =-193 X 10°J

450L
We next calculate the work of the single-step and two-step irreversible processes:
Wsingle = —PesternatAV = —4.50 bar X 10°Pa (250L — 450 L) X 1070 m’
= —923 X 10°J
Wososiep = —PesternalAV = —11.0 bar X "Pa (1021 — 450 L) X 10L3m3
—4.50 bar X 10° Pa X (250L — 10.2L) X 10_L3m3
= —129 X 10°J

The magnitude of the work is greater for the two-step process than for the single-step
process, but less than that for the reversible process.

Example Problem 2.4 shows that the magnitude of w for the irreversible expansion
is less than that for the reversible expansion, but also suggests that the magnitude of w
for a multistep expansion process increases with the number of steps. This is indeed the
case, as shown in Figure 2.16. Imagine that the number of steps n increases indefinitely.

TTTTTT[TT T[T TTTT] T T[T T TT I T TTTT[TTTT]
1% %

FIGURE 2.16

The work done in an expansion (red plus
yellow areas) is compared with the work
done in a multistep series of irreversible
expansion processes at constant pressure
(yellow area) in the top panel. The bottom
panel shows analogous results for the
compression, where the area under the
black curve is the reversible compression
work. Note that the total work done in the
irreversible expansion and compression
processes approaches that of the
reversible process as the number of steps
v v becomes large.
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As n increases, the pressure difference P,.q — P for each individual step decreases.
In the limit that n — 00, the pressure difference P, snqy — P — 0, and the total area
of the rectangles in the indicator diagram approaches the area under the reversible
curve. In this limit, the irreversible process becomes reversible and the value of the
work equals that of the reversible process.

By contrast, the magnitude of the irreversible compression work exceeds that of the
reversible process for finite values of n and becomes equal to that of the reversible
process as n — 0. The difference between the expansion and compression processes
results from the requirement that P, ..,y < P at the beginning of each expansion
step, whereas P,y ;o = P at the beginning of each compression step.

On the basis of these calculations for the reversible and irreversible cycles, we
introduce another criterion to distinguish between reversible and irreversible processes.
Suppose that a system undergoes a change through one or more individual steps, and
that the system is restored to its initial state by following the same steps in reverse
order. The system is restored to its initial state because the process is cyclical. If the
surroundings are also returned to their original state (all masses at the same height and
all reservoirs at their original temperatures), the process is reversible. If the surround-
ings are not restored to their original state, the process is irreversible.

We are often interested in extracting work from a system. For example, it is the expan-
sion of the fuel-air mixture in an automobile engine upon ignition that provides the torque
that eventually drives the wheels. Is the capacity to do work similar for reversible and irre-
versible processes? This question is answered using the indicator diagrams of Figures 2.14
and 2.15 for the specific case of isothermal expansion work, noting that the work can be
calculated from the area under the P—V curve. We compare the work for expansion from V
to V5 in a single stage at constant pressure to that for the reversible case. For the single-
stage expansion, the constant external pressure is given by P yerma = nRT/V,. However,
if the expansion is carried out reversibly, the system pressure is always greater than this
value. By comparing the areas in the indicator diagrams of Figure 2.16, it is seen that

‘Wreversible = ‘Wirreversible (2.23)
By contrast, for the compression step,
‘Wreversible = ‘Wirreversible (2.24)

The reversible work is the lower bound for the compression work and the upper bound
for the expansion work. This result for the expansion work can be generalized to an
important statement that holds for all forms of work: The maximum work that can be
extracted from a process between the same initial and final states is that obtained under
reversible conditions.

Although the preceding statement is true, it suggests that it would be optimal to
operate an automobile engine under conditions in which the pressure inside the cylin-
ders differs only infinitesimally from the external atmospheric pressure. This is clearly
not possible. A practical engine must generate torque on the drive shaft, and this can
only occur if the cylinder pressure is appreciably greater than the external pressure.
Similarly, a battery is only useful if one can extract a sizable rather than an infinitesimal
current. To operate such devices under useful irreversible conditions, the work output is
less than the theoretically possible limit set by the reversible process.3

2 Determining AU and Introducing

.-/ Enthalpy, a New State Function

Measuring the energy taken up or released in a chemical reaction is of particular inter-
est to chemists. How can the AU for a thermodynamic process be measured? This will

be the topic of Chapter 4. However, this topic is briefly discussed here in order to
enable you to carry out calculations on ideal gas systems in the end-of-chapter

For a more detailed discussion of irreversible work, see D. Kivelson and I. Oppenheim, “Work in
Irreversible Expansions,” Journal of Chemical Education 43 (1966): 233.
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problems. The first law states that AU = ¢ + w. Imagine that the process is carried
out under constant volume conditions and that nonexpansion work is not possible.
Because under these conditions w = — f PoriernaidV =0,

AU = gy (2.25)

Equation (2.25) states that AU can be experimentally determined by measuring the
heat flow between the system and surroundings in a constant volume process.

Chemical reactions are generally carried out under constant pressure rather than
constant volume conditions. It would be useful to have an energy state function that has
a relationship analogous to Equation (2.25), but at constant pressure conditions. Under
constant pressure conditions, we can write

dU = dqp — PoyiernadV = dqp — PdV (2.26)

Integrating this expression between the initial and final states:

f

l
=gp — (PfV; — PV) (@27)

Note that in order to evaluate the integral involving P, we must know the functional
relationship P(V), which in this case is P; = Py = P where P is constant. Rearranging
the last equation, we obtain

(Uf + Pfo) - (Ul + P,»Vi) = dqgp (2.28)

Because P, V, and U are all state functions, U + PV is a state function. This new state
function is called enthalpy and is given the symbol H.

H=U+ PV (2.29)

As is the case for U, H has the units of energy, and it is an extensive property. As shown
in Equation (2.30), AH for a process involving only P-V work can be determined by
measuring the heat flow between the system and surroundings at constant pressure:

AH = gp (2.30)

This equation is the constant pressure analogue of Equation (2.25). Because chemical
reactions are much more frequently carried out at constant P than constant V, the
energy change measured experimentally by monitoring the heat flow is AH rather than
AU. When we classify a reaction as being exothermic or endothermic, we are talking
about AH, not AU.

2 'I Calculating q, w, AU, and AH for
: Processes Involving Ideal Gases

In this section we discuss how AU and AH, as well as ¢ and w, can be calculated from
the initial and final state variables if the path between the initial and final state is
known. The problems at the end of this chapter ask you to calculate ¢, w, AU, and AH
for simple and multistep processes. Because an equation of state is often needed to
carry out such calculations, the system will generally be an ideal gas. Using an ideal
gas as a surrogate for more complex systems has the significant advantage that the
mathematics is simplified, allowing one to concentrate on the process rather than the
manipulation of equations and the evaluation of integrals.

What does one need to know to calculate AU? The following discussion is
restricted to processes that do not involve chemical reactions or changes in phase.
Because U is a state function, AU is independent of the path between the initial and
final states. To describe a fixed amount of an ideal gas (i.e., n is constant), the values of
two of the variables P, V, and T must be known. Is this also true for AU for processes
involving ideal gases? To answer this question, consider the expansion of an ideal gas

Www.Ebook777.com

35


http://www.ebook777.com

36

Free ebooks ==> www.Ebook777.com
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from an initial state V,T to a final state V,,7,. We first assume that U is a function of
both V and T. Is this assumption correct? Because ideal gas atoms or molecules do not
interact with one another, U will not depend on the distance between the atoms or mol-
ecules. Therefore, U is not a function of V, and we conclude that AU must be a function
of T only for an ideal gas, AU = AU(T).

We also know that for a temperature range over which Cy is constant,

Is this equation only valid for constant V? Because U is a function of only 7 for an ideal
gas, Equation (2.31) is also valid for processes involving ideal gases in which V is not
constant. Therefore, if one knows Cy, Ty, and T,, AU can be calculated, regardless of
the path between the initial and final states.

How many variables are required to define AH for an ideal gas? We write

AH = AU(T) + A(PV) = AU(T) + A(nRT) = AH(T) (2.32)
We see that AH is also a function of only 7 for an ideal gas. In analogy to Equation (2.31),

Because AH is a function of only T for an ideal gas, Equation (2.33) holds for all
processes involving ideal gases, whether P is constant or not, as long as it is reasonable
to assume that Cp is constant. Therefore, if the initial and final temperatures are known
or can be calculated, and if Cy and Cp are known, AU and AH can be calculated
regardless of the path for processes involving ideal gases using Equations (2.31) and
(2.33), as long as no chemical reactions or phase changes occur. Because U and H are
state functions, the previous statement is true for both reversible and irreversible
processes. Recall that for an ideal gas Cp — Cy = nR, so that if one of Cy and Cp is
known, the other can be readily determined.

We next note that the first law links ¢, w, and AU. If any two of these quantities are
known, the first law can be used to calculate the third. In calculating work, often only
expansion work takes place. In this case one always proceeds from the equation

w= _/Pexternul av (2.34)

This integral can only be evaluated if the functional relationship between P, and V
is known. A frequently encountered case is P, ;g = constant, such that

w = _Pexternal(vf -V (2.35)

Because P,y orna # P, the work considered in Equation (2.35) is for an irreversible
process.

A second frequently encountered case is that the system and external pressure differ
only by an infinitesimal amount. In this case, it is sufficiently accurate to write
Pviernat = P, and the process is reversible:

RT
W= — / ”V dv (2.36)

This integral can only be evaluated if 7 is known as a function of V. The most com-
monly encountered case is an isothermal process, in which 7' is constant. As was seen
in Section 2.2, for this case
w = —nRT/dV = —nRT ln& 2.37)
Vv V;

In solving thermodynamic problems, it is very helpful to understand the process thor-
oughly before starting the calculation, because it is often possible to obtain the value of
one or more of ¢, w, AU, and AH without a calculation. For example, AU = AH = 0
for an isothermal process because AU and AH depend only on 7. For an adiabatic
process, g = 0 by definition. If only expansion work is possible, w = 0 for a constant
volume process. These guidelines are illustrated in the following two example problems.
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2.10 CALCULATING g, w, AU, AND AH FOR PROCESSES INVOLVING IDEAL GASES 37
| EXAMPLE PROBLEM 2.5 Al R 2
. . . 1 _ : 16.6 bar,
A system containing 2.50 mol of an ideal gas for which Cy ,, = 20.79 J mol PR tis 161%8?" 6265Ear
taken through the cycle in the following diagram in the direction indicated by the 5
arrows. The curved path corresponds to PV = nRT, where T = T| = T};. g
a. Calculate ¢, w, AU, and AH for each segment and for the cycle assuming that
the heat capacity is independent of temperature.
b. Calculate ¢, w, AU, and AH for each segment and for the cycle in which the
direction of each process is reversed. VIL

Solution

We begin by asking whether we can evaluate g, w, AU, or AH for any of the
segments without any calculations. Because the path between states 1 and 3 is
isothermal, AU and AH are zero for this segment. Therefore, from the first law,
q3—1 = —ws3—. For this reason, we only need to calculate one of these two quan-
tities. Because AV = 0 along the path between states 2 and 3, wy_3 = 0.
Therefore, AU,_,3 = ¢,—3. Again, we only need to calculate one of these two
quantities. Because the total process is cyclic, the change in any state function is
zero. Therefore, AU = AH = 0 for the cycle, no matter which direction is cho-
sen. We now deal with each segment individually.

Segment 1— 2
The values of n, Py and Vy, and P, and V, are known. Therefore, 7| and T, can be cal-
culated using the ideal gas law. We use these temperatures to calculate AU as follows:

nCV,m
AUy = nCy (T — Ty) = R (PVy, — P\Vy)

2079 mol 'K™!
0.08314 L bar K~ ! mol !

X (16.6 bar X 25.0L — 16.6bar X 1.00L)

= 99.6kJ
The process takes place at constant pressure, SO
10°Nm ™2
w = _Pexternal(VZ - Vl) = —16.6bar X T
X (25.0 X 103 m?® — 1.00 X 1073 m?)

= —39.8kJ
Using the first law,
qg=AU —w=299.6kJ + 39.8k] = 139.4KkJ

We next calculate T5:

P,V, 16.6bar X 25.0L 3
T, = = = -7 = 2.00 X 10°K
nR 2.50mol X 0.08314LbarK™ " mol
We next calculate T3 = T and then AH|_,5:
PV 16.6bar X 1.00L
T, =1L ar = 799K

nR  2.50mol X 0.08314LbarK 'mol

AH| .y = AU, + A(PV) = AU, + nR(T, — T)

=99.6 X 10°J + 2.5mol X 8.314Jmol 'K™!
X (2000K — 79.9K) = 139.4kJ
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Segment 2 — 3
As previously noted, w = 0, and
AUy—3 = ga—3 = Cy(T3 — T>)
= 2.50mol X 20.79Jmol 'K 1(79.9K — 2000K)
= —99.6kJ

The numerical result is equal in magnitude, but opposite in sign to AU|_,, because
T5 = T,. For the same reason, AH,_,3 = —AH/|_,,.

Segment 3 — 1

For this segment, AU3_,; = 0 and AH;_,; = 0 as noted earlier, and w3 = —¢3-.
Because this is a reversible isothermal compression,

14
W3 = —nRTln‘71 = —2.50mol X 8.314Jmol 'K~ X 79.9K
3

1.00 X 10 3m?

o 200 X 10 Tm

25.0 X 1073m3
=535k

The results for the individual segments and for the cycle in the indicated direction are
given in the following table. If the cycle is traversed in the reverse fashion, the magni-
tudes of all quantities in the table remain the same, but all signs change.

Path ¢ ((kJ) w(k)) AUK]) AHK]))

1—2 1394 -39.8 99.6 139.4

2—3 -996 0 -99.6 -139.4

3—1 -5.35 5.35 0 0

Cycle 345 -345 0 0 _J

| EXAMPLE PROBLEM 2.6

In this example, 2.50 mol of an ideal gas with Cy ,, = 12.47] mol ' K™ 1is expanded
adiabatically against a constant external pressure of 1.00 bar. The initial temperature
and pressure of the gas are 325 K and 2.50 bar, respectively. The final pressure is

1.25 bar. Calculate the final temperature, ¢, w, AU, and AH.

Solution

Because the process is adiabatic, ¢ = 0, and AU = w. Therefore,
AU = nCv,m (Tf =-T) = _Pexternal(vf - Vi)
Using the ideal gas law,

Ty T,
nCv,m(Tf - Ti) = _nRPexternal P7f - F
i

T <nC i nRPexternal) -7 (nC n nRPexternal)
f v,m — 4y v,m

Py P,
Cvm + M
ro=1| — P;
P RPesona
v,m
: P,
1947 T mol=! k-1 4+ 33149 mol”TK™T X 1.00 bar
B mo
2.50 bar
TR -1 -1 = 268K
1247 Jmol 'K + 8.314Jmol” " K™ X 1.00 bar
. 1.25 bar
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2.11 THE REVERSIBLE ADIABATIC EXPANSION AND COMPRESSION OF AN IDEAL GAS

We calculate AU = w from
AU = nCy,,(Ty — T)) = 2.5mol X 1247 Jmol 'K X (268 K — 325K)

= —1.78KkJ
Because the temperature falls in the expansion, the internal energy and enthalpy decreases:

AH = AU + A(PV) = AU + nR(T, — T)

—1.78 X 10°J + 2.5 mol X 8.314 Jmol 'K™!
X (268 K — 325K) = —2.96 kJ

The Reversible Adiabatic Expansion
and Compression of an Ideal Gas

2.1

The adiabatic expansion and compression of gases is an important meteorological
process. For example, the cooling of a cloud as it moves upward in the atmosphere can
be modeled as an adiabatic process because the heat transfer between the cloud and the
rest of the atmosphere is slow on the timescale of its upward motion.

Consider the adiabatic expansion of an ideal gas. Because ¢ = 0, the first law takes
the form

AU =w or CydT = —PorornadV (2.38)
For a reversible adiabatic process, P = P,y ;ornai>» and
dav dr dv
CydT = —nRT — or, equivalently, Cy— = —nR— (2.39)
14 T Vv
Integrating both sides of this equation between the initial and final states,
s Vy
dTr dav
/ Cy—=-nR [ — (2.40)
T, T v,V
If Cy is constant over the temperature interval 7y — T;, then
Ty Vi
Cyln— = —nRIln— (2.41)
T; Vi

Because Cp — Cy = nR for an ideal gas, Equation (2.41) can be written in the form

T, V. T Vell=y
In <T]:> = —(y — 1) In <Vf,> or, equivalently, ?]: = <VJ,‘> (2.42)

where y = Cp,,/Cy ,,. Substituting T/T; = P;Vy/P;V; in the previous equation,
we obtain

PVY = PV} (2.43)

for the adiabatic reversible expansion or compression of an ideal gas. Note that our der-
ivation is only applicable to a reversible process, because we have assumed that
P = Pexternal'

Reversible adiabatic compression of a gas leads to heating, and reversible adiabatic
expansion leads to cooling. Adiabatic and isothermal expansion and compression are
compared in Figure 2.17, in which two systems containing 1 mol of an ideal gas have
the same volume at P = 1 atm. One system undergoes adiabatic compression or
expansion, and the other undergoes isothermal compression or expansion. Under
isothermal conditions, heat flows out of the system as it is compressed to P > 1 atm,
and heat flows into the system as it is expanded to P < 1 atm to keep T constant.
Because no heat flows into or out of the system under adiabatic conditions, its temper-
ature increases in compression and decreases in expansion. Because T > Tsomermal
for a compression starting at 1 atm, P,giapatic = Pisothermar TOr @ given volume of
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FIGURE 2.17

Two systems containing 1 mol of N, have
the same P and V values at 1 atm. The red
curve corresponds to reversible expansion
and compression under adiabatic condi-
tions. The blue curve corresponds to
reversible expansion and compression
under isothermal conditions.
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40 CHAPTER 2 Heat, Work, Internal Energy, Enthalpy, and the First Law of Thermodynamics

the gas. Similarly, in a reversible adiabatic expansion originating at 1 atm,
Podiabatic < Pisotherma fOr a given volume of the gas.

| EXAMPLE PROBLEM 2.7

A cloud mass moving across the ocean at an altitude of 2000. m encounters a coastal
mountain range. As it rises to a height of 3500. m to pass over the mountains, it
undergoes an adiabatic expansion. The pressure at 2000. m and 3500. m is 0.802 and
0.602 atm, respectively. If the initial temperature of the cloud mass is 288 K, what is
the cloud temperature as it passes over the mountains? Assume that Cp,, for air is
28.86 T K™' mol™! and that air obeys the ideal gas law. If you are on the mountain,
should you expect rain or snow?

Vy
—(y — 1)1n<Vi>
Ty P\ Ty P;
—()’ - 1)1n<Tle> = —(’y - Dln(T,) - (’y - 1)11’1<Pf>
CP,m
(e ")

Solution

(T‘f>
In{ —
T;

(y—1) P; Cpm — R P;
o =—-——"In|—|=— In| —
, Y Pf CP,m Pf
0o // Cpm — R
) -1 -1
= . oo ( 28.86 J K~ ! mol 1)
c o -
L 28.86 J K 'mol™! — 8.314J K™ ! mol™! 0.802 atm
oo . = - T ol ! 10\ 0602
esess  sesesee 28.86 J K~ " mol .602 atm
sesse -~ 28.86 J K 'mol™' — 8.314 JK ™' mol ™!
(a) (b) (c) — 00326
FIGURE 2.18
(a) A system has the translational energy Ty =09207T; = 265K
levels shown before undergoing an adia- You can expect Snow.

batic compression. (b) After the compres-
sion, the energy levels are shifted upward
but the occupation probability of the lev-
els shown on the horizontal axis is
unchanged. (c¢) Subsequent cooling to the

It is instructive to consider an adiabatic compression or expansion from a micro-
scopic point of view. In an adiabatic compression, the energy levels are all raised, but
the probability that a given level is accessed is unchanged. This behavior is observed in
original temperature at constant V restores contrast to that shown in Figure 2.5 because in an adiabatic compression, T and there-
the energy to its original value by decreas- fore U increases. For more details, see R. E. Dickerson, Molecular Thermodynamics,
ing the probability of occupying higher W.A. Benjamin, Menlo Park, 1969. If the gas is subsequently cooled at constant V, the
energy states. Each circle corresponds toa  energy levels remain unchanged, but the probability that higher energy states are popu-

probability of 0.10. lated decreases as shown in Figure 2.18c.

Vocabulary

cyclic path indicator diagram path

degrees of freedom internal energy path function
enthalpy irreversible quasi-static process
exact differential isobaric reversible

first law of thermodynamics isochoric state function

heat isothermal work

heat capacity
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NUMERICAL PROBLEMS 41

Conceptual Problems

Q2.1 Electrical current is passed through a resistor
immersed in a liquid in an adiabatic container. The tempera-
ture of the liquid is varied by 1°C. The system consists solely
of the liquid. Does heat or work flow across the boundary
between the system and surroundings? Justify your answer.

Q2.2 Two ideal gas systems undergo reversible expansion
under different conditions starting from the same P and V. At the
end of the expansion, the two systems have the same volume.
The pressure in the system that has undergone adiabatic expan-
sion is lower than in the system that has undergone isothermal
expansion. Explain this result without using equations.

Q2.3 You have a liquid and its gaseous form in equilibrium
in a piston and cylinder assembly in a constant temperature
bath. Give an example of a reversible process.

Q2.4 Describe how reversible and irreversible expansions
differ by discussing the degree to which equilibrium is main-
tained between the system and the surroundings.

Q2.5 For a constant pressure process, AH = ¢p. Does it
follow that gp is a state function? Explain.

Q2.6 A cup of water at 278 K (the system) is placed in a
microwave oven and the oven is turned on for 1 minute during
which the water begins to boil. State whether each of g, w,
and AU is positive, negative, or zero.

Q2.7 In the experiments shown in Figure 2.4a and 2.4b,

AU surroundings < 0, but AT gproundings > 0. Explain how this
is possible.

Q2.8 What is wrong with the following statement? Burns
caused by steam at 100°C can be more severe than those
caused by water at 100°C because steam contains more heat
than water. Rewrite the sentence to convey the same informa-
tion in a correct way.

Q2.9 Why is it incorrect to speak of the heat or work asso-
ciated with a system?

Q2.10 You have a liquid and its gaseous form in equilib-
rium in a piston and cylinder assembly in a constant tempera-
ture bath. Give an example of an irreversible process.

Q2.11 What is wrong with the following statement? Because
the well-insulated house stored a lot of heat, the temperature
didn’t fall much when the furnace failed. Rewrite the sentence
to convey the same information in a correct way.

Q2.12 Explain how a mass of water in the surroundings can
be used to determine ¢ for a process. Calculate ¢ if the tempera-
ture of a 1.00 kg water bath in the surroundings increases by
1.25°C. Assume that the surroundings are at a constant pressure.

Q2.13 A chemical reaction occurs in a constant volume
enclosure separated from the surroundings by diathermal
walls. Can you say whether the temperature of the surround-
ings increases, decreases, or remains the same in this
process? Explain.

Q2.14 Explain the relationship between the terms exact
differential and state function.

Q2.15 In the experiment shown in Figure 2.4b, the weight
drops in a very short time. How will the temperature of the
water change with time?

Q2.16 Discuss the following statement: If the temperature
of the system increased, heat must have been added to it.

Q2.17 Discuss the following statement: Heating an object
causes its temperature to increase.

Q2.18 An ideal gas is expanded reversibly and adiabati-
cally. Decide which of g, w, AU, and AH are positive, nega-
tive, or zero.

Q2.19 Anideal gas is expanded reversibly and isother-
mally. Decide which of ¢, w, AU, and AH are positive, nega-
tive, or zero.

Q2.20 An ideal gas is expanded adiabatically into a vac-
uum. Decide which of ¢, w, AU, and AH are positive, nega-
tive, or zero.

Q2.21 A bowling ball (a) rolls across a table, and (b) falls
on the floor. Is the work associated with each part of this
process positive, negative, or zero?

Q2.22 A perfectly insulating box is partially filled with
water in which an electrical resistor is immersed. An external
electrical generator converts the change in potential energy of
a mass m that falls by a vertical distance 4 into electrical
energy that is dissipated in the resistor. What value do ¢, w,
and AU have if the system is defined as the resistor and the
water? Everything else is in the surroundings.

Q2.23 A student gets up from her chair and pushes a stack of
books across the table. They fall to the floor. Is the work asso-
ciated with each part of this process positive, negative, or zero?
Q2.24 Explain why ethene has a higher value for Cy;,, at
800 K than CO.

Q2.25 Explain why Cp,, is a function of temperature for
ethane, but not for argon in a temperature range in which
electronic excitations do not occur.

Q2.26 What is the difference between a quasi-static process
and a reversible process?

Numerical Problems

Problem numbers in red indicate that the solution to the prob-
lem is given in the Student’s Solutions Manual.

P2.1 A 3.75 mole sample of an ideal gas with Cy,, = 3R/2
initially at a temperature 7; = 298 K and P; = 1.00 bar is
enclosed in an adiabatic piston and cylinder assembly. The

gas is compressed by placing a 725 kg mass on the piston of
diameter 25.4 cm. Calculate the work done in this process and
the distance that the piston travels. Assume that the mass of
the piston is negligible.
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P2.2 The temperature of 1.75 moles of an ideal gas
increases from 10.2°C to 48.6°C as the gas is compressed adi-
abatically. Calculate ¢, w, AU, and AH for this process,
assuming that Cy ,, = 3R/2.

P2.3 A 2.50 mole sample of an ideal gas, for which

Cym = 3R/2, is subjected to two successive changes in state:
(1) From 25.0°C and 125 X 10° Pa, the gas is expanded
isothermally against a constant pressure of 15.2 X 103 Pa to
twice the initial volume. (2) At the end of the previous
process, the gas is cooled at constant volume from 25.0°C to
—-29.0°C. Calculate ¢, w, AU, and AH for each of the stages.
Also calculate g, w, AU, and AH for the complete process.

P24 A hiker caught in a thunderstorm loses heat when her
clothing becomes wet. She is packing emergency rations that if
completely metabolized will release 35 kJ of heat per gram of
rations consumed. How much rations must the hiker consume to
avoid a reduction in body temperature of 2.5 K as a result of heat
loss? Assume the heat capacity of the body equals that of water
and that the hiker weighs 51 kg. State any additional assumptions.

P2.5 Count Rumford observed that using cannon boring
machinery a single horse could heat 11.6 kg of ice water

(T = 273K)toT = 355K in 2.5 hours. Assuming the same
rate of work, how high could a horse raise a 225 kg weight in

2.5 minutes? Assume the heat capacity of water is 4.18 J K gﬁl.

P2.6 A 1.50 mole sample of an ideal gas at 28.5°C expands
isothermally from an initial volume of 22.5 dm? to a final vol-
ume of 75.5 dm?>. Calculate w for this process (a) for expan-
sion against a constant external pressure of 1.00 X 10° Pa,
and (b) for a reversible expansion.

P2.7 Calculate g, w, AU, and AH if 2.25 mol of an ideal
gas withCy ,,, = 3R/2 undergoes a reversible adiabatic
expansion from an initial volume V; = 5.50 m® to a final vol-
ume Vy = 25.0 m?. The initial temperature is 275 K.

P2.8 Calculate w for the adiabatic expansion of 2.50 mol of an
ideal gas at an initial pressure of 2.25 bar from an initial temper-
ature of 450. K to a final temperature of 300. K. Write an
expression for the work done in the isothermal reversible expan-
sion of the gas at 300. K from an initial pressure of 2.25 bar.
What value of the final pressure would give the same value of w
as the first part of this problem? Assume that Cp,, = 5R/2.

P2.9 At 298 K and 1 bar pressure, the density of water is
0.9970 g cm™, and Cp,, = 75.3J K~ ! mol~!. The change in
volume with temperature is given by AV = V;,....BAT
where (3, the coefficient of thermal expansion, is

2.07 X 10~ K™, If the temperature of 325 g of water is
increased by 25.5 K, calculate w, g, AH, and AU.

P2.10 A muscle fiber contracts by 3.5 cm and in doing so
lifts a weight. Calculate the work performed by the fiber.
Assume the muscle fiber obeys Hooke’s law F = —k x with
a force constant k of 750. N m™.

P2.11 A cylindrical vessel with rigid adiabatic walls is sep-
arated into two parts by a frictionless adiabatic piston. Each
part contains 45.0 L of an ideal monatomic gas with

Cyn = 3R/2. Initially, T; = 300. K and P; = 1.75 X 10° Pa
in each part. Heat is slowly introduced into the left part using
an electrical heater until the piston has moved sufficiently to

the right to result in a final pressure Py = 4.00 bar in the
right part. Consider the compression of the gas in the right
part to be a reversible process.

a. Calculate the work done on the right part in this process
and the final temperature in the right part.

b. Calculate the final temperature in the left part and the
amount of heat that flowed into this part.

P2.12 In the reversible adiabatic expansion of 1.75 mol of
an ideal gas from an initial temperature of 27.0°C, the work
done on the surroundings is 1300. J. If Cy,, = 3R/2, calcu-
late g, w, AU, and AH.

P2.13 A system consisting of 82.5 g of liquid water at 300. K
is heated using an immersion heater at a constant pressure of
1.00 bar. If a current of 1.75 A passes through the 25.0 ohm
resistor for 100. s, what is the final temperature of the water?

P2.14 A 1.25 mole sample of an ideal gas is expanded
from 320. K and an initial pressure of 3.10 bar to a final
pressure of 1.00 bar, and Cp ,, = 5R/2. Calculate w for the
following two cases:

a. The expansion is isothermal and reversible.
b. The expansion is adiabatic and reversible.

Without resorting to equations, explain why the result to part
(b) is greater than or less than the result to part (a).

P2.15 A bottle at 325 K contains an ideal gas at a pressure of
162.5 X 10° Pa. The rubber stopper closing the bottle is
removed. The gas expands adiabatically against P, ;erna =
120.0 X 10° Pa, and some gas is expelled from the bottle in the
process. When P = P, ,;..nal> the stopper is quickly replaced.
The gas remaining in the bottle slowly warms up to 325 K. What
is the final pressure in the bottle for a monatomic gas, for which
Cym = 3R/2, and a diatomic gas, for which Cy ,, = 5R/2?
P2.16 A 2.25 mole sample of an ideal gas with Cy ,, = 3R/2
initially at 310. K and 1.25 X 10° Pa undergoes a reversible
adiabatic compression. At the end of the process, the pressure
is 3.10 X 10° Pa. Calculate the final temperature of the gas.
Calculate ¢, w, AU, and AH for this process.

P2.17 A vessel containing 1.50 mol of an ideal gas with
P; = 1.00 bar and Cp ,,, = 5R/2 is in thermal contact with a
water bath. Treat the vessel, gas, and water bath as being in
thermal equilibrium, initially at 298 K, and as separated by
adiabatic walls from the rest of the universe. The vessel, gas,
and water bath have an average heat capacity of

Cp = 2450. K~ The gas is compressed reversibly to

Py = 20.5 bar. What is the temperature of the system after
thermal equilibrium has been established?

P2.18 Anideal gas undergoes an expansion from the initial state
described by P;, V;, T'to a final state described by Py Vs T in(a)a
process at the constant external pressure Py, and (b) in a reversible
process. Derive expressions for the largest mass that can be lifted
through a height % in the surroundings in these processes.

P2.19 Anideal gas described by 7; = 275 K, P; = 1.10 bar,
and V; = 10.0 L is heated at constant volume until P =

10.0 bar. It then undergoes a reversible isothermal expansion
until P = 1.10 bar. It is then restored to its original state by the
extraction of heat at constant pressure. Depict this closed-cycle
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process in a PV diagram. Calculate w for each step and for the
total process. What values for w would you calculate if the cycle
were traversed in the opposite direction?

P2.20 In an adiabatic compression of one mole of an ideal
gas with Cy ,, = 5R/2, the temperature rises from 278 K to
450. K. Calculate g, w, AH, and AU.

P2.21 The heat capacity of solid lead oxide is given by
T
Cpm = 4435 + 147 X 10*3Ein units of J K~ ! mol ™!

Calculate the change in enthalpy of 1.75 mol of PbO(s) if it is
cooled from 825 K to 375 K at constant pressure.

P2.22 A 2.25 mole sample of carbon dioxide, for which
Cpy =3711] K~ !'mol ™! at 298 K, is expanded reversibly
and adiabatically from a volume of 4.50 L and a temperature
of 298 K to a final volume of 32.5 L. Calculate the final tem-
perature, g, w, AH, and AU. Assume that Cp,, is constant
over the temperature interval.

P2.23 A 1.75 mole sample of an ideal gas for which

P = 2.50barand T = 335 K is expanded adiabatically
against an external pressure of 0.225 bar until the final pres-
sure is 0.225 bar. Calculate the final temperature, ¢, w, AH,
and AU for (a) Cy ,, = 3R/2, and (b) Cy ,, = 5R/2.

P2.24 A 3.50 mole sample of N, in a state defined by T'; =
250. K and V; = 3.25 L undergoes an isothermal reversible
expansion until V = 35.5 L Calculate w, assuming (a) that
the gas is described by the ideal gas law, and (b) that the gas
is described by the van der Waals equation of state. What is
the percent error in using the ideal gas law instead of the van
der Waals equation? The van der Waals parameters for N, are
listed in Table 7.4.

P2.25 A major league pitcher throws a baseball with a
speed of 162 kilometers per hour. If the baseball weighs

235 grams and its heat capacity is 1.7 J g*l K, calculate the
temperature rise of the ball when it is stopped by the catcher’s
mitt. Assume no heat is transferred to the catcher’s mitt and
that the catcher’s arm does not recoil when he or she catches
the ball. Also assume that the kinetic energy of the ball is
completely converted into thermal energy.

P2.26 A 2.50 mol sample of an ideal gas for which
Cym = 3R/2 undergoes the following two-step process:
(1) From an initial state of the gas described by 7' = 13.1°C
and P = 1.75 X 10° Pa, the gas undergoes an isothermal
expansion against a constant external pressure of 3.75 X 10% Pa
until the volume has doubled. (2) Subsequently, the gas is cooled
at constant volume. The temperature falls to — 23.6°C. Calculate
q,w, AU, and AH for each step and for the overall process.
P2.27 A 2.35 mole sample of an ideal gas, for which Cy ,, =
3R/2, initially at 27.0°C and 1.75 X 10° Pa, undergoes a two-
stage transformation. For each of the stages described in the fol-
lowing list, calculate the final pressure, as well as ¢, w, AU, and
AH. Also calculate g, w, AU, and AH for the complete process.
a. The gas is expanded isothermally and reversibly until the
volume triples.
b. Beginning at the end of the first stage, the temperature is
raised to 105°C at constant volume.

NUMERICAL PROBLEMS 43

P2.28 A 3.50 mole sample of an ideal gas with Cy ,, = 3R/2
is expanded adiabatically against a constant external pres-
sure of 1.45 bar. The initial temperature and pressure are

T; = 310. K and P; = 15.2 bar. The final pressure is

Py = 1.45 bar. Calculate g, w, AU, and AH for the process.

P2.29 A nearly flat bicycle tire becomes noticeably warmer
after it has been pumped up. Approximate this process as a
reversible adiabatic compression. Assume the initial pressure
and temperature of the air before it is put in the tire to be

P; = 1.00 bar and T; = 280. K The final pressure in the tire
is Py = 3.75 bar. Calculate the final temperature of the air in
the tire. Assume that Cy ,, = 5R/2.

P2.30  For 1.25 mol of an ideal gas, P,y;ena = P =
350. X 10° Pa. The temperature is changed from 135°C to
21.2°C, and Cy,, = 3R/2. Calculate ¢, w, AU, and AH.

P2.31 Suppose an adult is encased in a thermally insulating
barrier so that all the heat evolved by metabolism of food-
stuffs is retained by the body. What is her temperature
increase after 2.5 hours? Assume the heat capacity of the
body is 4.18 J g"'K~! and that the heat produced by metabo-
lism is 9.4 kJ kg~ 'hr .

P2.32 Consider the isothermal expansion of 2.35 mol of an
ideal gas at 415 K from an initial pressure of 18.0 bar to a
final pressure of 1.75 bar. Describe the process that will
result in the greatest amount of work being done by the sys-
tem with P,,sena = 1.75 bar, and calculate w. Describe the
process that will result in the least amount of work being
done by the system with P,,onr = 1.75 bar, and calculate
w. What is the least amount of work done without restric-
tions on the external pressure?

P2.33  An automobile tire contains air at 225 X 10° Pa at
25.0°C. The stem valve is removed and the air is allowed to
expand adiabatically against the constant external pressure of
one bar until P = P,,ynq. For air, Cy ,, = 5R/2. Calculate
the final temperature. Assume ideal gas behavior.

P2.34 One mole of an ideal gas is subjected to the following
changes. Calculate the change in temperature for each case if
Cym = 3R/2.

a.q = —425J,w = 1851]

b. ¢ = 315.1,w = =315]

c. g =0,w=225]

P2.35 Consider the adiabatic expansion of 0.500 mol of an

ideal monatomic gas with Cy ,, = 3R/2. The initial state is
described by P = 6.25 bar and T = 300. K.

a. Calculate the final temperature if the gas undergoes a
reversible adiabatic expansion to a final pressure of
P = 1.25 bar.

b. Calculate the final temperature if the same gas undergoes

an adiabatic expansion against an external pressure of
P = 1.25 bar to a final pressure P = 1.25 bar.

Explain the difference in your results for parts (a) and (b).

P2.36 A pellet of Zn of mass 31.2 g is dropped into a flask

containing dilute H,SO, at a pressure of P = 1.00 bar and a

temperature of 7 = 300. K. What is the reaction that occurs?
Calculate w for the process.
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P2.37 Calculate AH and AU for the transformation of
2.50 mol of an ideal gas from 19.0°C and 1.00 atm to 550.°C and

T
19.5 atm if Cp,, = 20.9 + 0.042 Ein units of J K~ mol ™.

P2.38 A 1.75 mole sample of an ideal gas for which

Cy, = 208] K~ ! mol ™! is heated from an initial tempera-
ture of 21.2°C to a final temperature of 380.°C at constant
volume. Calculate ¢, w, AU, and AH for this process.

P2.39 An ideal gas undergoes a single-stage expansion

against a constant external pressure P,y;ernq = Py at constant

temperature from 7, P;, V;, to T, Py Vy

a. What is the largest mass m that can be lifted through the
height 4 in this expansion?

b. The system is restored to its initial state in a single-state
compression. What is the smallest mass m' that must fall
through the height / to restore the system to its initial state?

c. Ifh = 155cm, P; = 1.75 X 10° Pa, Py = 125X 10° Pa,
T = 280. K, and n = 2.25 mol, calculate the values of the
masses in parts (a) and (b).

P2.40 The formalism of the Young’s modulus is sometimes

used to calculate the reversible work involved in extending or

compressing an elastic material. Assume a force F is applied

to an elastic rod of cross-sectional area A and length L. As a

result of this force the rod changes in length by AL. The

Young’s modulus E is defined as

. F
__ tensile stress / 44 _ FLy
= : — ==
tensile strain /L, ApAL

a. Relate k in Hooke’s Law to the Young’s modulus expres-
sion just given.

b. Using your result in part (a) show that the magnitude of
the reversible work involved in changing the length L of
an elastic cylinder of cross-sectional area Ay by AL is

1<AL>2EAL
w=—-\— .
2\, oko

P2.41 The Young’s modulus (see Problem P2.40) of muscle
fiber is approximately 2.80 X 107 Pa. A muscle fiber 3.25 cm
in length and 0.125 cm in diameter is suspended with a mass
M hanging at its end. Calculate the mass required to extend
the length of the fiber by 10%.

P2.42 DNA can be modeled as an elastic rod that can be
twisted or bent. Suppose a DNA molecule of length L is bent
such that it lies on the arc of a circle of radius R.. The
reversible work involved in bending DNA without twisting is

Whend = E where B is the bending force constant. The

DNA in a nuccleosome particle is about 680. A in length.
Nucleosomal DNA is bent around a protein complex called
the histone octamer into a circle of radius 55 A. Calculate the
reversible work involved in bending the DNA around the his-
tone octamer if the force constant B = 2.00 X 10728 J m.

P2.43 A 1.75 mole sample of an ideal gas is compressed
isothermally from 62.0 L to 19.0 L using a constant external
pressure of 2.80 atm. Calculate g, w, AU, and AH.

P2.44 Assume the following simplified dependence of the
pressure in a ventricle of the human heart as a function of the
volume of blood pumped.

Pressure

»
-

| |
0 75 150
Viem3

P, the systolic pressure, is 120. mm Hg, corresponding to
0.158 atm. P, the diastolic pressure, is 80.0 mm Hg, corre-
sponding to 0.105 atm. If the volume of blood pumped in one
heartbeat is 75.0 cm3, calculate the work done in a heartbeat.

Web-Based Simulations, Animations, and Problems

W2.1 A simulation is carried out in which an ideal gas is
heated under constant pressure or constant volume conditions.
The quantities AV (or AP), w, AU, and AT are determined
as a function of the heat input. The heat taken up by the gas
under constant P or V is calculated and compared with AU
and AH.

W2.2 The reversible isothermal compression and expansion
of an ideal gas is simulated for different values of 7. The
work w is calculated from the 7" and V values obtained in the
simulation. The heat ¢ and the number of moles of gas in the
system are calculated from the results.

W2.3 The reversible isobaric compression and expansion of
an ideal gas is simulated for different values of pressure gas
as heat flows to/from the surroundings. The quantities ¢, w,
and AU are calculated from the AT and AV values obtained
in the simulation.

W2.4 The isochoric heating and cooling of an ideal gas is
simulated for different values of volume. The number of
moles of gas and AU are calculated from the constant V value
and from the 7 and P values obtained in the simulation.

W2.5 Reversible cyclic processes are simulated in which
the cycle is either rectangular or triangular on a P-V plot. For
each segment and for the cycle, AU, g, and w are determined.
For a given cycle type, the ratio of work done on the sur-
roundings to the heat absorbed from the surroundings is
determined for different P and V values.

W2.6 The reversible adiabatic heating and cooling of an
ideal gas is simulated for different values of the initial tem-
perature. The quantity y = Cp,,/Cy ,, as well as Cp,, and
Cy, are determined from the P, V values of the simulation;
AU and AU are calculated from the V, T, and P values
obtained in the simulation.
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The Importance of
State Functions:
Internal Energy
and Enthalpy

The mathematical properties of state functions are utilized to express
the infinitesimal quantities dU and dH as exact differentials. By doing so,
expressions can be derived that relate the change of U with Tand V and the
change in H with T and P to experimentally accessible quantities such as the
heat capacity and the coefficient of thermal expansion. Although both U
and H are functions of any two of the variables P, V, and T, the dependence
of U and H on temperature is generally far greater than the dependence on
P or V. As a result, for most processes involving gases, liquids, and solids, U
and H can be regarded as functions of T only. An exception to this state-
ment is the cooling on the isenthalpic expansion of real gases, which is com-

mercially used in the liquefaction of N,, O,, He, and Ar.

3.

In Chapter 2 we demonstrated that U and H are state functions and that w and ¢ are path
functions. We also discussed how to calculate changes in these quantities for an ideal
gas. In this chapter, the path independence of state functions is exploited to derive rela-
tionships with which AU and AH can be calculated as functions of P, V, and T for real
gases, liquids, and solids. In doing so, we develop the formal aspects of thermodynam-
ics. We will show that the formal structure of thermodynamics provides a powerful aid
in linking theory and experiment. However, before these topics are discussed, the math-
ematical properties of state functions need to be outlined.

The thermodynamic state functions of interest here are defined by two variables from
the set P, V, and T. In formulating changes in state functions, we will make extensive use
of partial derivatives, which are reviewed in the Math Supplement (Appendix A). The fol-
lowing discussion does not apply to path functions such as w and g because a functional

The Mathematical Properties of State
Functions
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Starting at the point labeled z on the hill,
a person first moves in the positive x
direction and then along the y direction.
If dx and dy are sufficiently small, the
change in height dz is given by

9 3
dz = (—Z) dx + (—Z) dy.
dx/y 9y /

relationship such as Equation (3.1) does not exist for path-dependent functions. Consider
1 mole of an ideal gas for which

RT
P = f(V.T) ="~ 3.1)

Note that P can be written as a function of the two variables V and 7. The change in P
resulting from a change in V or T is proportional to the following partial derivatives:

(aP) , P(V + AV,T) — P(V.T) RT
— ] = limyy—o -
T

YV AV V2

P P(V,T + AT) — P(V,T) R

) = timay == 2
<8T>V HHAT=0 AT 1% (32)

The subscript T in (0P/dV)r indicates that T is being held constant in the differen-
tiation with respect to V. The partial derivatives in Equation (3.2) allow one to
determine how a function changes when the variables change. For example, what is
the change in P if the values of 7" and V both change? In this case, P changes to P +

dP where
oP oP
= (2) ar 4 () av o
aT )y vV )r

Consider the following practical illustration of Equation (3.3). A person is on a hill and
has determined his or her altitude above sea level. How much will the altitude (denoted
by z) change if the person moves a small distance east (denoted by x) and north
(denoted by y)? The change in z as the person moves east is the slope of the hill in that
direction, (9z/dx),, multiplied by the distance dx that he or she moves. A similar
expression can be written for the change in altitude as the person moves north.
Therefore, the total change in altitude is the sum of these two changes or

9z 9
dz = (z) dx + (Z) dy
dx /y ay/

These changes in the height z as the person moves first along the x direction and then
along the y direction are illustrated in Figure 3.1. Because the slope of the hill is a
nonlinear function of x and y, this expression for dz is only valid for small changes dx
and dy. Otherwise, higher order derivatives need to be considered.

Second or higher derivatives with respect to either variable can also be taken. The
mixed second partial derivatives are of particular interest. Consider the mixed partial
derivatives of P:

a[RT]

( P (ap) > 0’P 1% < [ RT}/ > R
— = = =19 ar| =\o|l—|/or) = ——
oT\avV )y /)y 0TV v Jr v v? v v?

RT
_—ka
o (0P 9’P 1% R R
—| = = 9 | =l |/aV) =—-— (34
av\arT )y /)y aver ar )y T 1% p 1%

For all state functions f and for our specific case of P, the order in which the function is
differentiated does not affect the outcome. For this reason,

GERL-GEE)), e

Because Equation (3.5) is only satisfied by state functions f, it can be used to deter-
mine if a function f is a state function. If f is a state function, one can write
Af = ﬁf df = ftinat = finiriar- This equation states that f can be expressed as an
infinitesimal quantity df that when integrated depends only on the initial and final
states; df is called an exact differential. An example of a state function and its exact
differential is U and dU = d'q — P,yternai AV .-
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| EXAMPLE PROBLEM 3.1

a. Calculate

() ((Z)
(30, (). GE) G A5 ama 25
ax/y\ay /y ox2 Y 0/ dy o an dx y

for the function f(x, y) = ye* + xy + xIny.

b. Determine if f(x, y) is a state function of the variables x and y.
c. If f(x, y) is a state function of the variables x and y, what is the total differential df?

Solution

J ) X

a. <f> =vye* +y+Iny, <f> =" 4+ x+ —

ox y ay X y
(55) = (5), -+
N = ye, 5 = -
x>/ /ey

9
(&) (o)
x 1 d 1
B T I A R
dy Jx y ax Jy y

b. Because we have shown that

) (-6
0x y _ ay X

ay x 0x y

f(x, ) is a state function of the variables x and y. Generalizing this result, any
well-behaved function that can be expressed in analytical form is a state function.

c. The total differential is given by

ad d
df = <f> dx + <f> dy
dx / 0y /
= (ye* +y +1ny)dx + (ex+x+x>dy I
y

Two other important results from differential calculus will be used frequently.
Consider a function z = f(x, y) that can be rearranged to x = g(y, z) ory = h(x, z).
For example, if P = nRT/V,then V = nRT/P and T = PV/nR. In this case

ox 1
(ay)z B (ay> 36

The cyclic rule will also be used:

(). (2., o2
dy /. \dz/x \dx /,

It is called the cyclic rule because x, y, and z in the three terms follow the orders x, y, z;
v, Z, x; and z, x, y. Equations (3.6) and (3.7) can be used to reformulate Equation (3.3)

shown next below:
oP oP
= () a1+ (22)
ar )y v )r
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Suppose this expression needs to be evaluated for a specific substance, such as N, gas.
What quantities must be measured in the laboratory in order to obtain numerical values
for (0P/T)y and (9P/dV)7? Using Equations (3.6) and (3.7),

(), ), (), = .
GGGy -

P 1
() L o
aV T KV
where B and « are the readily measured isobaric volumetric thermal expansion
coefficient and the isothermal compressibility, respectively, defined by

1 [0V 1oV
o=y (5r), m o==3), o

Both (9V/dT)p and (0V/0P)y can be measured by determining the change in volume
of the system when the pressure or temperature is varied, while keeping the second
variable constant.

The minus sign in the equation for k is chosen so that values of the isothermal
compressibility are positive. For small changes in 7 and P, Equations (3.9) can be
written in the more compact form: V(T,) = V(T,)(1 + B[T, — T,]) and
V(P,) = V(P)(1 — k[P, — Pq]). Values for B and « for selected solids and liq-
uids are shown in Tables 3.1 and 3.2, respectively.

Equation (3.8) is an example of how seemingly abstract partial derivatives can be
directly linked to experimentally determined quantities using the mathematical properties of
state functions. Using the definitions of 8 and k, Equation (3.3) can be written in the form

1
dpP = EdT - —dV (3.10)

K KV

which can be integrated to give
1 1
AP = /'BdT - —dV = E(Tf -T;)— *lnff 3.11)
K KV K Kk V;
T; V;

TABLE 3.1 Volumetric Thermal Expansion Coefficient for Solids and Liquids

at 298 K

Element 10° B/(K™1) Element or Compound 10* B/(K™1)
Ag(s) 57.6 Hg(D) 1.81
Al(s) 69.3 CCly () 114
Au(s) 426 CH;COCH;()) 14.6
Cu(s) 49.5 CH;0H(/)) 14.9
Fe(s) 36.9 C,HsOH(/)) 11.2
Mg(s) 78.3 CgHsCH;3(1) 10.5
Si(s) 75 CeHy(1) 11.4
Wi(s) 13.8 H,0() 2.04
Zn(s) 90.6 H,0(s) 1.66

Sources: Benenson, W., Harris, J. W., Stocker, H., and Lutz, H. Handbook of Physics. New York: Springer,
2002; Lide, D. R., ed. Handbook of Chemistry and Physics. 83rd ed. Boca Raton, FL: CRC Press, 2002;
Blachnik, R., ed. D’Ans Lax Taschenbuch fiir Chemiker und Physiker. 4th ed. Berlin: Springer, 1998.

Www.Ebook777.com



http://www.ebook777.com

Free ebooks ==> www.Ebook777.com

3.1 THE MATHEMATICAL PROPERTIES OF STATE FUNCTIONS

TABLE 3.2 Isothermal Compressibility at 298 K

Substance 10° K/ bar™! Substance 10° K/ bar™!
Al(s) 1.33 Bry(1) 64
Si0,(s) 2.57 C,HsOH(/) 110
Ni(s) 0.513 CcHsOH(!) 61
TiOy(s) 0.56 CeHe(D) 94
Na(s) 13.4 CCly(I) 103
Cu(s) 0.702 CH;COCHj;(1) 125
C(graphite) 0.156 CH;O0H(!) 120
Mn(s) 0.716 CS,(D) 92.7
Co(s) 0.525 H,O() 459
Au(s) 0.563 Hg(l) 3.91
Pb(s) 2.37 SiCly(l) 165
Fe(s) 0.56 TiCly(l) 89
Ge(s) 1.38

Sources: Benenson, W., Harris, J. W., Stocker, H., and Lutz, H. Handbook of Physics. New York: Springer,
2002; Lide, D. R., ed. Handbook of Chemistry and Physics. 83rd ed. Boca Raton FL: CRC Press, 2002;
Blachnik, R., ed. D’Ans Lax Taschenbuch fiir Chemiker und Physiker. 4th ed. Berlin: Springer, 1998.

The second expression in Equation (3.11) holds if AT and AV are small enough that 8
and k are constant over the range of integration. Example Problem 3.2 shows a useful
application of this equation.

| EXAMPLE PROBLEM 3.2

You have accidentally arrived at the end of the range of an ethanol-in-glass ther-
mometer so that the entire volume of the glass capillary is filled. By how much will
the pressure in the capillary increase if the temperature is increased by another
10.0°C? Bgrass = 2.00 X 107°(°C) ™!, Bogpanor = 11.2 X 1074(°C) !, and

Kethanot = 11.0 X 1073(bar) ™!, Will the thermometer survive your experiment?

Solution
Using Equation (3.11),
1 Vy

AP = /:Bethanol dT — LdV ~ :Bethanol AT — —n—-
K KV K K Vi

Vi(l + BglasxAT) - Bethanol AT 1 ViBgl“SSAT
V,‘ - K K Vi

_ Bethanol AT — lln
K K

(Be hanol — B lass)
= AT

(11.2 — 0.200) x 1074(°C)~!
= —— X 10.0°C = 100. bar
11.0 X 1073(bar)

In this calculation, we have used the relations V(7,) = V(Ty)(1 + B[T, — T,]) and
In(1 + x) = xifx << 1.

The glass is unlikely to withstand such a large increase in pressure.
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32 The Dependence of Uon Vand T

In this section, the fact that dU is an exact differential is used to establish how U
varies with 7 and V. For a given amount of a pure substance or a mixture of fixed
composition, U is determined by any two of the three variables P, V, and T. One
could choose other combinations of variables to discuss changes in U. However,
the following discussion will demonstrate that it is particularly convenient to
choose the variables T and V. Because U is a state function, an infinitesimal change

in U can be written as
U 5104
dUu = () dT + () dv 3.12)
oT /v v )r

This expression says that if the state variables change from 7, Vto T + dT, V + dV,
the change in U, dU, can be determined in the following way. We determine the
slopes of U(T,V) with respect to T and V and evaluate them at 7, V. Next, these
slopes are multiplied by the increments d7T and dV, respectively, and the two terms
are added. As long as dT and dV are infinitesimal quantities, higher order deriva-
tives can be neglected.

How can numerical values for (0U/dT )y and (dU/dV )7 be obtained? In the follow-
ing, we only consider P—V work. Combining Equation (3.12) and the differential
expression of the first law,

U oUu
Adq — PoiornadV = (87")‘/ dT + <8V)T av 3.13)
The symbol .4q is used for an infinitesimal amount of heat as a reminder that heat is not
a state function. We first consider processes at constant volume for which dV = 0, so
that Equation (3.13) becomes

ou
Adqy <6T )V dT 3.14)
Note that in the previous equation, .4qy is the product of a state function and an exact
differential. Therefore, .4'qy, behaves like a state function, but only because the path
(constant V) is specified. The quantity .4¢q is not a state function.

Although the quantity (dU/dT )y looks very abstract, it can be readily measured.
For example, imagine immersing a container with rigid diathermal walls in a water
bath, where the contents of the container are the system. A process such as a chem-
ical reaction is carried out in the container and the heat flow to the surroundings is
measured. If heat flow 4¢qy occurs, a temperature increase or decrease d7T is
observed in the system and the water bath surroundings. Both of these quantities
can be measured. Their ratio, #/qy/dT, is a special form of the heat capacity dis-
cussed in Section 2.5:

d’qv <6U)
(=) =cC 3.15
dT ar )y Y (3.15)

where .dqy/dT corresponds to a constant volume path and is called the heat capacity
at constant volume.

The quantity Cy is extensive and depends on the size of the system, whereas Cy,_,, is
an intensive quantity. As discussed in Section 2.5, Cy, ,, is different for different sub-
stances under the same conditions. Observations show that Cy_,, is always positive for a
single-phase, pure substance or for a mixture of fixed composition, as long as no chem-
ical reactions or phase changes take place in the system. For processes subject to these
constraints, U increases monotonically with 7.

With the definition of Cy, we now have a way to experimentally determine changes
in U with T at constant V for systems of pure substances or for mixtures of constant
composition in the absence of chemical reactions or phase changes. After Cy has been
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determined as a function of 7 as discussed in Section 2.5, the following integral is
numerically evaluated:

T2 Tz
AUV = /CvdT = n/ CV,de (3.16)
T, T

Over a limited temperature range, Cy, ,, can often be regarded as a constant. If this is
the case, Equation (3.16) simplifies to

T,
AUV = /CvdT = CvAT = I’ZCV’mAT (3.17)
T,

which can be written in a different form to explicitly relate ¢y and AU:

f f
oUu
/d’qv = /<> dT or gy = AU (3.18)
. JaT )y

1

Although .dq is not an exact differential, the integral has a unique value if the path
is defined, as it is in this case (constant volume). Equation (3.18) shows that AU
for an arbitrary process in a closed system in which only P-V work occurs can be
determined by measuring g under constant volume conditions. As discussed in
Chapter 4, the technique of bomb calorimetry uses this approach to determine AU
for chemical reactions.

Next consider the dependence of U on V at constant 7, or (dU/dV )7. This quantity
has the units of J/m? = (J/m)/m? =kgms™2/m? = force/area = pressure and is
called the internal pressure. To explicitly evaluate the internal pressure for different
substances, a result will be used that is derived in the discussion of the second law of
thermodynamics in Section 5.12:

() o) 519
v )z aT )y

Using this equation, the total differential of the internal energy can be written as

apP
dU = dUy + dUy = Cy dT + [T(aT> - P}dV (3.20)
|4

In this equation, the symbols dUy and dU7 have been used, where the subscript indi-
cates which variable is constant. Equation (3.20) is an important result that applies to
systems containing gases, liquids, or solids in a single phase (or mixed phases at a con-
stant composition) if no chemical reactions or phase changes occur. The advantage of
writing dU in the form given by Equation (3.20) over that in Equation (3.12) is that
(0U/dV )7 can be evaluated in terms of the system variables P, V, and T and their deriv-
atives, all of which are experimentally accessible.

Once (9U/oV )7 and (U /dT )y are known, these quantities can be used to deter-
mine dU. Because U is a state function, the path taken between the initial and final
states is unimportant. Three different paths are shown in Figure 3.2, and dU is the same
for these and any other paths connecting V;, T; and Vy, Ty To simplify the calculation,
the path chosen consists of two segments, in which only one of the variables changes in
a given path segment. An example of such a pathis V;, T; =V, T; =V, T ;. Because
T is constant in the first segment,

dU = dUy = T(ap) —Plav
- T aT )y

Because V is constant in the second segment, dU = dUy = CydT. Finally, the total
change in U is the sum of the changes in the two segments, dU,,;,; = dUy + dUr.
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Because U is a state function, all paths
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valid in calculating AU. Therefore, a
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Thermometer

;
\;

FIGURE 3.3

Schematic depiction of the Joule experi-
ment to determine (0U/dV )7. Two spheri-
cal vessels, A and B, are separated by a
valve. Both vessels are immersed in a
water bath, the temperature of which is
monitored. The initial pressure in each
vessel is indicated.

3 Does the Internal Energy Depend More
.-/ Stronglyon Vor 1?

Chapter 2 demonstrated that U is a function of T alone for an ideal gas. However, this
statement is not true for real gases, liquids, and solids for which the change in U with V
must be considered. In this section, we ask if the temperature or the volume depend-
ence of U is most important in determining AU for a process of interest. To answer this
question, systems consisting of an ideal gas, a real gas, a liquid, and a solid are consid-
ered separately. Example Problem 3.3 shows that Equation (3.19) leads to a simple
result for a system consisting of an ideal gas.

| EXAMPLE PROBLEM 3.3

Evaluate (0U/9V )y for an ideal gas and modify Equation (3.20) accordingly for the
specific case of an ideal gas.

Solution

oU 9P d[nRT/V] nRT
=) =7=) -P=7———) - P="—"—-P=0
v g aT )y aT v %

Therefore, dU = CydT, showing that for an ideal gas, U is a function of 7 only. I

Example Problem 3.3 shows that U is only a function of T for an ideal gas.
Specifically, U is not a function of V. This result is understandable in terms of the
potential function of Figure 1.10. Because ideal gas molecules do not attract or repel
one another, no energy is required to change their average distance of separation
(increase or decrease V):

(3.21)

Recall that because U is only a function of T, Equation (3.21) holds for an ideal gas
even if V is not constant.

Next consider the variation of U with T and V for a real gas. The experimental
determination of (dU/dV )y was carried out by James Joule using an apparatus con-
sisting of two glass flasks separated by a stopcock, all of which were immersed in a
water bath. An idealized view of the experiment is shown in Figure 3.3. As a valve
between the volumes is opened, a gas initially in volume A expands to completely
fill the volume A + B. In interpreting the results of this experiment, it is important to
understand where the boundary between the system and surroundings lies. Here, the
decision was made to place the system boundary so that it includes all the gas.
Initially, the boundary lies totally within V4, but it moves during the expansion so
that it continues to include all gas molecules. With this choice, the volume of the
system changes from V4 before the expansion to V, + Vp after the expansion has
taken place.

The first law of thermodynamics [Equation (3.13)] states that

oUu oUu
A4q = Pexterna dV = <3T)V dT + (E)V)T dav

However, all the gas is contained in the system; therefore, P, ..ns = O because a vac-
uum cannot exert a pressure. Therefore Equation (3.13) becomes

U v
dq = () dT + () av
aT )y av )y
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To within experimental accuracy, Joule found that d7 g pundings = 0. Because the
water bath and the system are in thermal equilibrium, d7" = dT yroundings = 0. With
this observation, Joule concluded that .4'g = 0. Therefore, Equation (3.22) becomes

(w) dv =0 (3.23)
v )y

Because dV # 0, Joule concluded that (0U/dV )y = 0. Joule’s experiment was not defin-
itive because the experimental sensitivity was limited, as shown in Example Problem 3.4.

| EXAMPLE PROBLEM 3.4

In Joule’s experiment to determine (0U/dV ), the heat capacities of the gas and the
water bath surroundings were related by C g roundings/ Csystem = 1000. If the precision
with which the temperature of the surroundings could be measured is £0.006°C, what
is the minimum detectable change in the temperature of the gas?

Solution

View the experimental apparatus as two interacting systems in a rigid adiabatic enclosure.
The first is the volume within vessels A and B, and the second is the water bath and the
vessels. Because the two interacting systems are isolated from the rest of the universe,

q = Cwater balhATwater parh t CgasATgas =0

AT = — % AT varer b = —1000 X (£0.006°C) = F 6°C
gas

In this calculation, AT g is the temperature change that the expanded gas undergoes
to reach thermal equilibrium with the water bath, which is the negative of the tempera-
ture change during the expansion.

Because the minimum detectable value of AT, is rather large, this apparatus is
clearly not suited for measuring small changes in the temperature of the gas in an
expansion. _J

More sensitive experiments were carried out by Joule in collaboration with William
Thomson (Lord Kelvin). These experiments, which are discussed in Section 3.8,
demonstrate that (0U/9V ) is small, but nonzero for real gases.

Example Problem 3.3 has shown that (0U/dV )y = 0 for an ideal gas. We next calcu-
late (0U/0V ) and AUr = fvzm;f(aU/GV)Tde for a real gas, in which the van der
Waals equation of state is used to describe the gas, as illustrated in Example Problem 3.5.

| EXAMPLE PROBLEM 3.5

For a gas described by the van der Waals equation of state,
P = nRT/(V — nb) — an’®/V>. Use this equation to complete these tasks:
a. Calculate (0U/dV )y using (dU/dV )y = T(9P/T)y — P
b. Derive an expression for the change in internal energy, AUy = fv‘j"(aU JOV)7dV,
in compressing a van der Waals gas from an initial molar volume V; to a final
molar volume Vyat constant temperature.

Solution
a[ nRT nza}
9P V—nb V2 nRT
a. T\ —) —P=T - P = - P
aT )y aT v V — nb
nRT nRT n*a n*a

= - -
V — nb V — nb V2 V2
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" lau i 11
bosr e [(2) e [P - L)
% V Vi V¢

Vi i

Note that AU7 is zero if the attractive part of the intermolecular potential is zero. I

Example Problem 3.5 demonstrates that in general (0U/dV )y # 0, and that AUy
can be calculated if the equatlon of state of the real gas is known. This allows the rela-
tive importance of AUy = fv (0U/3V)ydV and AUy = fT 7 CydT to be determined
in a process in which both 7 and V change, as shown in Example Problem 3.6.

| EXAMPLE PROBLEM 3.6

One mole of N, gas undergoes a change from an initial state described by 7" = 200. K

and P; = 5.00 bar to a final state described by 7' = 400. K and P; = 20.0 bar. Treat

N, as a van der Waals gas with the parameters a = 0.137 Pa m® mol 2 and

b =387 X 107> m? mol~!. We use the path N, (g, T = 200. K, P = 5.00 bar) —

No(g, T = 200. K, P = 20.0 bar) = N,(g, T = 400. K, P = 20.0 bar), keeping in

mind that all paths will give the same answer for AU of the overall process.

a. Calculate AU; = fv‘l/-f (0U/aV )rdV using the result of Example Problem 3.5.

Note that V; = 3.28 X 1073 m> and V= 7.88 X 10~ *m?> at 200. K, as calcu-
lated using the van der Waals equation of state.

b. Calculate AUy = n fTTI.f Cy, mdT using the following relationship for Cy, ,, in this
temperature range:

Cy T T T3
T =2250 — 1187 X 1072 + 23968 X 1075 -5 — 1.0176 X 1078 =
JK™ " mol K K K

The ratios 7"/K" ensure that Cy, ,, has the correct units.

c. Compare the two contributions to AU. Can AU7r be neglected relative to AUy,?

Solution

a. Using the result of Example Problem 3.5,

1 1
- > = 0.137 Pam®

Vm, i Vm, f

AUr = n2a<

1 1
X - = —132]J
<3.28 X 1073 m? 788 X 10_4m3)
T
b. AUV = CV m dT

~

=

i

T 7?2
40002250 — 1.187 X 1072 — + 2.3968 X 1075 —
K K

Il
QU
VR
AN
N———
—

T3
500\ —1.0176 X 1078?

(4.50 — 0.712 + 0.447 — 0.0610)kJ = 4.17kJ

c. AUz is 3.2% of AUy for this case. In this example, and for most processes, AUz
can be neglected relative to AU, for real gases.

The calculations in Example Problems 3.5 and 3.6 show that to a good approxima-
tion AU = fv (U /oV)7dV = 0 for real gases under most conditions. Therefore, it
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is sufficiently accurate to consider U as a function of T only [U = U(T)] for real gases
in processes that do not involve unusually high gas densities.

Having discussed ideal and real gases, what can be said about the relative magni-
tude of AUy = fv‘jf (0U/3aV)7dV and AUy = fTTif CydT for processes involving lig-
uids and solids? From experiments, it is known that the density of liquids and solids
varies only slightly with the external pressure over the range in which these two forms
of matter are stable. This conclusion is not valid for extremely high pressure conditions
such as those in the interior of planets and stars. However, it is safe to say that dV for a
solid or liquid is very small in most processes. Therefore,

12
o ou ou
Aysotid-lig — / () dV ~ (> AV =0 3.24)
v /)r v /r
Vi

because AV ~ 0. This result is valid even if (dU/dV )7 is large.

The conclusion that can be drawn from this section is as follows. Under most condi-
tions encountered by chemists in the laboratory, U can be regarded as a function of T’
alone for all substances. The following equations give a good approximation even if V
is not constant in the process under consideration:

~
~

Ty
U(Tf, Vf) - U(Ti, Vl) = AU = CvdT = nl CV,de (3.25)

=

i

Note that Equation (3.25) is only applicable to a process in which there is no change in
the phase of the system, such as vaporization or fusion, and in which there are no chem-
ical reactions. Changes in U that arise from these processes will be discussed in
Chapters 4 and 8.

3 The Variation of Enthalpy with
- I Temperature at Constant Pressure

As for U, H can be defined as a function of any two of the three variables P, V, and T.
It was convenient to choose U to be a function of 7 and V because this choice led to
the identity AU = gy. Using a similar reasoning, we choose H to be a function of T
and P. How does H vary with P and 77 The variation of H with T at constant P is dis-
cussed next, and a discussion of the variation of H with P at constant 7 is deferred to
Section 3.6.

Consider the constant pressure process shown schematically in Figure 3.4. For this
process defined by P = P, ternais

dU = dqp — PdV (3.26)

Although the integral of .dq is in general path dependent, it has a unique value in this
case because the path is specified, namely, P = P, srna = constant. Integrating both
sides of Equation (3.26),

f f
i i i
Because P = Py = P, this equation can be rewritten as

(Uf + Pfo) - (Ut + PiVi) = dqp Or AH = qp (3.28)

The preceding equation shows that the value of AH can be determined for an arbitrary
process at constant P in a closed system in which only P—V work occurs by simply meas-
uring ¢gp, the heat transferred between the system and surroundings in a constant pressure
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process. Note the similarity between Equations (3.28) and (3.18). For an arbitrary process
in a closed system in which there is no work other than P-V work, AU = gy if the process
takes place at constant V, and AH = ¢p if the process takes place at constant P. These two
equations are the basis for the fundamental experimental techniques of bomb calorimetry
and constant pressure calorimetry discussed in Chapter 4.

A useful application of Equation (3.28) is in experimentally determining AH and
AU of fusion and vaporization for a given substance. Fusion (solid — liquid) and
vaporization (liquid — gas) occur at a constant temperature if the system is held at a
constant pressure and heat flows across the system—surroundings boundary. In both of
these phase transitions, attractive interactions between the molecules of the system
must be overcome. Therefore, g > 0 in both cases and Cp — 00. Because AH = ¢p,
AH fy5i0n and AH yqp0rizarion €an be determined by measuring the heat needed to effect
the transition at constant pressure. Because AH = AU + A(PV), at constant P,

AHvaporization - AUvaporization = PAVvaporization >0 (3-29)

The change in volume upon vaporization is AV yporizaion = Vgas = Viiquia == 0;
therefore, AU yqporization < AHyaporizarion- An analogous expression to Equation (3.29)
can be written relating AU fi0, and AH 7., Note that AV f,,, is much smaller than
AV yaporizaion and can be either positive or negative. Therefore, AU fy5i0n = AH fygion.
The thermodynamics of fusion and vaporization will be discussed in more detail in
Chapter 8.

Because H is a state function, dH is an exact differential, allowing us to link
(0H/dT ) p to a measurable quantity. In analogy to the preceding discussion for dU, dH

is written in the form
oH oH
dH = <> dT + <) dP (3.30)
aT ) p oP )r

Because dP = 0 at constant P, and dH = .d¢qp from Equation (3.28), Equation (3.30)
becomes

dqp = () dTr 3.31)
P

Equation (3.31) allows the heat capacity at constant pressure Cp to be defined in
a fashion analogous to Cy in Equation (3.15):

a”qp (aH)
Cp=—r=|— 3.32
P ar aT ) p (3.32)

Although this equation looks abstract, Cp is a readily measurable quantity. To measure
it, one need only measure the heat flow to or from the surroundings for a constant pres-
sure process together with the resulting temperature change in the limit in which dT
and ' approach zero and form the ratio leiEO(d q/dT) p.

As was the case for Cy, Cp is an extensive property of the system and varies from
substance to substance. The temperature dependence of Cp must be known in order to
calculate the change in H with 7. For a constant pressure process in which there is no
change in the phase of the system and no chemical reactions,

Ty Ty
AHP:/ T—n/Cpm (3.33)
T T;

If the temperature interval is small enough, it can usually be assumed that Cp is con-
stant. In that case,

AHP = CPAT = I’lCPvaT (3.34)

The calculation of AH for chemical reactions and changes in phase will be discussed in
Chapters 4 and 8.
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3.5 HOW ARE Cp AND Cy, RELATED?
| EXAMPLE PROBLEM 3.7

A 143.0 g sample of C(s) in the form of graphite is heated from 300. to 600. K at a
constant pressure. Over this temperature range, Cp ,,, has been determined to be

CP,m
JK 'mol™!

T _,T? T3
= —12.19 + 0.1126 — — 1.947 X 10™* —5 + 1.919 X 1077 —
K K K

T4
—7.800 x 10~ 1 @

Calculate AH and ¢gp. How large is the relative error in AH if we neglect the
temperature-dependent terms in Cp_,, and assume that Cp_,, maintains its value at 300. K
throughout the temperature interval?

Solution
Ty
m
AH = [ Cpu(T)dT
T;
600 T —4 T’
- [ —12.19 + 0.1126 — — 1.947 X 100 " —; + 1.919
. 1430¢g J K K2 P
B 1 mol 7 Tt K
12.00 g mol™" mo 300. X 10 773 — 7.800 X 10 117
K
T T2 73 600.
—-12.19 — + 0.0563f2 — 6.49 X 107572 + 4.798
_ 1430 K K K T = 469kl
12.00 T4 73 '

X 1078 — 156 X 107" —
K K 300.
From Equation (3.28), AH = ¢p.
If we had assumed Cp_,, = 8.617] mol ! K™, which is the calculated value at
300. K, AH = 143.0 g/12.00 gmol ' X 8.617 JK ' mol~! X [600. K — 300. K] =
30.8 kJ. The relative error is 100 X (30.8 kJ — 46.9 kJ)/46.9 kJ = —34.3%. In this
case, it is not reasonable to assume that Cp ,, is independent of temperature. _J

35 How Are Cp and Cy Related?

To this point, two separate heat capacities, Cp and Cy, have been defined. How are
these quantities related? To answer this question, the differential form of the first law is
written as

ou
dq = Cydl + ((‘)V) dv + Peviernar AV (3.35)
T

Consider a process that proceeds at constant pressure for which P = P,y epnq- In this
case, Equation (3.35) becomes

au
dqp = Cy dT + () dv + PdVv (3.36)
av )r
Because dgp = CpdT,
aUu av av U av
e (9) 30, (3, (), 10
oV J7\oT / p aT /) p v )r aT /) p
oP aV
), (3
oT )y \oT / p
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58 CHAPTER 3 The Importance of State Functions: Internal Energy and Enthalpy
To obtain Equation (3.37), both sides of Equation (3.36) have been divided by d7, and

the ratio dV/dT has been converted to a partial derivative at constant P. Equation (3.19)
has been used in the last step. Using Equation (3.9) and the cyclic rule, one can simplify

Equation (3.37) to
(av>2
apP v aT ) p
CP:CV+T7 o :CV_T
aT )y \aT / p (av)
P /)r

B’ B’
Cp:CV"FTV? or CP,m:CV,mJ’_TVm? (3.38)

Equation (3.38) provides another example of the usefulness of the formal theory of
thermodynamics in linking seemingly abstract partial derivatives with experimentally
available data. The difference between Cp ,, and Cy, ,,, can be determined at a given tem-
perature knowing only the molar volume, the isobaric volumetric thermal expansion
coefficient, and the isothermal compressibility.

Equation (3.38) is next applied to ideal and real gases, as well as liquids and
solids, in the absence of phase changes and chemical reactions. Because 8 and «
are always positive for real and ideal gases, Cp — Cy > 0 for these substances.
First, Cp — Cy is calculated for an ideal gas, and then it is calculated for liquids
and solids. For an ideal gas, (0U/dV )7 = 0 as shown in Example Problem 3.3, and

P Vv nR\( nR .
T() () = T() () = nR so that Equation (3.37) becomes
oT )y \oT /) p \% P

Cp— Cy = nR (3.39)

This result was stated without derivation in Section 2.4. The partial derivative (9V /9T ) p =
V B is much smaller for liquids and solids than for gases. Therefore, generally

Cy > K‘w> + PK‘W> (3.40)
v )y aT ) p

so that Cp = Cy for a liquid or a solid. As shown earlier in Example Problem 3.2, it is
not feasible to carry out heating experiments for liquids and solids at constant volume
because of the large pressure increase that occurs. Therefore, tabulated heat capacities
for liquids and solids list Cp_,, rather than Cy, ,.

3 The Variation of Enthalpy with Pressure
. at Constant Temperature

In the previous section, we learned how H changes with T at constant P. To calculate
how H changes as both P and T change, (0H/dP)r must be calculated. The partial
derivative (0H/dP)r is less straightforward to determine in an experiment than
(0H /9T )p. As will be seen, for many processes involving changes in both P and T,
(0H/oT )pdT >> (9H/OP)r dP and the pressure dependence of H can be neglected
relative to its temperature dependence. However, the knowledge that (0H /dP)7 is not
zero is essential for understanding the operation of a refrigerator and the liquefaction of
gases. The following discussion is applicable to gases, liquids, and solids.
Given the definition H = U + PV, we begin by writing dH as

dH = dU + PdV + V dP (3.41)
Substituting the differential forms of dU and dH,

oH U
CpdT + () dP = Cy dT + <) dvV + PdV + VdP
aP )r v )y

U
= CydTl + K) + P}a’V +VdP (3.42)
W)y
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3.6 THE VARIATION OF ENTHALPY WITH PRESSURE AT CONSTANT TEMPERATURE

For isothermal processes, dT° = 0, and Equation (3.42) can be rearranged to

(GH) =[(80) +p}(fW) ‘v (3.43)
P ) v )r aP/r

Using Equation (3.19) for (aU/0V )7,

<6H> (aP) (av)
— ) =7|— — ) +v
oP )t oT )y \oP )

E1%

=V - T(aT)p =V(l - TB) (3.44)

The second formulation of Equation (3.44) is obtained through application of the cyclic
rule [Equation (3.7)]. This equation is applicable to all systems containing pure sub-
stances or mixtures at a fixed composition, provided that no phase changes or chemical
reactions take place. The quantity (JH/0P)r is evaluated for an ideal gas in Example
Problem 3.8.

| EXAMPLE PROBLEM 3.8

Evaluate (0H/dP)7 for an ideal gas.

Solution

(aP/oT)y = (8[nRT/V]/dT)y = nR/V and (3V/dP)y = (d[nRT/P)/dP)y =
—nRT/P? for an ideal gas. Therefore,

oH oP % nR nRT nRT nRT
(22) =7(2) (&) +v-r2(-"F)+v - +V =0
oP )1 oT Jy\oP ) v P? P nRT
This result could have been derived directly from the definition H = U + PV. For an
ideal gas, U = U(T) only and PV = nRT. Therefore, H = H(T) for an ideal gas I

and (0H/dP)p = 0.

Because Example Problem 3.8 shows that H is only a function of T for an ideal gas,

Ty Ty
i T;

for an ideal gas. Because H is only a function of 7, Equation (3.45) holds for an ideal
gas even if P is not constant. This result is also understandable in terms of the potential
function of Figure 1.10. Because ideal gas molecules do not attract or repel one
another, no energy is required to change their average distance of separation (increase
or decrease P).

Equation (3.44) is next applied to several types of systems. We have seen that
(0H/9P)y = 0 for an ideal gas. For liquids and solids, 1 >> T for T < 1000 K as
can be seen from the data in Table 3.1. Therefore, for liquids and solids,
(dH/9P)r ~ V to a good approximation, and dH can be written as

dH ~ CpdT + V dP (3.46)

for systems that consist only of liquids or solids.

| EXAMPLE PROBLEM 3.9

Calculate the change in enthalpy when 124 g of liquid methanol initially at 1.00 bar
and 298 K undergoes a change of state to 2.50 bar and 425 K. The density of liquid
methanol under these conditions is 0.791 g cm™, and Cp, , for liquid methanol is
81.1 7K' mol™.
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60 CHAPTER 3 The Importance of State Functions: Internal Energy and Enthalpy

Solution

Because H is a state function, any path between the initial and final states will give the
same A H. We choose the path methanol (/, 1.00 bar, 298 K) — methanol (/, 1.00 bar,
425 K) — methanol (/, 2.50 bar, 425 K). The first step is isothermal, and the second
step is isobaric. The total change in H is

Ty Py
AH = n/CP,de + /VdP ~ I’lCP’m (Tf - Tl) + V(Pf - P,)
i P;
L 124 ¢
=8L1JK "mol ' X ———— X (425K — 298 K)
32.04 g mol
124 10°m? 10°P
S x % X (2,50 bar — 1.00 bar) X —
0.791 gem ™ cm ar

=399 X 10°J + 23.5] ~ 39.9kJ

Note that the contribution to AH from the change in 7T is far greater than that from the
change in P.

Example Problem 3.9 shows that because molar volumes of liquids and solids are
small, H changes much more rapidly with 7 than with P. Under most conditions, H can
be assumed to be a function of T only for solids and liquids. Exceptions to this rule are
encountered in geophysical or astrophysical applications, for which extremely large
pressure changes can occur.

The following conclusion can be drawn from this section: under most conditions
encountered by chemists in the laboratory, H can be regarded as a function of T alone
for liquids and solids. It is a good approximation to write

T, T,

H(Tf,Pf) - H(T,',Pi) = AH = /deT = n/CP,m T (3.47)
T, T,

even if P is not constant in the process under consideration. The dependence of H on P
for real gases is discussed in Section 3.8 and Section 3.9 in the context of the Joule-
Thomson experiment.

Note that Equation (3.47) is only applicable to a process in which there is no
change in the phase of the system, such as vaporization or fusion, and in which there
are no chemical reactions. Changes in H that arise from chemical reactions and changes
in phase will be discussed in Chapters 4 and 8.

Having dealt with solids, liquids, and ideal gases, we are left with real gases. For
real gases, (0H/0P)r and (dU/9V )y are small, but still have a considerable effect on
the properties of the gases upon expansion or compression. Conventional technology
for the liquefaction of gases and for the operation of refrigerators is based on the fact
that (0H /0P )y and (U /0V ) are not zero for real gases. To derive a useful formula for
calculating (0H/9P)y for a real gas, the Joule-Thomson experiment is discussed first in
the next section.

37 The Joule-Thomson Experiment

If the valve on a cylinder of compressed N, at 298 K is opened fully, it will become
covered with frost, demonstrating that the temperature of the valve is lowered below
the freezing point of H,O. A similar experiment with a cylinder of H; leads to a consid-
erable increase in temperature and, potentially, an explosion. How can these effects be
understood? To explain them, we discuss the Joule-Thomson experiment.
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3.7 THE JOULE-THOMSON EXPERIMENT 61

Pressure gauges

The Joule-Thomson experiment shown in Figure 3.5 can be viewed as an improved
version of the Joule experiment because it allows (dU/dV )y to be measured with a
much higher sensitivity than in the Joule experiment. In this experiment, gas flows
from the high-pressure cylinder on the left to the low-pressure cylinder on the right
through a porous plug in an insulated pipe. The pistons move to keep the pressure
unchanged in each region until all the gas has been transferred to the region to the right
of the porous plug. If N, is used in the expansion process (P > P,), it is found that
T, < Ty; in other words, the gas is cooled as it expands. What is the origin of this
effect? Consider an amount of gas equal to the initial volume V as it passes through the
apparatus from left to right. The total work in this expansion process is the sum of the
work performed on each side of the plug separately by the moving pistons:

0 V,
W = Wit + Wright = —/P]dV - /Pz v = P]V] - P2V2 (3.48)
Vl 0

Because the pipe is insulated, g = 0, and

AU = Uy, —U; =w= PV, — PV, 3.49)
This equation can be rearranged to
U2+P2V2=U1+P1V1 or H2=H1 (3.50)

Note that the enthalpy is constant in the expansion; the expansion is isenthalpic. For
the conditions of the experiment using N,, both d7 and dP are negative, so
(0T /oP)y > 0. The experimentally determined limiting ratio of AT to AP at constant
enthalpy is known as the Joule-Thomson coefficient:

. < AT > (aT)
Iim ( — =|—
AP—0\ AP H P /)y

g = (3.51)

If w;—7 is positive, the conditions are such that the attractive part of the potential dom-
inates, and if w;_7 is negative, the repulsive part of the potential dominates. Using
experimentally determined values of w;_7, (0H/dP)r can be calculated. For an isen-
thalpic process,

dP =0
T

oH
H = Cpdl + | — 52
dH = Cpd (aP) (3.52)
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FIGURE 3.5

In the Joule-Thomson experiment, a gas is
forced through a porous plug using a pis-
ton and cylinder mechanism. The pistons
move to maintain a constant pressure in
each region. There is an appreciable pres-
sure drop across the plug, and the temper-
ature change of the gas is measured. The
upper and lower figures show the initial
and final states, respectively. As shown in
the text, if the piston and cylinder assem-
bly forms an adiabatic wall between the
system (the gases on both sides of the
plug) and the surroundings, the expansion
is isenthalpic.
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TABLE 3.3 Joule-Thomson Dividing through by dP and making the condition dH = 0 explicit,

Coefficients for Selected oT OH _

Substances at 273 K and 1 atm Cp oP . + oP . =0

Gas -7 (K/MPa) o oH

giving . = _CPMJ—T (3.53)

Ar 3.66 P/

CeHys ~0.39 Equation (3.53) states that (0H/dP)r can be calculated using the measurement of
material-dependent properties Cp and w;_7. Because u;_7 is not zero for a real gas,

CHy 4.38 the pressure dependence of H for an expansion or compression process for which the

CO, 10.9 pressure change is large cannot be neglected. Note that (0H/dP)7 can be positive or
negative, depending on the value of u;_7 at the P and T of interest.

Hy -0.34 If oy _7 is known from experiment, (9U/dV )7 can be calculated as shown in Example

He 20.62 Problem 3.10. This has the advantage that a calculation of (9U/dV )y based on measure-
ments of Cp, ;_7 and the isothermal compressibility k is much more accurate than a

N, 2.15 measurement based on the Joule experiment. Values of u;_7 are shown for selected gases

Ne ~030 in Table 3.3. Keep in mind that p;_7 is a function of P and AP, so the values listed in the
table are only valid for a small pressure decrease originating at 1 atm pressure.

NH; 28.2

0, 2.69 | EXAMPLE PROBLEM 3.10

Source: Linstrom, P. J., and Mallard, W. G., Using Equation (3.43), (0H/dP)7 = [(oU/dV)r + P](dV/dP)r + V, derive an

eds. NIST Chemistry Webbook: NIST . s . . .
Standard Reference Database Number 69. expression giving (0U/dV )7 entirely in terms of measurable quantities for a gas.

Gaithersburg, MD: National Institute of .
Standards and Technology. Retrieved from Solution

http://webbook.nist.gov. ( 9H ) ( oU > ( av )
— = — + P || — +V
aP )y v )g oP )y

(5r)
— -V
<8U> oP )
) =—F <P
()
oP )
Cppy_r +V
_ “pPHy-T —p

KV
In this equation, « is the isothermal compressibility defined in Equation (3.9). I

| EXAMPLE PROBLEM 3.11

Using Equation (3.43),
(), =[G, =)
— ) =l +P||l—=] +V
oP /r av )r oP/)r

show that w;_7 = 0 for an ideal gas.

Solution

1 (oH 1[/aUu\ [av 1%
pr=——=) ==—(=) (=) +P(=) +vV
Cp \0P )7 cpl\av /r\orP )y aP )y
1 av
=——0+P(—) +V
Cp aP )y

), )2 ]

In this calculation, we have used the result that (U /0V )7 = 0 for an ideal gas. I
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3.8 LIQUEFYING GASES USING AN ISENTHALPIC EXPANSION

Example Problem 3.11 shows that for an ideal gas, wu;_7 is zero. It can be shown
that for a van der Waals gas in the limit of zero pressure

1 2a
p=—\—-> 3.54
My—T Com < RT ) (3.54)

3 Liquefying Gases Using an Isenthalpic
- Expansion

For real gases, the Joule-Thomson coefficient w;_7 can take on either negative or
positive values in different regions of P-T space. If u;_7 is positive, a decrease in
pressure leads to a cooling of the gas; if it is negative, the expansion of the gas
leads to a heating. Figure 3.6 shows the variation of w;_r with 7 and P for N, and
H,. All along the solid curve, w;_7 = 0. To the left of each curve, u;_r is positive,
and to the right, it is negative. The temperature for which w;_7 = 0 is referred to
as the inversion temperature. If the expansion conditions are kept in the region in
which w;_7 is positive, AT can be made sufficiently large as AP decreases in the
expansion to liquefy the gas. Note that Equation (3.54) predicts that the inversion
temperature for a van der Waals gas is independent of P, which is not in agreement
with experiment.

The results in Figure 3.6 are in accord with the observation that a high-pressure
(100 < P < 500 atm) expansion of N, at 300 K leads to cooling and that similar con-
ditions for Hj, lead to heating. To cool H, in an expansion, it must first be precooled
below 200 K, and the pressure must be less than 160 atm. He and H, are heated in an
isenthalpic expansion at 300 K for P < 200 atm.

The Joule-Thomson effect can be used to liquefy gases such as N,, as shown in
Figure 3.7. The gas at atmospheric pressure is first compressed to a value of 50 atm to
200 atm, which leads to a substantial increase in its temperature. It is cooled and subse-
quently passed through a heat exchanger in which the gas temperature decreases to a
value within ~50 K of the boiling point. At the exit of the heat exchanger, the gas
expands through a nozzle to a final pressure of 1 atm in an isenthalpic expansion. The
cooling that occurs because wy_r > 0 results in liquefaction. The gas that boils away
passes back through the heat exchanger in the opposite direction than the gas to be lig-
uefied is passing. The two gas streams are separated, but in good thermal contact. In
this process, the gas to be liquefied is effectively precooled, enabling a single-stage
expansion to achieve liquefaction.

Liquid out
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FIGURE 3.6

All along the curves in the figure,

my—7 = 0,and w;_qp is positive to the left
of the curves and negative to the right.

To experience cooling upon expansion at
100. atm, 7" must lie between 50. K and
150. K for H,. The corresponding temper-
atures for N, are 100. K and 650. K.

FIGURE 3.7

Schematic depiction of the liquefaction of
a gas using an isenthalpic Joule-Thomson
expansion. Heat is extracted from the gas
exiting from the compressor. It is further
cooled in the countercurrent heat
exchanger before expanding through a
nozzle. Because its temperature is suffi-
ciently low at the exit to the countercur-
rent heat exchanger, liquefaction occurs.
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Vocabulary

cyclic rule internal pressure

exact differential isenthalpic

heat capacity at constant pressure

heat capacity at constant volume coefficient

isobaric volumetric thermal expansion

isothermal compressibility

Joule-Thomson coefficient

Joule-Thomson experiment
partial derivatives

Concept Problems

Q3.1 The heat capacity Cp_,, is less than Cy, ,, for HyO(/)
near 4°C. Explain this result.

Q3.2 What is the physical basis for the experimental result
that U is a function of V at constant 7 for a real gas? Under
what conditions will U decrease as V increases?

Q3.3 Why didn’t Joule change his experiment to make
Csurroundings/ Csystem = 0.001 to increase the sensitivity of
the apparatus?

Q3.4 Why does the relation Cp > Cy always hold for a
gas? Can Cp < Cy be valid for a liquid?

Q3.5 Why can gy be equated with a state function if ¢ is not
a state function?

Q3.6 Explain without using equations why (dH/9P)r is
generally small for a real gas.

Q3.7 Why is it reasonable to write dH =~ CpdT + VdP
for a liquid or solid sample?

Q3.8 Refer to Figure 1.10 and explain why (3U/dV )7 is
generally small for a real gas.

Q3.9 Can a gas be liquefied through an isenthalpic expan-
sionif wy_7 = 0?

Q3.10 Why is ¢, = AU only for a constant volume
process? Is this formula valid if work other than P-V work
is possible?

Q3.11 Classify the following variables and functions as
intensive or extensive: T, P, V, g, w, U, H.

Q3.12 Why are g and w not state functions?

Q3.13 Why is the equation AH = fTTipr(T) dT =

n fTTifC p.m(T) dT valid for an ideal gas even if P is not con-
stant in the process? Is this equation also valid for a real gas?
Why or why not?

Q3.14 What is the relationship between a state function and
an exact differential?

Q3.15 Is the following statement always, never, or some-
times valid? Explain your reasoning: AH is only defined for a
constant pressure process.

Q3.16 Is the following statement always, never, or sometimes
valid? Explain your reasoning: a thermodynamic process is
completely defined by the initial and final states of the system.

Q3.17 Is the following statement always, never, or sometimes
valid? Explain your reasoning: ¢ = 0 for a cyclic process.

Q3.18 The molar volume of H,O(/) decreases with increas-
ing temperature near 4°C. Can you explain this behavior
using a molecular level model?

Q3.19 Why was the following qualification made in
Section 3.7? Note that Equation (3.47) is only applicable to a
process in which there is no change in the phase of the sys-
tem, such as vaporization or fusion, and in which there are no
chemical reactions.

Q3.20 Is the expression AUy = fTTIZCVdT =n fTTIZCV, ndT
only valid for an ideal gas if V is constant?

Numerical Problems

Problem numbers in red indicate that the solution to the prob-
lem is given in the Student’s Solutions Manual.

P3.1 Obtain an expression for the isothermal compressibil-
ity k = —1/V (aV/aP) for a van der Waals gas.

P3.2  Use the result of Problem P3.26 to show that
(dCy/oV ) for the van der Waals gas is zero.

P3.3 The molar heat capacity Cp_,, of SO,(g) is described
by the following equation over the range

300K < T < 1700 K:

2

Cp, T T
= = 3.093 + 6.967 X 1073 — 4581 X 1077~
K K

R

T3
+ 1.035 X 10_9?

In this equation, 7 is the absolute temperature in kelvin. The
ratios T"/K" ensure that Cp_,, has the correct dimension.
Assuming ideal gas behavior, calculate ¢, w, AU, and AH if
1.50 moles of SO,(g) is heated from 22.5°C to 1140.°C at a
constant pressure of 1 bar. Explain the sign of w.

P3.4 Use the relation (0U/0V )y = T(9P/dT )y — P and
the cyclic rule to obtain an expression for the internal pres-
sure, (dU/3V)r, in terms of P, B, T, and k.

P3.5 A mass of 34.05 g of H,O(s) at 273 K is dropped into
185 g of H,O(/) at 310. K in an insulated container at 1 bar of
pressure. Calculate the temperature of the system once equi-
librium has been reached. Assume that Cp_, for H,O is con-
stant at its values for 298 K throughout the temperature range
of interest.
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P3.6 A vessel is filled completely with liquid water and
sealed at 13.56°C and a pressure of 1.00 bar. What is the
pressure if the temperature of the system is raised to
82.0°C? Under these conditions, B,,4er = 2.04 X 1074K
Buresser = 1.42 X 1074 K1 and ke = 4.59 X 10 bar™ .
P3.7 Integrate the expression 8 = 1/V (dV/oT)p assuming
that B is independent of temperature. By doing so, obtain an
expression for V as a function of 7"and 3 at constant P.

P3.8 A mass of 32.0 g of H,O(g) at 373 K is flowed into
295 g of H,O(l) at 310. K and 1 atm. Calculate the final tem-
perature of the system once equilibrium has been reached.
Assume that Cp ,, for HyO is constant at its values for 298 K
throughout the temperature range of interest. Describe the
state of the system.

P3.9 Because (0H/0P)r = —Cpu —7, the change in
enthalpy of a gas expanded at constant temperature can be
calculated. To do so, the functional dependence of w;_r on P
must be known. Treating Ar as a van der Waals gas, calculate
AH when 1 mole of Ar is expanded from 325 bar to 1.75 bar
at 375 K. Assume that u;_7 is independent of pressure and is
given by w;_r = [(2a/RT) — b]/Cp y, and Cp,, = 5R/2
for Ar. What value would A H have if the gas exhibited ideal
gas behavior?

P3.10 Derive the following expression for calculating the
isothermal change in the constant volume heat capacity:
(9Cy/aV )y = T(8*P/oT?)y,.

P3.11 A 75.0 g piece of gold at 650. K is dropped into 180. g
of H,O(/) at 310. K in an insulated container at 1 bar pres-
sure. Calculate the temperature of the system once equilib-
rium has been reached. Assume that Cp_,, for Au and H,O is
constant at their values for 298 K throughout the temperature
range of interest.

P3.12  Calculate w, g, AH, and AU for the process in which
1.75 moles of water undergoes the transition H,O(Z, 373 K) —
H,0(g, 610. K) at 1 bar of pressure. The volume of liquid water
at 373 Kis 1.89 X 107> m? mol ! and the molar volume of
steam at 373 K and 610. K is 3.03 and 5.06 X 10> m’® mol !,
respectively. For steam, Cp_,, can be considered constant over
the temperature interval of interest at 33.58 J mol ' K1,
P3.13 Equation (3.38), Cp = Cy + TV(B?/), links Cp
and Cy with 8 and k. Use this equation to evaluate Cp — Cy
for an ideal gas.

P3.14 Use the result of Problem P3.26 to derive a formula
for (aCy/dV )7 for a gas that obeys the Redlich-Kwong equa-
tion of state,

RT  a 1
Vo = b AT ViV + b)
P3.15 The function f(x, y) is given by f(x,y) =
xy sin 5x + x? \/; Iny + 3¢72% cos y. Determine

(2),02).(2).2).(32)
w3 ()4 (32) - (G2);

Obtain an expression for the total differential df.

P:
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P3.16 The Joule coefficient is defined by (0T /0V )y =
(1/Cy)[P — T(aP/dT)y]. Calculate the Joule coefficient for
an ideal gas and for a van der Waals gas.

P3.17 Using the result of Equation (3.8), (dP/oT)y = B/«,
express 3 as a function of k and V,, for an ideal gas, and 3 as
a function of b, k, and V,, for a van der Waals gas.

P3.18 Show that the expression (dU/dV )y =

T(9P/oT)y — P can be written in the form

(50), = 70z ] /or), = (7L /2),

P3.19 Derive an expression for the internal pressure of a gas
that obeys the Bethelot equation of state,

RT a
Va—b TV?
P3.20 Because U is a state function, (3/dV (oU /0T )y)7 =
(9/0T (dU/dV )y )y. Using this relationship, show that
(dCy/aV ) = 0 for an ideal gas.
P3.21 Starting with the van der Waals equation of state, find
an expression for the total differential dP in terms of dV and
dT. By calculating the mixed partial derivatives
(3(aP/dV)/dT )y and (d(dP/IT )y/0V ), determine if dP is
an exact differential.
P3.22 Use (0U/oV )y = (BT — kP)/k to calculate
(0U/aV )¢ for an ideal gas.

P3.23 Derive the following relation,

P:

( oU ) . 3a

W)t  2NTV,(V,y + b)

for the internal pressure of a gas that obeys the Redlich-Kwong
equation of state,

RT  a 1
Vm_b \/;Vm(vm_l—b)
P3.24 A differential dz = f(x, y)dx + g(x, y)dy is exact
if the integral [ f(x,y)dx + [g(x,y)dy is independent
of the path. Demonstrate that the differential dz = 2xydx +
x*d y is exact by integrating dz along the paths
(1,1) > (1,8) = (6,8) and (1,1) = (1,3) = (4,3) —
(4,8) — (6,3). The first number in each set of parentheses is
the x coordinate, and the second number is the y coordinate.

P3.25 Show that dp/p = —BdT + kdP where p is the
density p = m/V. Assume that the mass m is constant.

P =

P3.26 For a gas that obeys the equation of state
Vo= 2L 4 B(1)
B

derive the result

P3.27 Because V is a state function, (9(9V /9T )p/dP)r =
(9(aV/9P)7/dT ) p. Using this relationship, show that the

isothermal compressibility and isobaric expansion coefficient
are related by (0B/0P)r = —(9k/dT )p.
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P3.28 Use the relation

cra=n=1(37), ir)
P.m V.m aT ) p \oT v

the cyclic rule, and the van der Waals equation of state to
derive an equation for Cp ,,, — Cy; ,, in terms of V,,,, T, and the
gas constants R, a, and b.

P3.29 For the equation of state V,, = RT/P + B(T),
show that
<acp,m> , d*B(T)
P Jr dT?

[Hint: Use Equation (3.44) and the property of state functions
with respect to the order of differentiation in mixed second
derivatives.]

P3.30 Starting with 8 = (1/V)(dV/dT)p, show that

p = —(1/p)(3p/dT) p, where p is the density.

P3.31 This problem will give you practice in using the
cyclic rule. Use the ideal gas law to obtain the three func-
tions P = f(V,T),V = g(P,T),and T = h(P,V). Show
that the cyclic rule (9P/dV )7 (0V/dT)p (9T /OP)y = —1

is obeyed.

P3.32 Regard the enthalpy as a function of 7" and P. Use the
cyclic rule to obtain the expression

-5,/ (),

P3.33 Using the chain rule for differentiation, show that the
isobaric expansion coefficient expressed in terms of density is
givenby B = —1/p(dp/oT)p.

P3.34 Derive the equation (0P/dV )y = —1/(kV) from
basic equations and definitions.

P3.35 Derive the equation (0H/dT )y = Cy + VB/k from
basic equations and definitions.

. U oH
P3.36  For an ideal gas, () and () = 0. Prove
v )r dP Jr

that Cy and Cp are independent of volume and pressure.

oUu oV
P3.37 Prove that Cy, = — W ﬁ
T U

aC 9*P
P3.38  Show that <V) = T<2>
v Jr \ar?)y

aC
P3.39 Show that (8\/‘/) = ( for an ideal and for a van der
T

Waals gas.
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Thermochemistry

Thermochemistry is the branch of thermodynamics that investigates
the heat flow into or out of a reaction system and deduces the energy
stored in chemical bonds. As reactants are converted into products, energy
can either be taken up by the system or released to the surroundings. For a
reaction that takes place at constant volume, the heat that flows to or out
of the system is equal to AU for the reaction. For a reaction that takes
place at constant pressure, the heat that flows to or out of the system is
equal to AH for the reaction. The enthalpy of formation is defined as the
heat flow into or out of the system in a reaction between pure elements
that leads to the formation of 1 mol of product. Because H is a state
function, the reaction enthalpy can be written as the enthalpies of for-
mation of the products minus those of the reactants. This property
allows AH and AU for a reaction to be calculated for many reactions

without carrying out an experiment.

Energy Stored in Chemical Bonds
Is Released or Taken Up in Chemical
Reactions

4.1

A significant amount of the internal energy or enthalpy of a molecule is stored in the
form of chemical bonds. As reactants are transformed to products in a chemical reac-
tion, energy can be released or taken up as bonds are made or broken, respectively.
For example, consider a reaction in which N>(g) and H,(g) dissociate into atoms, and
the atoms recombine to form NHj3(g). The enthalpy changes associated with individ-
ual steps and with the overall reaction 1/2 Ny(g) + 3/2 Hy(g) —> NHj(g) are
shown in Figure 4.1. Note that large enthalpy changes are associated with the individ-
ual steps but the enthalpy change in the overall reaction is much smaller.

The change in enthalpy or internal energy resulting from chemical reactions
appears in the surroundings in the form of a temperature increase or decrease resulting
from heat flow and/or in the form of expansion or nonexpansion work. For example,
the combustion of gasoline in an automobile engine can be used to do expansion
work on the surroundings. Nonexpansion electrical work is possible if the chemical
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68 CHAPTER 4 Thermochemistry

FIGURE 4.1
Enthalpy changes are shown for
individual steps in the overall reaction

1/2 Ny(g) + 3/2 Hy(g) — NHi(g).

N(g) + 3H(9)

314 x 103J

NH(g) + 2H(g)

390 x 10%J
1124 x 103J

NH(g) + H(9)

466 X 103J

—45.9 X 103J

%N, (g) + %Hy(9)

reaction is carried out in an electrochemical cell. In Chapters 6 and 11, the extraction
of nonexpansion work from chemical reactions will be discussed. In this chapter, the
focus is on using measurements of heat flow to determine changes in U and H due to
chemical reactions.

4 2 Internal Energy and Enthalpy Changes
.Z- Associated with Chemical Reactions

In the previous chapters, we discussed how AU and AH are calculated from work and
heat flow between the system and the surroundings for processes that do not involve
phase changes or chemical reactions. In this section, this discussion is extended to
reaction systems.

Imagine that a reaction involving a stoichiometric mixture of reactants (the system)
is carried out in a constant pressure reaction vessel with diathermal walls immersed in a
water bath (the surroundings). If the temperature of the water bath increases, heat has
flowed from the system (the contents of the reaction vessel) to the surroundings (the
water bath and the vessel). In this case, we say that the reaction is exothermic. If the
temperature of the water bath decreases, the heat has flowed from the surroundings to
the system, and we say that the reaction is endothermic.

Consider the reaction in Equation (4.1):

Fe304(s) + 4 Hy(g) — 3 Fe(s) + 4 H,0(!) @.1)

Note that the phase (solid, liquid, or gas) for each reactant and product has been speci-
fied because U and H are different for each phase. This reaction will only proceed at a
measurable rate at elevated temperatures. However, as we show later, it is useful to tab-
ulate values for AH for reactions at a pressure of 1 bar and a specified temperature,
generally 298.15 K. The pressure value of 1 bar defines a standard state, and changes
in H and U at the standard pressure of 1 bar are indicated by a superscript ° as in
AH° and AU°®. The standard state for gases is a hypothetical state in which the gas
behaves ideally at a pressure of 1 bar. For most gases, deviations from ideal behavior
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4.2 INTERNAL ENERGY AND ENTHALPY CHANGES ASSOCIATED WITH CHEMICAL REACTIONS

are very small. The enthalpy of reaction, A H g, at specific values of T'and P is defined
as the heat exchanged between the system and the surroundings as the reactants are
transformed into products at conditions of constant 7" and P. By convention, heat flow-
ing into the system is given a positive sign. AH, is, therefore, a negative quantity for
an exothermic reaction and a positive quantity for an endothermic reaction. The
standard enthalpy of reaction, A H§, refers to one mole of the specified reaction at a
pressure of 1 bar, and unless indicated otherwise, to 7 = 298.15 K.

How can the reaction enthalpy and internal energy be determined? We proceed
in the following way. The reaction is carried out at 1 bar pressure, and the tempera-
ture change AT that occurs in a finite size water bath, initially at 298.15 K, is meas-
ured. The water bath is large enough that AT is small. If AT is negative as a result
of the reaction, the bath is heated to return it, the reaction vessel, and the system to
298.15 K using an electrical heater. By doing so, we ensure that the initial and final
states are the same and therefore the measured AH is equal to AH%. The electrical
work done on the heater that restores the temperature of the water bath and the system
to 298.15 K is equal to AH%. If the temperature of the water bath increases as a
result of the reaction, the electrical work done on a heater in the water bath at
298.15 K that increases its temperature and that of the system by AT in a separate
experiment is measured. In this case, AH% is equal to the negative of the electrical
work done on the heater.

Although an experimental method for determining AH§% has been described, to
tabulate the reaction enthalpies for all possible chemical reactions would be a monu-
mental undertaking. Fortunately, AH% can be calculated from tabulated enthalpy
values for individual reactants and products. This is advantageous because there are
far fewer reactants and products than there are reactions among them. Consider AH %
for the reaction of Equation (4.1) at 7= 298.15 K and P = 1 bar. These values for
P and T are chosen because thermodynamic values are tabulated for these values.
However, AH y at other values of P and T can be calculated as discussed in Chapters 2
and 3. In principle, we could express AH% in terms of the individual enthalpies of
reactants and products:

o o _ o
AH rR=H products H reactants

= 3H,,(Fe,s) + 4H,,(H,0,l) — H;,(Fe304,s) — 4H,,(H,,8) 4.2)

The m subscripts refer to molar quantities. Although Equation (4.2) is correct, it does
not provide a useful way to calculate A H$%. There is no experimental way to determine
the absolute enthalpy for any element or compound because there is no unique refer-
ence zero against which individual enthalpies can be measured. Only AH and AU, as
opposed to H and U, can be determined in an experiment.

Equation (4.2) can be transformed into a more useful form by introducing the
enthalpy of formation. The standard enthalpy of formation, AH$, is defined as the
enthalpy change of the reaction in which the only reaction product is 1 mol of the species
of interest, and only pure elements in their most stable state of aggregation under the stan-
dard state conditions appear as reactants. We refer to these species as being in their
standard reference state. For example, the standard reference state of water and carbon
at 298.15 K are H,O(/) and solid carbon in the form of graphite. Note that with this defi-
nition, AH} = ( for an element in its standard reference state because the reactants and
products are identical.

We next illustrate how reaction enthalpies can be expressed in terms of formation
enthalpies. The only compounds that are produced or consumed in the reaction
Fe304(s) + 4 Hy(g) — 3 Fe(s) + 4 HyO(!) are Fe3Oy4(s) and HyO()). All ele-
ments that appear in the reaction are in their standard reference states. The formation
reactions for the compounds at 298.15 K and 1 bar are

1
Hy(g) 7 Oa(g) — H00)

1
AH% = AH} (H,0,1) = Hy(H0,1) — Hy(Hy, g) — 5 Hn(02.8)  (4.3)
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70 CHAPTER 4 Thermochemistry
AHR
vaA + vgB —eep VcC + vpD

— VA AH% AT VB AH% B

vo AH3 o +vp AHS

Elements in standard
reference state

FIGURE 4.2

Equation (4.8) follows from the fact that
AH for both paths is the same because they
connect the same initial and final states.

3 Fe(s) + 2 O5(g) — Fe;04(s)
AH% = AH}(Fe304, s) = Hp(FesOy, s) — 3H,(Fe, s) — 2H,(0,, )  (4.4)

If Equation (4.2) is rewritten in terms of the enthalpies of formation, a simple equation
for the reaction enthalpy is obtained:

AHR = 4AHH(H,0,1) — AHj(Fe304, ) @9

Note that elements in their standard reference state do not appear in this equation because
AH§ = 0 for these species. This result can be generalized to any chemical transformation

VAA+VBB+..._)VXx+VyY+... (4.6)

which we write in the form

0= Ev,-x,- 4.7)

The X; refer to all species that appear in the overall equation. The unitless stoichiometric
coefficients v; are positive for products and negative for reactants. The enthalpy change
associated with this reaction is

AH?@ = EViAH.)O‘,i (4'8)

The rationale behind Equation (4.8) can also be depicted as shown in Figure 4.2. Two paths
are considered between the reactants A and B and the products C and D in the reaction vAA +
vgB —— vcC + vpD. The first of these is a direct path for which AH® = AH%. In the
second path, A and B are first broken down into their elements, each in its standard refer-
ence state. Subsequently, the elements are combined to form C and D. The enthalpy change
for the second route is AHg = Xv;AHY |, oqucts — >ilvil AHY reqetams = ZViAHG,.
Because H is a state function, the enthalpy change is the same for both pathls. This is
stated in mathematical form in Equation (4.8).

Writing AH$ in terms of formation enthalpies is a great simplification over compil-
ing measured values of reaction enthalpies. Standard formation enthalpies for atoms
and inorganic compounds at 298.15 K are listed in Table 4.1, and standard formation
enthalpies for organic compounds are listed in Table 4.2 (Appendix B, Data Tables).

Another thermochemical convention is introduced at this point in order to calculate
enthalpy changes involving electrolyte solutions. The solution reaction that occurs
when a salt such as NaCl is dissolved in water is

NaCl(s) — Na"(aq) + Cl™ (aq)

Because it is not possible to form only positive or negative ions in solution, the measured
enthalpy of solution of an electrolyte is the sum of the enthalpies of all anions and cations
formed. To be able to tabulate values for enthalpies of formation of individual ions, the
enthalpy for the following reaction is set equal to zero at P = 1 bar for all temperatures:

1/2Hy(g) — H"(aq) + e (metal electrode)

In other words, solution enthalpies of formation of ions are measured relative to that for
H'(ag). The thermodynamics of electrolyte solutions will be discussed in detail in
Chapter 10.

As the previous discussion shows, only the A H } of each reactant and product is needed
to calculate AH . Each AH Y is a difference in enthalpy between the compound and its con-
stituent elements, rather than an absolute enthalpy. However, there is a convention that
allows absolute enthalpies to be specified using the experimentally determined values of the
AH?$ of compounds. In this convention, the absolute enthalpy of each pure element in its
standard reference state is set equal to zero. With this convention, the absolute molar
enthalpy of any chemical species in its standard reference state H, is equal to A H 7 for that
species. To demonstrate this convention, the reaction in Equation (4.4) is considered:

AH} = AH}(Fe30y4, s) = Hy(Fe30y4, 5) — 3H,,(Fe, s) — 2H,(0,,8)  (4.4)
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4.3 HESS'S LAW IS BASED ON ENTHALPY BEING A STATE FUNCTION

Setting H,,= 0 for each element in its standard reference state,
AH}(Fe3O4,s) = H,,(Fe504,s) — 3 X 0 — 2 X 0 = H,,(Fe50y4,s) 4.9)

The value of A H§, for any reaction involving compounds and elements is unchanged by
this convention. In fact, one could choose a different number for the absolute enthalpy
of each pure element in its standard reference state, and it would still not change the
value of AH$%. However, it is much more convenient (and easier to remember) if one
sets H;,, = 0 for all elements in their standard reference state. This convention will be
used again in Chapter 6 when the chemical potential is discussed.

4 Hess’'s Law Is Based on Enthalpy Being
.-/ a State Function

As discussed in the previous section, it is extremely useful to have tabulated values of

AHY$ for chemical compounds at one fixed combination of P and 7. Tables 4.1 and 4.2

list this data for 1 bar and 298.15 K. With access to these values of AH}, AH% can be

calculated for all reactions among these elements and compounds at 1 bar and 298.15 K.
But how is AH} determined? Consider the formation reaction for C,He(g):

2 C(graphite) + 3Hy(g) ——> C,Hg(g) 4.10)

Graphite is the standard reference state for carbon at 298.15 K and 1 bar because it
is slightly more stable than diamond under these conditions. However, it is unlikely
that one would obtain only ethane if the reaction were carried out as written. Given
this experimental hindrance, how can AH} for ethane be determined? To determine
AH} for ethane, we take advantage of the fact that AH is path independent. In this
context, path independence means that the enthalpy change for any sequence of
reactions that sum to the same overall reaction is identical. This statement is known
as Hess’s law. Therefore, one is free to choose any sequence of reactions that leads
to the desired outcome. Combustion reactions are well suited for these purposes
because in general they proceed rapidly, go to completion, and produce only a
few products. To determine AHj for ethane, one can carry out the following com-
bustion reactions:

C2H6(g) + 7/2 Oz(g) E— ZCOZ(g) + 3H20(1) AH? (4.11)
C(graphite) + O,(g) —> COy(g) AHY, 4.12)
Hy(g) + 1/2 05(g) — Hy0(!) AHjy; 4.13)

These reactions are combined in the following way to obtain the desired reaction:

2 X [C(graphite) + 0y(g) —> CO,(g)] 2AHS, (4.14)
2.CO,(g) + 3H,0(I) —> CoHe(g) + 7/20,(g) —AH; (4.15)
3 X [Hy(g) +1/205(g) — H0(1)] 3AH7 (4.16)
2 C(graphite) + 3Hy(g) —> CoHq(g) 2AH§, — AH + 3AHY,

We emphasize again that it is not necessary for these reactions to be carried out at
298.15 K. The reaction vessel is immersed in a water bath at 298.15 K and the com-
bustion reaction is initiated. If the temperature in the vessel rises during the course of
the reaction, the heat flow that restores the system and surroundings to 298.15 K after
completion of the reaction is measured, allowing AH % to be determined at 298.15 K.

Several points should be made about enthalpy changes in relation to balanced over-
all equations describing chemical reactions. First, because H is an extensive function,
multiplying all stoichiometric coefficients with any number changes A H§ by the same
factor. Therefore, it is important to know which set of stoichiometric coefficients has
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CHAPTER 4 Thermochemistry

been assumed if a numerical value of AH} is given. Second, because the units of AH %
for all compounds in the reaction are kJ mol ™, the units of the reaction enthalpy AH$
are also kJ mol™!. One might pose the question “per mole of what?” given that all the
stoichiometric coefficients may differ from each other and from one. The answer to this
question is per mole of the reaction as written. Doubling all the stoichiometric coeffi-
cients doubles AH .

| EXAMPLE PROBLEM 4.1

The average bond enthalpy of the O—H bond in water is defined as one-half of the
enthalpy change for the reaction H,O(g) —— 2 H(g) + O(g). The formation
enthalpies, AH§, for H(g) and O(g) are 218.0 and 249.2 kJ mol !, respectively, at
298.15 K, and AH } for HO(g) is —241.8 kJ mol ! at the same temperature.

a. Use this information to determine the average bond enthalpy of the O—H bond
in water at 298.15 K.

b. Determine the average bond energy AU of the O—H bond in water at 298.15 K.
Assume ideal gas behavior.

Solution

a. We consider the sequence
H,0(g) — Hy(g) +1/2 Os(g) AH° =241.8 kJ mol !

H,(g) — 2 H(g) AH°=2 X 218.0 kJ mol !
1/2 Ox(g) — O(g) AH®=249.2kJ mol”!
HyO(g) — 2 H(g) + O(g) AH°=927.0kJ mol !

This is the enthalpy change associated with breaking both O—H bonds under standard
conditions. We conclude that the average bond enthalpy of the O—H bond in water is

1
5 X 927.0kJmol ™! = 463.5kJmol!. We emphasize that this is the average value

because the values of AH for the transformations H,O(g) —— H(g) + OH(g) and
OH(g) — O(g) + H(g) differ.

b. AU° = AH® — A(PV) = AH° — AnRT
=927.0 kimol ' — 2 X 8.314Tmol 'K™! X 298.15K
= 922.0 kimol
The average value for AU® for the O—H bond in water is % X 922.0 kImol !

= 461.0 kJmol !. The bond energy and the bond enthalpy are nearly identical.

Example Problem 4.1 shows how bond energies can be calculated from reaction
enthalpies. The value of a bond energy is of particular importance for chemists in esti-
mating the thermal stability of a compound as well as its stability with respect to reac-
tions with other molecules. Values of bond energies tabulated in the format of the
periodic table together with the electronegativities are shown in Table 4.3 [Kildahl,
N. K. “Bond Energy Data Summarized.” Journal of Chemical Education. 72 (1995):
423]. The value of the single bond energy, AU, _g, for a combination A-B not listed in
the table can be estimated using the empirical relationship due to Linus Pauling in
Equation (4.17):

AUA_g = VAUA_p X AUg_g + 96.48(xs — xB)* @.17)

where ya and yg are the electronegativities of atoms A and B.
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4.4 THE TEMPERATURE DEPENDENCE OF REACTION ENTHALPIES

TABLE 4.3 Mean Bond Energies

1 2 Selected Bond Energies 13 14 15 16 17 18
(kJ/mol)

B,2.04 C,255 |N,3.04
293 346 167
602,835 418,942
389 411 386
536,636 358,799 201,607
613 485 283

Al1.61 Si,1.90 P,2.19
= 202 ~220
318 481
272 318 322
452,640 335,544
583 565 490

Ga,1.81/Ge,2.01 As,2.18
113|188 146
272 380
247
301,389
~469 =470  ~440

In,1.78 Sn,1.80 Sb,2.05
100 146 121
---,295

=523 =450 =420

T1,2.04 |Pb,2.33 Bi,2.02

---,192
~350
439 ~360
KEY
Element symbol——C,2.55 —— Electronegativity
Cc—C 46 Single bond with self
C=C, C=C—602,835 —— Double, triple bond with self
H—C—411 Bond with H
O0—C, O=C 58,799 Single, double bond with O
C—F—485 —Bond with F

4 The Temperature Dependence
. T of Reaction Enthalpies

Suppose that we plan to carry out a reaction that is mildly exothermic at 298.15 K at
another temperature. Is the reaction endothermic or exothermic at the second tempera-
ture? To answer this question, it is necessary to determine A H % at the second tempera-
ture. We assume that no phase changes occur in the temperature interval of interest.
The enthalpy for each reactant and product at temperature 7 is related to the value at
298.15 K by Equation (4.18), which accounts for the energy supplied in order to heat
the substance to the new temperature at constant pressure:
T

H7 = H3gg 15k + Cp(T"HdT’ (4.18)
208.15K
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74 CHAPTER 4 Thermochemistry

The prime in the integral indicates a “dummy variable” that is otherwise identical to
the temperature. This notation is needed because T appears in the upper limit of the inte-
gral. In Equation (4.18), H59g15K is the absolute enthalpy at 1 bar and 298.15 K.
However, because there are no unique values for absolute enthalpies, it is useful to com-
bine similar equations for all reactants and products with the appropriate stoichiometic
coefficients to obtain the following equation for the reaction enthalpy at temperature 7:

T
AH{r = AHg20815k + / ACp(T"HdT' (4.19)
298.15K
where
ACHT") = 2viCpiT) (4.20)
1

Recall that in our notation, AH% or AH % without an explicit temperature value implies
that 7 = 298.15 K. In Equation (4.20), the sum is over all reactants and products,
including both elements and compounds. A calculation of AH} at an elevated tempera-
ture is shown in Example Problem 4.2.

| EXAMPLE PROBLEM 4.2

Calculate AH§ 1450 k for the reaction 1/2 Hy(g) + 1/2 Cly(g) —— HCI(g) and
1 bar pressure given that AH 3(HCl,g) =—92.3 kJ mol ! at 298.15 K and that

T T2
Cpnu(Hag) = (29.064 — 0.8363 X 10*3E + 20.111 X 107K2)J K™ 'mol ™!

T T2
Cpnm(Clyg) = (31.695 + 10.143 X 10*3E — 40.373 X 107K2>J K™ 'mol ™!

T T2
Cp(HCLG) = (28.165 + 1.809 X 10_3E + 15.464 X 10_7K2)J K™ 'mol ™!

over this temperature range. The ratios 7/K and Tz/ K? appear in these equations in
order to have the right units for the heat capacity.

Solution
1450

AHR 1450k = AHR 20815k + / ACp(T)dT

298.15
T T2
ACpH(T) = {28.165 + 1.809 X 10_3E + 15.464 X 10_7@

1 T L, T?
—-(29.064 — 08363 x 107 — + 20.111 X 1077 —
2 K K
1 =y —7 T’ —1 -1
— {31695 + 10.143 X 1073 — — 40.373 X 10" — ) [ T K 'mol
2 K K

T T?
= <—2.215 — 2.844 X 10*3E + 25.595 X 107K2) JK 'mol™!

AH%’1450K = —92.3kJ molfl

1450
5T L, T? T
+ —2.215 — 2.844 X 1077 — + 25595 X 1077 — | X d —-Jmol
K K K
298.15
= —92 3kImol~! = 2 836kImal~' = —95.1kJmol ™!
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4.5 THE EXPERIMENTAL DETERMINATION OF AU AND AH FOR CHEMICAL REACTIONS 75

In this particular case, the change in the reaction enthalpy with 7 is not large. This is
the case because ACp(T) is small and not because an individual Cp (T') is small.

4 The Experimental Determination of
.~/ AU and AH for Chemical Reactions

For chemical reactions, AU and AH are generally determined through experiment. In this
section, we discuss how these experiments are carried out. If some or all of the reactants or —— Thermometer
products are volatile, it is necessary to contain the reaction mixture for which AU and AH  Stirrer

are being measured. Such an experiment can be carried out in a bomb calorimeter, shown =
schematically in Figure 4.3. In a bomb calorimeter, the reaction is carried out at constant
volume. The motivation for doing so is that if dV =0, AU = q, Therefore, a measure-
ment of the heat flow normalized to 1 mole of the specified reaction provides a direct
measurement of AUz. Bomb calorimetry is restricted to reaction mixtures containing
gases because it is impractical to carry out chemical reactions at constant volume for
systems consisting solely of liquids and solids, as shown in Example Problem 3.2. In the
following, we describe how AU and A H g are determined for an experiment in which a
single liquid or solid reactant undergoes combustion in an excess of O,(g).

The bomb calorimeter is a good illustration of how one can define the system and
surroundings to simplify the analysis of an experiment. The system is defined as the
contents of a stainless steel thick-walled pressure vessel, the pressure vessel itself, and
the inner water bath. Given this definition of the system, the surroundings consist of the
container holding the inner water bath, the outer water bath, and the rest of the uni-
verse. The outer water bath encloses the inner bath and, through a heating coil, its tem-
perature is always held at the temperature of the inner bath. Therefore, no heat flow

Diathermal

Ignition container

will occur between the system and surroundings, and ¢ = 0. Because the combustion Reactants Inner water
experiment takes place at constant volume, w = 0. Therefore, AU = 0. These conditions in sample bath
describe an isolated system of finite size that is not coupled to the rest of the universe. cup

We are only interested in one part of this system, namely, the reaction mixture. FIGURE 4.3

What are the individual components that make up AU? Consider the system as g pematic diagram of a bomb calorimeter.
consisting of three subsystems: the reactants in the calorimeter, the calorimeter vessel,  The liquid or solid reactant is placed in a
and the inner water bath. These three subsystems are separated by rigid diathermal  cup suspended in the thick-walled steel
walls and are in thermal equilibrium. Energy is redistributed among the subsystems as  bomb, which is filled with O, gas. The
reactants are converted to products, the temperature of the inner water bath changes, vessel is immersed in an inner water bath,

and the temperature of the calorimeter changes. and its temperature is monitored. The

m diathermal container is immersed in an
_ I Hy0 _ outer water bath (not shown) whose
AU = AUcombusz‘ion + X CP,m (HZO) X AT + Ccalorimeter X AT = 0(4'21) . ( . )
s M Hy0 temperature is maintained at the same

. . . value as the inner bath through a heating
In Equation (4.21), AT is the change in the temperature of the three subsystems. The ;. By doing so, there is no heat

mass of water in the inner bath, my,o; its molecular weight, My ,o; its heat capacity, exchange between the inner water bath
Cp,m(HyO); the mass of the sample, my; and its molecular weight, M, are known. and the rest of the universe.

AU ¢ ombusiion 18 defined per mole of the combustion reaction, but because the reaction

includes exactly 1 mole of reactant, the factor m,/M, in Equation (4.21) is appropri-

ate. We wish to measure AU .,pusiion- HOwever, to determine AU . pusiions the heat

capacity of the calorimeter, C.u,rimerer Must first be determined by carrying out a

reaction for which AUy, is already known, as illustrated in Example Problem 4.3. To

be more specific, we consider a combustion reaction between a compound and an

excess of O,.

EXAMPLE PROBLEM 4.3

When 0.972 g of cyclohexane undergoes complete combustion in a bomb calorimeter,
AT of the inner water bath is 2.98°C. For cyclohexane, AU .,upustion 1S —3913 kJ mol .
Given this result, what is the value for AU .,,,,pusiion fOr the combustion of benzene if
AT is 2.36°C when 0.857 g of benzene undergoes complete combustion in the same
calorimeter? The mass of the water in the inner bath is 1.812 X 10° g, and the Cp,, of
water is 75.3 J K~' mol™!.
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Solution

To calculate the calorimeter constant through the combustion of cyclohexane, we write
Equation (4.21) in the following form:

m mpg,o
- VSAUcombustion - ’ CP,m(HZO)AT

s MH20
Ccalurimeter = AT
0.972 1.812 x 10°
TR 3013 10°  mol -~ 275 3 mol 'K 1% 2.98°C
_ 84.16gmol 18.02 gmol

2.98°C
= 7.59 X 10°7(°C)”!

In calculating AU .,pusiion fOr benzene, we use the value for C,.uprimerer:
M s( My,0

myg

AUcombustion - CP,m(H2O) AT + CcalorimeterAT>

Mp.0
1.812 X 10°g

o 78.12gmol ! % 18.02 g mol !
0.857 g +7.59 X 10°J(°C)! X 2.36°C

—3.26 X 10°Jmol ™! I

Once AU . mpusiion has been determined, AH .,,pusiion €an be determined using the
following equation:

X 753 Tmol ' K™ X 2.36°C

AHcombustion = AUcombustizm + A (PV) (4-22)

For reactions involving only solids and liquids, AU >=> A(PV) and AH = AU.
If some of the reactants or products are gases, the small change in the temperature

Thermometer that is measured in a calorimetric experiment can generally be ignored and
A(PV) = A(nRT) = AnRT

Salt

Stopper
APIcomlmstion = AUcombustion + AnRT (4-23)

where An is the change in the number of moles of gas in the overall reaction. For the
first reaction of Example Problem 4.3,

CeHia(1) + 90,(g) — 6 COy(g) + 6 H,0(I) 4.24)

and An =-3. Note that at 7=298.15 K, the most stable form of cyclohexane and water
is a liquid.

AI—Icombustion = AUcombustion -3RT = —3913 X 103 kJmOl_l
—3 X 8.314JK 'mol ! X 298.15K
—3920 X 103Jmol ! (4.25)

g For this reaction, AH ., pustion A0d AU compusiion differ by only 0.2%. Note that because
/ the contents of the bomb calorimeter are not at 1 bar pressure, AU .,mpustion Tather than
/ AUZ, mbusiion 18 measured. The difference is small, but it can be calculated.
\ If the reaction under study does not involve gases or highly volatile liquids, there is
\ Sw no need to operate under constant volume conditions. It is preferable to carry out the
reaction at constant P using a constant pressure calorimeter. AH is directly deter-
mined because AH = ¢gp. A vacuum-insulated vessel with a loosely fitting stopper as
shown in Figure 4.4 is adequate for many purposes and can be treated as an isolated

composite system. Equation (4.21) takes the following form for constant pressure

FIGURE 4.4 calorimetry involving the solution of a salt in water:
Schematic diagram of a constant pressure

. . . m mg.o
calorimeter su1taple for measuring the AHC = —Sdt A Hrion + 2 Cpm(H20)AT + Ciptorimerer AT = 0 (4.26)
enthalpy of solution of a salt in water. M a1 M0
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4.6 DIFFERENTIAL SCANNING CALORIMETRY 77

AHS,i0n 18 defined per mole of the solution reaction, but because the reaction
includes exactly 1 mole of reactant, the factor my,;;/ M, in Equation (4.21) is appro-
priate. Because A(PV) is negligibly small for the solution of a salt in a solvent,
AU jsion = AHgousion- The solution must be stirred to ensure that equilibrium is
attained before AT is measured.

| EXAMPLE PROBLEM 4.4

The enthalpy of solution for the reaction

Na,SO04(s) 225 2 Na*(aq) + SOI~(aq)
is determined in a constant pressure calorimeter. The calorimeter constant was deter-
mined to be 342.5 J K~'. When 1.423 g of Na,SOy is dissolved in 100.34 g of H,O()),
AT =0.031 K. Calculate AH?,;,,;ion for Na,SO,4 from these data. Compare your result
with that calculated using the standard enthalpies of formation in Table 4.1 (Appendix B,
Data Tables) and in Chapter 10 in Table 10.1.

Solution
R M a1 ( MH0
AHsolution = = mt( : CP,m(HZO)AT + CcalorimeterAT>
Myair \M 1,0
100.34 g 1 1
. — X 753JK "mol " X 0.031 K
_ _142.04gmol™’ | 1802 gmol”!
B 1423 ¢ +3425JK ' X 0.031 K

= —2.4 X 10* Jmol !
We next calculate AH$,;,;i,, using the data tables.
AHSppion = 2AH3(Na",aq) + AH¥SO3 ,aq) — AH$}Na;SOy,s)
=2 X (—240.1kJmol™ ") — 909.3kJmol ! + 1387.1 kimol !
= —2.4kJmol !
The agreement between the calculated and experimental results is good. _J

46 Differential Scanning Calorimetry

Differential scanning calorimetry (DSC) is a form of constant pressure calorimetry that
is well suited to routine laboratory tests in pharmaceutical and material sciences. It is also
used to study chemical changes such as polymer cross-linking, melting, and unfolding of
protein molecules in which heat is absorbed or released in the transition. The experimen-
tal apparatus for such an experiment is shown schematically in Figure 4.5. The word
differential appears in the name of the technique because the uptake of heat is measured
relative to that for a reference material, and scanning refers to the fact that the tempera-
ture of the sample is varied, usually linearly with time.

The temperature of the enclosure 7 is increased linearly with time using a power
supply. Heat flows from the enclosure through the disk to the sample because of the tem-
perature gradient generated by the heater. Because the sample and reference are equidis-
tant from the enclosure, the heat flow to each sample is the same. The reference material
is chosen such that its melting point is not in the range of that of the samples.

We consider a simplified one-dimensional model of the heat flow in the DSC in
Figure 4.6 following the treatment of Hohne, Hemminger, and Flammersheim in
Differential Scanning Calorimetry, 2nd Edition, Berlin: Springer, 2003. The electrical
current through the resistive heater increases the temperature of the calorimeter
enclosure 7 to a value greater than that of the sample and reference, T, and Tk. The

Www.Ebook777.com



http://www.ebook777.com

Free ebooks ==> www.Ebook777.com

78

CHAPTER 4 Thermochemistry

FIGURE 4.5

A heat flux differential scanning
calorimeter consists of an insulated
massive enclosure and lid that are heated
to the temperature 7 using a resistive
heater. A support disk in good thermal
contact with the enclosure supports the
sample and reference materials. The
temperatures of the sample and reference
are measured with a thermocouple. In
practice, the reference is usually an empty
sample pan.

FIGURE 4.6
AT is shown as a function of time for an

exothermic process occuring in the sample.

For this example, it is assumed that the
heat capacities of the sample and reference
are constant over the temperature range
shown. The heat associated with the
process on interest is proportional to the
blue area. The green area arises from

the difference in heat capacities of sample
and reference. The zero line is obtained
without material in the crucibles.

Sample
thermocouple

Reference

thermocouple Time

Resistive heater

Power supply

heat flow per unit time from the enclosure to the sample and reference are designated
by @ g and @ g, respectively, which typically have the units of J g s~

Assume that a process such as melting occurs in the sample and not in the refer-
ence. The heat flow per unit time associated with the process is given by ® (7). It is
time dependent because, using melting as an example, heat flow associated with the
phase change begins at the onset of melting and ceases when the sample is completely
in the liquid state. This additional heat flow changes the sample temperature by d7g and
consequently both T — Tg and the heat flow rate to the sample ®gg change. In the
experiment AT (¢) = Tg(t) — Tg(t) is measured. The change in the heat flow to the
sample resulting from the process is

dTs (1)
dt
where Cy is the constant pressure heat capacity of the sample. Equation (4.27) relates
the sample temperature to the heat flow generated by the process of interest. If the
process is exothermic, ®(z) < 0 and if it is endothermic, ®(7) > 0. We rewrite

Equation (4.27) to explicitly contain the experimentally accessible function AT(r).

@.27)

Cs = ®pg(r) — @(1)

dT g (1) dAT (1)
S dr + CS dr = CI)Es(l) - (I)(t) (4.28)
A
~
<
—aR(Cs—Cp) E E
E Zero line E
i —
t

4 17}
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4.6 DIFFERENTIAL SCANNING CALORIMETRY 79
The corresponding equation for the reference in which only heating occurs is
dTg (1)
Cg 7 Drr(1) 4.29)

The essence of DSC is that a difference between the heat flux to the sample and reference
is measured. We therefore subtract Equation (4.29) from Equation (4.28) and obtain

dT (1) dAT (1)
Pps(t) — Peg(t) = (Cs = Cp) — — + Cs
The quantities @ g and @ gy are directly proportional to the temperature differences
Tg — Tgand T — Ty and are inversely proportional to the thermal resistance R e ma
between the heated enclosure and the sample and reference. The latter are equal because
of the symmetry of the calorimeter. The thermal resistance R, 1S an intrinsic prop-
erty of the calorimeter and can be obtained through calibration of the instrument.

+ ®(1)  (4.30)

Tg —T Tg —T
(I)ES = Eisand (I)ER = “E£E_“R (4.31)
thermal Rthermal
Therefore,
AT (¢t dT g (t dAT (¢
D(r) = — ) — (Cs — Cg) R()—CS ) 4.32)
Rthermal dt dt

Equation (4.32) links the heat flow per unit mass generated by the process of interest,
®(1), to the measured quantity AT{(#). Typically Ty is increased linearly with time,

Tr(t) =Ty + at
and Equation (4.32) simplifies to

AT (1) co_c c dAT (1)
Rthermal a( N R) s dt

We see that AT(¢) is not simply related to ®(¢), which is to be determined in the
experiment. The second term in Equation (4.33) arises because the heat capacities of
the sample and reference are not equal. Additionally, the heat capacity of the sample
changes as it undergoes a phase change.

The third term in Equation (4.33) is proportional to d AT (¢)/dt and has the effect of
broadening AT (¢) relative to ®(7) and shifting it to longer times. A schematic picture
of a DSC scan in this model is shown in Figure 4.6.

Because Crae = P pp(1) from Equation (4.29) and AT are proportional as shown in
Equation (4.31), a graph of Cg versus time has the same shape as shown in Figure 4.6.
An analogous equation can be written for the sample, so that

Dpg — Ppr = a(Cs — Cg)

Therefore, a graph of (Cg — Cy) versus time also has the same shape as Figure 4.6.
The goal of the experiment is to determine the heat absorbed or evolved in the
process per unit mass, which is given by

15}
gp = AH = / D(t)dt
L4

1 /Iz 1 /[2
= - AT(t)dr — —a|Cq — Cg))dt 4.34)
Rthermul t ( ) Rthermal < ( s R))

n

(1) = — (4.33)

In Equation (4.34), the baseline contribution to the integral has been subtracted as it has
no relevance for the process of interest.

Interpreting DSC curves in terms of heat capacities must be done with caution as
illustrated for a melting transition in Figure 4.7. At the melting temperature, the
enthalpy rises abruptly as discussed in Chapter 8 and as shown in Figure 4.7a. The heat
capacity is the derivative of the enthalpy with respect to temperature and has the form
shown in Figure 4.7b. As discussed in Section 2.5, the heat capacity of the liquid is
higher than that of the solid. However, a measured DSC curve has the shape shown in
Figure 4.7d rather than in Figure 4.7b.

There are two reasons for this discrepancy. Heat is taken up by the sample during

the melting transition, but the sgmple—temperatare—does—not—chanse—However—the
Www.Ebook777.com
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FIGURE 4.7

(a) AH is shown as a function of the true
temperature for a melting process.

(b) The heat capacity becomes infinite at
the transition temperature because the
temperature remains constant as heat
flows into the sample. (¢) The heat capac-
ity curve in (b) is distorted because the
measured temperature increases while the
sample temperature remains constant dur-
ing the melting transition. (d) Further dis-
tortions to the hypothetical scan (c) and a
shift of the peak to higher temperature
occur because of the thermal inertia of the
calorimeter.
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Cp(T)

Y

FIGURE 4.8

The apparent heat capacity of a protein
undergoing a reversible, thermal denatura-
tion within the temperature interval 71—7,
is shown. The temperature at the heat
capacity maximum is to a good approxima-
tion the melting temperature 7;,, defined as
the temperature at which half the total pro-
tein has been denatured. The excess heat
capacity ACp = Cp(T) — CN(T)is com-
posed of two parts; the intrinsic excess heat
capacity 6C i}:“ and the transition excess
heat capacity SC'°. See the text.

sample crucible temperature continues to increase as heat flows to the sample.
Therefore the apparent heat capacity would have the shape shown in Figure 4.7¢c if
there were no resistances to heat flow in the calorimeter. The thermal resistances pres-
ent in the calorimeter smear out the curve shown in Figure 4.7c and shift it to higher
temperatures as shown in Figure 4.7d. Clearly, the temperature dependence of the
apparent heat capacity obtained directly from a DSC scan is significantly different from
the temperature dependence of the true heat capacity. Deconvolution procedures must
be undertaken to obtain accurate heat capacities. Because the heat absorbed or evolved
in the process per unit mass is proportional to the area under the DSC scan, it is less
affected by the instrument distortions than the heat capacity.

DSC is the most direct method for determining the energetics of biological macromol-
ecules undergoing conformational transitions, which is important in understanding their
biological activity. In particular, DSC has been used to determine the temperature range
over which proteins undergo the conformational changes associated with reversible
denaturation, a process in which a protein unfolds. The considerations for a melting
process discussed earlier apply as well as for denaturation, although melting enthalpies are
generally much larger than denaturation enthalpies. From the preceding discussion, when
a protein solution is heated at a constant rate and at constant pressure, DSC reports the
apparent heat capacity of the protein solution. Protein structures are stabilized by the coop-
eration of numerous weak forces. Assume that a protein solution is heated from a tempera-
ture 7 to a temperature 7,. If the protein denatures within this temperature interval
reversibly and cooperatively, the Cp(T) versus T curve has the form shown in Figure 4.8.

The heat capacity of denaturation is defined as

ACE™ = CB(T) — cB(T) (4.35)

which is the difference between the heat capacity of the denatured protein, C% (T), and
the heat capacity of the native (i.e., structured) protein, C¥ (7). The value of AC" can
be determined as shown in Figure 4.8. The value of AC$" is a positive quantity and for
many globular proteins varies from 0.3 to 0.7 J K™' g”!. The higher heat capacity of the
protein in the denatured state can be understood in the following way. In the structured
state, internal motions of the protein are characterized by coupled bending and rotations
of several bonds that occur at frequencies on the order of k gT/h, where kg is Boltzmann’s
constant and / is Planck’s constant. When the protein denatures, these “soft” vibrations
are shifted to lower frequencies, higher frequency bond vibrations are excited, and the
heat capacity increases. In addition to increased contributions from vibrational motions,
when a protein structure is disrupted, nonpolar amino acid residues formerly isolated
from solvent within the interior of the protein are exposed to water. Water molecules now
order about these nonpolar amino acids, further increasing the heat capacity.
The excess heat capacity is defined as

ACp = Cp(T) — CY(T) (4.36)

where ACp is obtained at a given temperature from the difference between the point on
the heat capacity curve Cp(T') and the linearly extrapolated value for the heat capacity
of the native state C¥ (T); see Figure 4.8. The excess heat capacity is in turn composed
of two parts:

ACp(T) = 8CH + 8CH* (4.37)

Within the interval 7,-T, the protein structure does not unfold suddenly. There occurs
instead a gradual unfolding of the protein such that at any given temperature a fraction of
the structured protein remains, and an ensemble of unfolded species is produced. The
heat capacity and enthalpy change observed arise from this ensemble of physical forms
of the partially unfolded protein, and as such these properties are averages over possible
configurations of the protein. The component of the heat capacity that accounts for the
sum of molecular species produced in the course of making a transition from the folded
to the unfolded state is the intrinsic excess heat capacity or 6C%’. The second com-
ponent of the heat capacity is called the transition excess heat capacity SC%°. The
transition excess heat capacity results from fluctuations of the system as the protein
changes from different states in the course of denaturation.
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The intrinsic and transition excess heat capacities are determined by first extrapo-
lating the functions C¥(T) and CB(T) into the transition zone between T} and T».
This is indicated in Figure 4.8 by the solid line connecting the heat capacity baselines
above and below T,,. Once this baseline extrapolation is accomplished, 8C%’ is the
difference at a given temperature between the extrapolated baseline curve and C¥(T').
The value of 6C3* is obtained from the difference between Cp(T) and the extrapo-

lated baseline curve. The excess enthalpy of thermal denaturation is finally given by
T,

AHg4,, = f SCH5dT . In other words the excess enthalpy of thermal denaturation is the
T,

area under the peak in Figure 4.8 above the extrapolated baseline curve.

Vocabulary

bomb calorimeter endothermic intrinsic excess heat capacity

bond energy enthalpy of fusion standard enthalpy of formation
bond enthalpy enthalpy of reaction standard enthalpy of reaction
constant pressure calorimeter excess heat capacity standard reference state
denaturation exothermic standard state

differential scanning calorimetry Hess’s law transition excess heat capacity

Conceptual Problems

Q4.1 In calculating AH% at 285.15 K, only the AH§ of
the compounds that take part in the reactions listed in Tables
4.1 and 4.2 (Appendix B, Data Tables) are needed. Is this
statement also true if you want to calculate AH§ at 500. K?

Q4.2 What is the point of having an outer water bath in a
bomb calorimeter (see Figure 4.3), especially if its tempera-
ture is always equal to that of the inner water bath?

Q4.3 Is the following statement correct? If not rewrite it
so that it is correct. The standard state of water is H,O(g).

Q4.4 Does the enthalpy of formation of H,O(/) change if
the absolute enthalpies of H,(g) and O,(g) are set equal to
100. kJ mol ™! rather than to zero? Answer the same
question for CO,(g). Will AH§ for the reaction HyO(l) +
CO,(g) — H,CO;3()) change as a result of this change in
the enthalpy of formation of the elements?

Q4.5 Why are elements included in the sum in Equation (4.14)
when they are not included in calculating A H at 298 K?

Q4.6 Why are heat capacities of reactants and products
required for calculations of AH$ at elevated temperatures?

Q4.7 Is the following statement correct? If not rewrite it so
that it is correct. The superscript zero in AH 7 means that the
reactions conditions are 298.15 K.

Q4.8 Why is it valid to add the enthalpies of any sequence
of reactions to obtain the enthalpy of the reaction that is the
sum of the individual reactions?

Q4.9 In a calorimetric study, the temperature of the system
rises to 325 K before returning to its initial temperature of

298 K. Why does this temperature rise not affect your
measurement of AH% at 298 K?

Q4.10 Is the following statement correct? If not

rewrite it so that it is correct. Because the reaction

H>(g) + O2(g) —— H,0()) is exothermic, the products are
at a higher temperature than the reactants.

Q4.11 The reactants in the reaction 2NO(g) + O,(g) —>
2NO,(g) are initially at 298 K. Why is the reaction enthalpy
the same if (a) the reaction is constantly kept at 298 K or
(b) if the reaction temperature is not controlled and the heat
flow to the surroundings is measured only after the tempera-
ture of the products is returned to 298 K?

Q4.12 What is the advantage of a differential scanning
calorimeter over a bomb calorimeter in determining the
enthalpy of fusion of a series of samples?

Q4.13 You wish to measure the heat of solution of NaCl
in water. Would the calorimetric technique of choice be at
constant pressure or constant volume? Why?

Q4.14 TIs the following statement correct? If not rewrite it
so that it is correct. Because the enthalpy of formation of
elements is zero, AH 7 (O(g)) = 0.

Q4.15 If the AH§ for the chemical compounds involved in
a reaction is available at a given temperature, how can AH %
be calculated at another temperature?

Q4.16 Is the following statement correct? If not rewrite it so
that it is correct. If A H$% for a chemical reaction does not
change appreciably with temperature, the heat capacities for
reactants and products must be small.
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Q4.17 Under what conditions are AH and AU for a reac-
tion involving gases and/or liquids or solids identical?

Q4.18 Dogs cool off in hot weather by panting.
Write a chemical equation to describe this process and
calculate AH%.

www.Ebook777.com

Q4.19 Is AH for breaking the first C—H bond in methane
equal to the average C—H bond enthalpy in this molecule?
Explain your answer.

Q4.20 Humans cool off through perspiration. How does the
effectiveness of this process depend on the relative humidity?

Numerical Problems

Problem numbers in red indicate that the solution to the
problem is given in the Student’s Solutions Manual.

P4.1 Given the data in Table 4.1 (Appendix B, Data Tables)
and the following information, calculate the single bond
enthalpies and energies for Si-F, Si—Cl, C-F, N-F, O-F, H-F:

Substance SiF4(g) SiCly(g) CF4(2) NF5(g) OF,(2) HF (2)

AH} (kI mol ") —1614.9 —657.0 —925 —125 —22 —271

P4.2 At 1000. K, AH%=-123.77 kJ mol " for the reaction
Na(g) +3 Ha(g) — 2 NHa(g), with Cp,, = 3.502R, 3.466R,
and 4.217R for N,(g), Hy(g), and NHj3(g), respectively.
Calculate AH 7 of NHj3(g) at 450. K from this information.
Assume that the heat capacities are independent of temperature.

P4.3 A sample of K(s) of mass 2.740 g undergoes
combustion in a constant volume calorimeter at 298.15 K.
The calorimeter constant is 1849 J K‘l, and the measured
temperature rise in the inner water bath containing 1450. g of
water is 1.60 K. Calculate AU% and AH } for K,O.

P4.4 Calculate AH§ for NO(g) at 975 K, assuming that the
heat capacities of reactants and products are constant over the
temperature interval at their values at 298.15 K.

P4.5 The total surface area of the earth covered by ocean is
3.35 X 10® km?. Carbon is fixed in the oceans via photosyn-
thesis performed by marine plants according to the reaction

6 CO,(g) + 6 HyO(I) —— CeH1206(s) + 6 Oa(g).

A lower range estimate of the mass of carbon fixed in the
oceans is 44.5 metric tons/ km?. Calculate the annual enthalpy
change resulting from photosynthetic carbon fixation in the
ocean given earlier. Assume P =1 bar and 7= 298 K.

P4.6 Derive a formula for AH%(T') for the reaction CO(g) +
1/2 O5(g) — CO,(g) assuming that the heat capacities of
reactants and products do not change with temperature.

P4.7 Given the data in Table 4.3 and the data tables, calcu-
late the bond enthalpy and energy of the following:

a. The C—H bond in CHy4

b. The C—C single bond in C,Hg

¢. The C=C double bond in C,H,

Use your result from part (a) to solve parts (b) and (c).

P4.8 Use the following data at 298.15 K to complete this
problem:

AHp (kJ mol™)

1/2Hy(g) + 1/20,(g) — OH(g) 38.95
Hy(g) + 1/2 05(g) — Hx0(g) —241.814
Hy(g) — 2H(g) 435.994
Oy(g) —> 20(g) 498.34

Calculate AH% for

a. OH(g) — H(g) + O(g)

b. H,0(g) — 2H(g) + O(g)

¢. H0(g) — H(g) + OH(g)

Assuming ideal gas behavior, calculate AH§ and AU for all
three reactions.

P4.9 Calculate the standard enthalpy of formation of FeS,(s)
at 600.°C from the following data at 298.15 K. Assume that the
heat capacities are independent of temperature.

Substance Fe(s) FeS,(s) Fe,O3(s) S(rhombic) SO,(g)
AH$ (k) mol™) -824.2 -296.81
Cp,m/R 3.02 748 2.72

You are also given that for the reaction 2 FeSy(s) + 11/2 Ox(g)
—— Fe,05(s) + 4 SOx(g), AH% =—1655 kJ mol .

P4.10 The following data are a DSC scan of a solution of a

T4 lysozyme mutant. From the data determine 7;,,. Determine

also the excess heat capacity ACp at T =308 K. Determine

also the intrinsic 8C%' and transition C%* excess heat capaci-

ties at 7= 308 K. In your calculations use the extrapolated

curves, shown as dotted lines in the DSC scan.

A

Ce(7)

0.418 JK g1 /

288 298 308 318
Temperature/K

P4.11 At298 K, AH%=131.28 kJ mol ™! for the reaction
C(graphite) + HyO(g) —— CO(g) + Hy(g), with Cp_,, = 8.53,
33.58,29.12, and 28.82 J K~! mol™! for graphite, H,O(g),
CO(g), and Hy(g), respectively. Calculate AH g at 240°C from
this information. Assume that the heat capacities are inde-
pendent of temperature.
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P4.12  Consider the reaction TiO,(s) + 2 C(graphite) +

2 Clz(g) —> 2 CO(g) + T1C14(l) for which AH%’zggK =
—80. kJ mol L. Given the following data at 25°C, (a) calculate
AH$% at 135.8°C, the boiling point of TiCly, and (b) calculate
AH} for TiCly(l) at 25°C:

Substance TiOx(s) Cl(g) C(graphite) CO(g) TiCly(l)
AHS (kImol ™)  -945 ~110.5
Cpm(K ' mol™) 5506 3391 853  29.12 1452

Assume that the heat capacities are independent of temperature.

P4.13 Calculate AH% and AU% for the oxidation of
benzene. Also calculate

AH% — AUg
AH%
P4.14 Several reactions and their standard reaction

enthalpies at 298.15 K are given here:
AHj (iJ mol™)

CaCz(s) +2 HzO(l) — Ca(OH)z(S) + C2H2(g) —127.9
Ca(s) + 1/2 Ox(g) —> CaO(s) —635.1
CaO(s) + HyO(l) —— Ca(OH),(s) —65.2

The standard enthalpies of combustion of graphite and C,H,(g)
are —393.51 and —1299.58 kJ mol ', respectively. Calculate the
standard enthalpy of formation of CaC,(s) at 25°C.

P4.15 Benzoic acid, 1.35 g, is reacted with oxygen in a
constant volume calorimeter to form H,O(/) and CO,(g) at
298 K. The mass of the water in the inner bath is 1.55 X
103 g. The temperature of the calorimeter and its contents
rises 2.76 K as a result of this reaction. Calculate the
calorimeter constant.

P4.16 The total surface area of Asia consisting of forest,
cultivated land, grass land, and desert is 4.46 X 107 km?.
Every year, the mass of carbon fixed by photosynthesis by
vegetation covering this land surface according to the reac-
tion 6 COz(g) + 6 Hzo(l) — C6H1206(S) + 6 Oz(g) is
about 455. X 10° kg km 2. Calculate the annual enthalpy
change resulting from photosynthetic carbon fixation over
the land surface given earlier. Assume P = 1 bar and
T=298 K.

P4.17 Calculate AH} and AU at 298.15 K for the follow-
ing reactions:

a. 4NHs(g) + 6 NO(g) — 5N,(g) + 6 H,0(g)

b. 2NO(g) + Oy(g) — 2NO,(g)

c. TiCly(l) + 2H,0(/) — TiO,(s) + 4 HCI(g)

d. 2NaOH(aq) +H,SO4(ag) — Na,SO4(ag) +2 H,O()
Assume complete dissociation of NaOH, H,SO,, and
Na2504

e. CHy(g) + Hy0(g) — CO(g) + 3Hy(g)

f. CH;0H(g) + CO(g) — CH3COOH(/)

P4.18 A sample of Na,SOy(s) is dissolved in 225 g of water
at 298 K such that the solution is 0.325 molar in Na,SO,.
A temperature rise of 0.146°C is observed. The calorimeter
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constant is 330. J K™!. Calculate the enthalpy of solution of
Na,SOy in water at this concentration. Compare your result
with that calculated using the data in Table 4.1 (Appendix B,
Data Tables).

P4.19 Nitrogen is a vital component of proteins and nucleic
acids, and thus is necessary for life. The atmosphere is com-
posed of roughly 80% N, but most organisms cannot directly
utilize N, for biosynthesis. Bacteria capable of “fixing” nitro-
gen (i.e., converting N, to a chemical form, such as NHj,
which can be utilized in the biosynthesis of proteins and
nucleic acids) are called diazotrophs. The ability of some
plants like legumes to fix nitrogen is due to a symbiotic rela-
tionship between the plant and nitrogen-fixing bacteria that
live in the plant’s roots. Assume that the hypothetical reaction
for fixing nitrogen biologically is

Ny(g) + 3H,0(l) — 2 NHs(aq) + 50,(g)

a. Calculate the standard enthalpy change for the biosynthetic
fixation of nitrogen at 7= 298 K. For NH3(ag), ammonia
dissolved in aqueous solution, AH} = —80.3 kImol ..

b. In some bacteria, glycine is produced from ammonia by
the reaction

NH;(g) + 2 CHy(g) + 30(g)
— NH,CH,COOH(s) + H,0(/)

Calculate the standard enthalpy change for the
synthesis of glycine from ammonia. For glycine,
AH} = —5372k] mol ™!, Assume 7= 298 K.

c. Calculate the standard enthalpy change for the synthesis of
glycine from nitrogen, water, oxygen, and methane.

P4.20 If 3.365 g of ethanol C,HsOH(/) is burned com-
pletely in a bomb calorimeter at 298.15 K, the heat produced
18 99.472 kJ.

a. Calculate AH?,,,pusrion fOr ethanol at 298.15 K.
b. Calculate AH} of ethanol at 298.15 K.

P4.21 From the following data, calculate AH} 391 4 k for the
reaction CH3COOH(g) +2 O,(g) —— 2 H,0(g) +2 CO,(g):
AH$% (kJ mol™)
CH;COOH() +2 Oy(g) — 2 H,0()) +2 CO,(g) -871.5
H,0(l) — H,0(g) 40.656
CH;COOH(/) — CH3COOH(g) 244

Values for AH$ for the first two reactions are at 298.15 K,
and for the third reaction at 391.4 K.

Substance CH;COOH() O,(g) CO(g) H,0() H,0(g)
Cpm/R 14.9 353 446 9.055 4.038

P4.22 A 0.1429 g sample of sucrose C1,H»,01; is
burned in a bomb calorimeter. In order to produce the
same temperature rise in the calorimeter as the reaction,
2353 J must be expended.

a. Calculate AU and AH for the combustion of 1 mole
of sucrose.
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b. Using the data tables and your answer to (a), calculate
A H{ for sucrose.

c. The rise in temperature of the calorimeter and its contents
as a result of the reaction is 1.743 K. Calculate the heat
capacity of the calorimeter and its contents.

P4.23 Calculate AH% at 675 K for the reaction 4 NHs(g) +
6 NO(g) — 5 N»(g) + 6 H,O(g) using the temperature
dependence of the heat capacities from the data tables.
Compare your result with AH% at 298.15. Is the difference
large or small? Why?

P4.24  From the following data at 298.15 K as well as data
in Table 4.1 (Appendix B, Data Tables), calculate the standard
enthalpy of formation of H,S(g) and of FeS,(s):

AH% (kJ mol™)

-137.0
-562.0

Fe(s) + 2 HyS(g) — FeSy(s) + 2 Ha(g)
H,S(g) +3/2 O(g) — H,0()) +SOx(g)

P4.25 Using the protein DSC data in Problem P4.10, calcu-
late the enthalpy change between 7=288 K and T=318 K.
Give your answer in units of kJ per mole. Assume the molec-
ular weight of the protein is 14,000. grams. [Hint: You can
perform the integration of the heat capacity by estimating the
area under the DSC curve and above the dotted baseline in
Problem P4.10. This can be done by dividing the area up into
small rectangles and summing the areas of the rectangles.
Comment on the accuracy of this method.]

P4.26 Given the following heat capacity data at 298 K, cal-
culate AH % of CO,(g) at 525 K. Assume that the heat capaci-
ties are independent of temperature.

Substance C(graphite) 03(g) CO5(g)

8.52 28.8 37.1

Cpo/J mol 'K

P4.27 Calculate AH for the process in which Cl,(g) initially
at 298.15 K at 1 bar is heated to 690. K at 1 bar. Use the tem-
perature-dependent heat capacities in the data tables. How large
is the relative error if the molar heat capacity is assumed to be
constant at its value of 298.15 K over the temperature interval?

P4.28 From the following data at 298.15 K C, calculate the
standard enthalpy of formation of FeO(s) and of Fe,O5(s):

AH3 (kJ mol™)

Fe,O5(s) + 3 C(graphite) —> 2 Fe(s) +3 CO(g) 492.6

FeO(s) + C(graphite) —> Fe(s) + CO(g) 155.8
C(graphite) + Oy(g) —— CO»,(g) —393.51
CO(g) +1/2 Ox(g) — COx(g) —282.98

P4.29 Calculate the average C—H bond enthalpy in
methane using the data tables. Calculate the percent error in
equating the average C—H bond energy in Table 4.3 with the
bond enthalpy.
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P4.30 Use the average bond energies in Table 4.3 to esti-
mate AU for the reaction CoHy(g) + Hy(g) —— CoHg(g).
Also calculate AU} from the tabulated values of AH % for
reactant and products (Appendix B, Data Tables). Calculate
the percent error in estimating AU from the average bond
energies for this reaction.

P4.31 Use the tabulated values of the enthalpy of combus-
tion of benzene and the enthalpies of formation of CO,(g) and
H,O(!) to determine A H for benzene.

P4.32 Compare the heat evolved at constant pressure per
mole of oxygen in the combustion of sucrose (C1,H»,011)
and palmitic acid (C;¢H3,0,) with the combustion of a typi-
cal protein, for which the empirical formula is C4 3Hg ¢NO.
Assume for the protein that the combustion yields N»(g),
CO5(g), and H,O(/). Assume that the enthalpies for com-
bustion of sucrose, palmitic acid, and a typical protein are
5647 kJ mol ™!, 10,035 kJ mol™!, and 22.0 kJ g, respectively.
Based on these calculations, determine the average heat
evolved per mole of oxygen consumed, assuming combustion
of equal moles of sucrose, palmitic acid, and protein.

P4.33 A camper stranded in snowy weather loses heat by
wind convection. The camper is packing emergency rations
consisting of 58% sucrose, 31% fat, and 11% protein by
weight. Using the data provided in Problem P4.32 and assum-
ing the fat content of the rations can be treated with palmitic
acid data and the protein content similarly by the protein data
in Problem P4.32, how much emergency rations must the
camper consume in order to compensate for a reduction in
body temperature of 3.5 K? Assume the heat capacity of the
body equals that of water. Assume the camper weighs 67 kg.
State any additional assumptions.

P4.34 In order to get in shape for mountain climbing,

an avid hiker with a mass of 60. kg ascends the stairs in

the world’s tallest structure, the 828 m tall Burj Khalifa in
Dubai, United Arab Emirates. Assume that she eats

energy bars on the way up and that her body is 25%
efficient in converting the energy content of the bars into the
work of climbing. How many energy bars does she have to
eat if a single bar produces 1.08 X 10° kJ of energy upon
metabolizing?

P4.35 We return to the 60. kg hiker of P4.34, who is
climbing the 828 m tall Burj Khalifa in Dubai. If the
efficiency of converting the energy content of the bars into
the work of climbing is 25%, the remaining 75% of the
energy released through metabolism is heat released to her
body. She eats two energy bars and a single bar produces
1.08 X 10° kJ of energy upon metabolizing. Assume that
the heat capacity of her body is equal to that for water.
Calculate the increase in her temperature at the top of the
structure. Is your result reasonable? Can you think of a
mechanism by which her body might release energy to avoid
a temperature increase?
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Entropy and the
Second and Third Laws
of Thermodynamics

Real-world processes have a natural direction of change. Heat flows
from hotter bodies to colder bodies, and gases mix rather than separate.
Entropy, designated by S, is the state function that predicts the direction
of natural, or spontaneous, change and entropy increases for a sponta-
neous change in an isolated system. For a spontaneous change in a system
interacting with its environment, the sum of the entropy of the system
and that of the surroundings increases. In this chapter, we introduce
entropy, derive the conditions for spontaneity, and show how S varies with

the macroscopic variables P, V, and T.

5.

To this point, we have discussed g and w, as well as U and H. The first law of thermody-
namics states that in any process, the total energy of the universe remains constant.
However, it does not predict which of several possible energy conserving processes will
occur. Consider the following two examples. A metal rod initially at a uniform tempera-
ture could, in principle, undergo a spontaneous transformation in which one end becomes
hot and the other end becomes cold without being in conflict with the first law, as long as
the total energy of the rod remains constant. However, experience demonstrates that this
does not occur. Similarly, an ideal gas that is uniformly distributed in a rigid adiabatic
container could undergo a spontaneous transformation such that all of the gas moves to
one-half of the container, leaving a vacuum in the other half. For an ideal gas,
(0U/aV)r = 0, therefore the energy of the initial and final states is the same. Neither of
these transformations violates the first law of thermodynamics—and yet neither occurs.
Experience tells us that there is a natural direction of change in these two
processes. A metal rod with a temperature gradient reaches a uniform temperature at
some time after it has been isolated from a heat source. A gas confined to one-half of a
container with a vacuum in the other half distributes itself uniformly throughout the
container if a valve separating the two parts is opened. The transformations described
in the previous paragraph are unnatural transformations. The word unnatural is

The Universe Has a Natural Direction of
Change

Www.Ebook777.com

51

53
54

5.5

5.6

5.7

5.9

5.10

5.1

5.12

513

5.14

The Universe Has a Natural
Direction of Change

Heat Engines and the Second
Law of Thermodynamics

Introducing Entropy

Calculating Changes in
Entropy

Using Entropy to Calculate
the Natural Direction of a
Process in an Isolated System

The Clausius Inequality

The Change of Entropy in the
Surroundings and AS;y¢a =
AS + ASsurroundings

Absolute Entropies and the
Third Law of Thermodynamics

Standard States in Entropy
Calculations

Entropy Changes in Chemical
Reactions

(Supplemental) Energy
Efficiency: Heat Pumps,
Refrigerators, and Real
Engines

(Supplemental) Using the Fact
that S Is a State Function to
Determine the Dependence
ofSonVand T

(Supplemental) The
Dependence of S on T and P

(Supplemental) The
Thermodynamic
Temperature Scale

85

CHAPTER


http://www.ebook777.com

86

Free ebooks ==> www.Ebook777.com

CHAPTER 5 Entropy and the Second and Third Laws of Thermodynamics

used to indicate that such an energy-conserving process can occur but is extremely
unlikely. By contrast, the reverse processes, in which the temperature gradient along
the rod disappears and the gas becomes distributed uniformly throughout the con-
tainer, are natural transformations, also called spontaneous processes, which are
extremely likely. Spontaneous does not mean that the process occurs immediately, but
rather that it will occur with high probability if any barrier to the change is overcome.
For example, the transformation of a piece of wood to CO, and H,O in the presence of
oxygen is spontaneous, but it only occurs at elevated temperatures because an activa-
tion energy barrier must be overcome for the reaction to proceed.

Our experience is sufficient to predict the direction of spontaneous change for the
two examples cited, but can the direction of spontaneous change be predicted in less
obvious cases? In this chapter, we show that there is a thermodynamic function called
entropy that allows us to predict the direction of spontaneous change for a system in a
given initial state. For example, assume that a reaction vessel contains a given number
of moles of N,, H,, and NH;3 at 600 K and at a total pressure of 280 bar. An iron cata-
lyst is introduced that allows the mixture of gases to equilibrate according to
/2N, + 3/2H, NH;. What is the direction of spontaneous change, and what
are the partial pressures of the three gases at equilibrium? The answer to this question is
obtained by calculating the entropy change in the system and the surroundings.

Most students are initially uncomfortable when working with entropy because
entropy is further removed from direct experience than energy, work, or heat.
Historically, entropy was introduced by Clausius in 1850, several decades before
entropy was understood at a microscopic level by Boltzmann. Boltzmann’s explanation
of entropy will be presented in Chapter 32, and we briefly state his conclusions here. At
the microscopic level, matter consists of atoms or molecules that have energetic
degrees of freedom (i.e., translational, rotational, vibrational, and electronic), each of
which is associated with discrete energy levels that can be calculated using quantum
mechanics. Quantum mechanics also characterizes a molecule by a state associated
with a set of quantum numbers and a molecular energy. Entropy is a measure of the
number of quantum states accessible to a macroscopic system at a given energy.
Quantitatively, S = kIn W, where W is the number of states accessible to the system,
and k = R/N 4. As demonstrated later in this chapter, the entropy of an isolated system
is maximized at equilibrium. Therefore, the approach to equilibrium can be envisioned
as a process in which the system achieves the distribution of energy among molecules
that corresponds to a maximum value of W and, correspondingly, to a maximum in S.

5 Heat Engines and the Second Law of
-£. Thermodynamics

The development of entropy presented here follows the historical route by which this
state function was first introduced. The concept of entropy arose as 19th-century scien-
tists attempted to maximize the work output of engines. An automobile engine operates
in a cyclical process of fuel intake, compression, ignition and expansion, and exhaust,
which occurs several thousand times per minute and is used to perform work on the sur-
roundings. Because the work produced by such an engine is a result of the heat released
in a combustion process, it is referred to as a heat engine. An idealized version of a heat
engine is depicted in Figure 5.1. The system consists of a working substance (in this case
an ideal gas) confined in a piston and cylinder assembly with diathermal walls. This
assembly can be brought into contact with a hot reservoir at 7}, or a cold reservoir at
T.,14- The expansion or contraction of the gas caused by changes in its temperature drives
the piston in or out of the cylinder. This linear motion is converted to circular motion as
shown in Figure 5.1, and the rotary motion is used to do work in the surroundings.

The efficiency of a heat engine is of particular interest in practical applications.
Experience shows that work can be converted to heat with 100% efficiency. Consider
an example from calorimetry discussed in Chapter 4, in which electrical work is done
on a resistive heater immersed in a water bath. We observe that all of the electrical work
done on the heater has been converted to heat, resulting in an increase in the temperature
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of the water and the heater. What is the maximum theoretical efficiency of the reverse
process, the conversion of heat to work? As shown later, it is less than 100%. There is a
natural asymmetry in the efficiency of converting work to heat and converting heat to
work. Thermodynamics provides an explanation for this asymmetry.

As discussed in Section 2.7, the maximum work output in an isothermal expansion
occurs in a reversible process. For this reason, we next calculate the efficiency of a
reversible heat engine, because the efficiency of a reversible engine is an upper bound
to the efficiency of a real engine. This reversible engine converts heat into work by
exploiting the spontaneous tendency of heat to flow from a hot reservoir to a cold reser-
voir. It does work on the surroundings by operating in a cycle of reversible expansions
and compressions of an ideal gas in a piston and cylinder assembly. We discuss auto-
motive engines in Section 5.11.

The cycle for a reversible heat engine is shown in Figure 5.2 in a P-V diagram. The
expansion and compression steps are designed so that the engine returns to its initial state
after four steps. Recall from Section 2.7 that the area within the cycle equals the work done
by the engine. As discussed later, four separate isothermal and adiabatic steps are needed to
make the enclosed area in the cycle greater than zero. Beginning at point a, the first segment
is a reversible isothermal expansion in which the gas absorbs heat from the reservoir at 7j,,,
and does work on the surroundings. In the second segment, the gas expands further, this
time adiabatically. Work is also done on the surroundings in this step. At the end of the sec-
ond segment, the gas has cooled to the temperature 7, The third segment is an isother-
mal compression in which the surroundings do work on the system and heat is absorbed by
the cold reservoir. In the final segment, the gas is compressed to its initial volume, this time
adiabatically. Work is done on the system in this segment, and the temperature returns to
its initial value, 7}, In summary, heat is taken up by the engine in the first segment at
T}or and released to the surroundings in the third segment at 7.,;;. Work is done on the
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Adiabatic expansion

S =9

I
Py :
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I
I I I
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FIGURE 5.1

A schematic depiction of a heat engine is
shown. Changes in temperature of the
working substance brought about by con-
tacting the cylinder with hot or cold reser-
voirs generate a linear motion that is
mechanically converted to a rotary
motion, which is used to do work.

FIGURE 5.2

A reversible Carnot cycle for a sample of
an ideal gas working substance is shown
on an indicator diagram. The cycle con-
sists of two adiabatic and two isothermal
segments. The arrows indicate the direc-
tion in which the cycle is traversed. The
insets show the volume of gas and the
coupling to the reservoirs at the beginning
of each successive segment of the cycle.
The coloring of the contents of the cylin-
der indicates the presence of the gas and
not its temperature. The volume of the
cylinder shown is that at the beginning of
the appropriate segment.
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surroundings in the first two segments and on the system in the last two segments. An
engine is only useful if net work is done on the surroundings, that is, if the magnitude of the
work done in the first two steps is greater than the magnitude of the work done in the last
two steps. The efficiency of the engine can be calculated by comparing the net work per
cycle with the heat taken up by the engine from the hot reservoir.

Before carrying out this calculation, we discuss the rationale for the design of this
reversible cycle in more detail. To avoid losing heat to the surroundings at temperatures
between T}, and 7,4, adiabatic segments 2 (b — ¢) and 4 (d — a) are used to move the
gas between these temperatures. To absorb heat only at 7},,; and release heat only at 7,4
segments 1 (a — b) and 3 (¢ — d) must be isothermal. The reason for using alternating
isothermal and adiabatic segments is that no two isotherms at different temperatures inter-
sect, and no two adiabats starting from two different temperatures intersect. Therefore, it
is impossible to create a closed cycle of nonzero area in an indicator diagram out of
isothermal or adiabatic segments alone. However, net work can be done using alternating
adiabatic and isothermal segments. The reversible cycle depicted in Figure 5.2 is called a
Carnot cycle, after the French engineer who first studied such cycles.

The efficiency of the Carnot cycle can be determined by calculating g, w, and AU
for each segment of the cycle, assuming that the working substance is an ideal gas. The
results are shown first in a qualitative fashion in Table 5.1. The appropriate signs for g
and w are indicated. If AV > 0, w < 0 for the segment, and the corresponding entry for
work has a negative sign. For the isothermal segments, ¢ and w have opposite signs
because AU = g + w = 0. From Table 5.1, it is seen that

Weyele = Weq T Wyg + Wep + Whe and Yeycle = Yab + qea (5.1
Because AUy, =0,

Weycle = — (QCd + qab) 5.2)

By comparing the areas under the two expansion segments with those under the two
compression segments in the indicator diagram in Figure 5.2, we can see that the total
work as seen from the system is negative, meaning that work is done on the surround-
ings in each cycle. Using this result, we arrive at an important conclusion that relates
the heat flow in the two isothermal segments

Weycle < 0, therefore |‘Iab| > |‘ch| (5.3

More heat is withdrawn from the hot reservoir than is deposited in the cold reservoir as
is also seen by rearranging Equation (5.2) to the form g4, + Weyere = — Geq- It is use-
ful to make a model of this heat engine that indicates the relative magnitude and direc-
tion of the heat and work flow, as shown in Figure 5.3a. The figure makes it clear that
not all of the heat withdrawn from the higher temperature reservoir is converted to
work done by the system (the engine) on the surroundings.

The efficiency, &, of the reversible Carnot engine is defined as the ratio of the work
output to the heat withdrawn from the hot reservoir. Referring to Table 5.1,

Weycle _ Yab + qeq

e =
4ab qab
= 1_:%51: <1 because |g.p|>gcal, gup > 0,and g.g < 0 54
qab

TABLE 5.1 Heat, Work, and AU for the Reversible Carnot Cycle

Segment Initial State  Final State ¢ w AU

a—b Pu. Vs Thor Py, Vi, Thor - qap (+) Wap (=) AUab =0
b—c Pb» Vb, Thol Pu Vc’ Tcold 0 Whe (_) AU},‘. = Wbc(_)
c—d Po, Ve Teola Pas Vas Teota  qea (&) Weg (+) AUcd =0
d—a Pd» Vds Tcald Pw Vas Thot 0 Wda (+) AUda = Wda(+)
Cyde Py, Va, Thor Pos Vs Thot  Gab + qea +) Wap + Whe + Wed + W ) AUcycle =0
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Both ¢, and ¢, are nonzero because the corresponding processes are isothermal.
Equation (5.4) shows that the efficiency of a heat engine operating in a reversible
Carnot cycle is always less than one. Equivalently, not all of the heat withdrawn
from the hot reservoir can be converted to work. This conclusion is valid for all
engines and illustrates the asymmetry in converting heat to work and work to heat.

These considerations on the efficiency of reversible heat engines led to the
Kelvin—Planck formulation of the second law of thermodynamics:

It is impossible for a system to undergo a cyclic process whose sole effects are
the flow of heat into the system from a heat reservoir and the performance of an
equal amount of work by the system on the surroundings.

The second law asserts that the heat engine depicted in Figure 5.3b cannot be
constructed. Any heat engine must eject heat into the cold reservoir as shown in
Figure 5.3a. The second law has been put to the test many times by inventors who
have claimed that they have invented an engine that has an efficiency of 100%. No
such claim has ever been validated. To test the assertion made in this statement of
the second law, imagine that such an engine has been invented. We mount it on a
boat in Seattle and set off on a journey across the Pacific Ocean. Heat is extracted
from the ocean, which is the single heat reservoir, and is converted entirely to work
in the form of a rapidly rotating propeller. Because the ocean is huge, the decrease
in its temperature as a result of withdrawing heat is negligible. By the time we
arrive in Japan, not a gram of diesel fuel has been used, because all the heat needed
to power the boat has been extracted from the ocean. The money that was saved on
fuel is used to set up an office and begin marketing this wonder engine. Does this
scenario sound too good to be true? It is. Such an impossible engine is called a
perpetual motion machine of the second kind because it violates the second law
of thermodynamics. A perpetual motion machine of the first kind violates the
first law.

The first statement of the second law can be understood using an indicator dia-
gram. For an engine to produce work, the area of the cycle in a P—V diagram must be
greater than zero. However, this is impossible in a simple cycle using a single heat
reservoir. If T},; = T, in Figure 5.2, the cycle a — b — ¢ — d — a collapses to a
line, and the area of the cycle is zero. An arbitrary reversible cycle can be con-
structed that does not consist of individual adiabatic and isothermal segments.
However, as shown in Figure 5.4, any reversible cycle can be approximated by a
succession of adiabatic and isothermal segments, an approximation that becomes
exact as the length of each segment approaches zero. It can be shown that the effi-
ciency of such a cycle is also given by Equation (5.9) so that the efficiency of all
heat engines operating in any reversible cycle between the same two temperatures,
Ty and Ty, 1s identical.

A more useful form than Equation (5.4) for the efficiency of a reversible heat
engine can be derived by assuming that the working substance in the engine is an ideal
gas. Calculating the work flow in each of the four segments of the Carnot cycle using
the results of Sections 2.7 and 2.9,

Wyp = —nRTy,, lnvfh Wyp < 0because V, >V,

a

Wpe = nCV,m(Tculd - Thot) Wpe < 0 because Tcold < Thot

(5.5)

d
Weg = _nRTcold In—
Ve

Tcold )

As derived in Section 2.10, the volume and temperature in the reversible adiabatic seg-
ments are related by

Weq > Obecause V,; < V.,

Waq = NCy p(Thor — wy, > 0because Tyyy > Topla

-1 _ -1 -1 _ -1
Thoth - Tcoldvz and Tcoldvz - ThmVZ
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Hot reservoir

Hot reservoir

(b)

FIGURE 5.3

(a) A schematic model of the heat engine
operating in a reversible Carnot cycle.
The relative widths of the two paths leav-
ing the hot reservoir show the partitioning
between work and heat injected into the
cold reservoir. (b) The second law of ther-
modynamics asserts that it is impossible
to construct a heat engine that operates
using a single heat reservoir and converts
the heat withdrawn from the reservoir into
work with 100% efficiency as shown.

Pressure

Volume

FIGURE 5.4

An arbitrary reversible cycle, indicated by
the ellipse, can be approximated to any
desired accuracy by a sequence of alter-
nating adiabatic and isothermal segments.
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You will show in the end-of-chapter problems that V.. and V, can be eliminated from
the set of Equations (5.5) to yield

Vi
Weyele = _nR(Thot - Tcold) ln7 <0 (5.7)

a

Because AU,—,;, = 0, the heat withdrawn from the hot reservoir is

Vi
Gab = —Wap = NRTjp In = (5.8)
Va
and the efficiency of the reversible Carnot heat engine with an ideal gas as the working
substance can be expressed solely in terms of the reservoir temperatures.
_ |wC)’Cle| _ Thot = Teola T otq

e = =1 - <1 (5.9)
ab Thol Thor

The efficiency of this reversible heat engine can approach one only as 7', — 00
or T.,q — 0, neither of which can be accomplished in practice. Therefore, heat can
never be totally converted to work in a reversible cyclic process. Because wy, for an
engine operating in an irreversible cycle is less than the work attainable in a reversible

Cyde’ Eirreversible << Ereversible < L.

| EXAMPLE PROBLEM 5.1

Calculate the maximum work that can be done by a reversible heat engine operating
between 500. and 200. K if 1000. J is absorbed at 500. K.

Solution

The fraction of the heat that can be converted to work is the same as the fractional fall
in the absolute temperature. This is a convenient way to link the efficiency of an
engine with the properties of the absolute temperature.

T, 200. K
g=1-— -S4 = 0.600

Thor 500.K
w = &g, = 0.600 X 1000.J = 600.J I

In this section, only the most important features of heat engines have been discussed.
It can also be shown that the efficiency of a reversible heat engine is independent of the
working substance. For a more in-depth discussion of heat engines, the interested reader
is referred to Heat and Thermodynamics, seventh edition, by M. W. Zemansky and
R. H. Dittman (McGraw-Hill, 1997). We will return to a discussion of the efficiency of
engines when we discuss refrigerators, heat pumps, and real engines in Section 5.11.

5 3 Introducing Entropy

Equating the two formulas for the efficiency of the reversible heat engine given in
Equations (5.4) and (5.9),

Thor — Tcola _ Yab + qca 4ab qed
= or +

=0 (5.10)
Thot 9ab Thot Tcold

The last expression in Equation (5.10) is the sum of the quantity g,e,ersipie/ T around the
Carnot cycle. This result can be generalized to any reversible cycle made up of any
number of segments to give the important result stated in Equation (5.11):

?{ @% ~ 0 (5.11)
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5.4 CALCULATING CHANGES IN ENTROPY

This equation can be regarded as the mathematical statement of the second law.
What conclusions can be drawn from Equation (5.11)? Because the cyclic integral of
A Greversivie) T 18 zero, this quantity must be the exact differential of a state function.
This state function is called the entropy, and given the symbol S

ds = queverxible (5.12)
T
For a macroscopic change,
AS = /JQre;ersible (5.13)

Note that whereas 4G, cpersipie 1S NOt an exact differential, multiplying this quantity by
1/T makes the differential exact.

| EXAMPLE PROBLEM 5.2

a. Show that the following differential expression is not an exact differential:
RT
?dp + RdT

b. Show that RTdP + PRdT, obtained by multiplying the function in part (a) by P,
is an exact differential.

Solution

a. For the expression f(P,T)dP + g(P,T)dT to be an exact differential, the condi-
tion (0f(P,T)/dT)p = (9g(P,T)/dP)r must be satisfied as discussed in

Section 3.1. Because
a PR
P R OR
an =

oT P oP
P

the condition is not fulfilled.

b. Because (9(RT)/dT)p = R and (9(RP)/0P)r = R, RTdP + RPdT is an
exact differential.

Keep in mind that it has only been shown that S is a state function. It has not
yet been demonstrated that S is a suitable function for measuring the natural
direction of change in a process that the system may undergo. We will do so in
Section 5.5.

54 Calculating Changes in Entropy

The most important thing to remember in doing entropy calculations using Equation (5.13)
is that AS must be calculated along a reversible path. In considering an irreversible
process, AS must be calculated for a reversible process that proceeds between the same
initial and final states corresponding to the irreversible process. Because S is a state func-
tion, AS is necessarily path independent, provided that the transformation is between the
same initial and final states in both processes.

We first consider two cases that require no calculation. For any reversible adiabatic
process, Greversivie = 0, so that AS = f (Ad'qreversivie/ T) = 0. For any cyclic process,

AS = ¢ (dGreversivie/T) = 0, because the change in any state function for a cyclic
process is zero.
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Next consider AS for the reversible isothermal expansion or compression of an
ideal gas, described by V;,T; =V (,T;. Because AU = 0 for this case,
Vi
Greversible — — Wreversible = nRT 11’17 and (5.14)

1

d : 1 v
AS = /qreverstble = ? X Greversible = NR lnvf' (5.15)

T i
Note that AS > 0 for an expansion (Vy> V;) and AS < 0 for a compression (Vy< V).
Although the preceding calculation is for a reversible process, AS has exactly the same
value for any reversible or irreversible isothermal path that goes between the same ini-
tial and final volumes and satisfies the condition 7= T;. This is the case because S is a
state function.

Why does the entropy increase with increasing V at constant 7 if the system is viewed
at a microscopic level? As discussed in Section 15.2, the translational energy levels for
atoms and molecules are all shifted to lower energies as the volume of the system
increases. Therefore, more states of the system can be accessed at constant 7 as V
increases. This is a qualitative argument that does not give the functional form shown in
Equation (5.15). The logarithmic dependence arises because S is proportional to the loga-
rithm of the number of states accessible to the system rather than to the number of states.

Consider next AS for an ideal gas that undergoes a reversible change in 7 at constant
Vor P. For a reversible process described by V;, T; =V, T ¢, d'Grepersivie = CydT, and

d i nCy ,, dT T,
AS = [ Flreversivle o ~ nCypln—L (5.16)
‘ T T MmN,
For a constant pressure process described by P;, T; — P;, T ¢, @ repersinie = CpdT, and
d i nCp,, dT T
AS = Areversible _ Pm ~ nCp,, In of (5.17)
T T ' T;

The last expressions in Equations (5.16) and (5.17) are valid if the temperature interval
is small enough that the temperature dependence of Cy,, and Cp,, can be neglected.
Again, although AS has been calculated for a reversible process, Equations (5.16) and
(5.17) hold for any reversible or irreversible process between the same initial and final
states for an ideal gas.

We again ask what a microscopic model would predict for the dependence of S on 7.
As discussed in Chapter 30, the probability of a molecule accessing a state with energy E;
is proportional to exp(—E;/kgT ). This quantity increases exponentially as 7 increases, so
that more states become accessible to the system as 7 increases. Because S is a measure
of the number of states the system can access, it increases with increasing 7. Again, the
logarithmic dependence arises because S is proportional to the logarithm of the number of
states accessible to the system rather than to the number of states.

The results of the last two calculations can be combined in the following way.
Because the macroscopic variables V,T or BT completely define the state of an ideal
gas, any change V;, T, — V¢, Ty can be separated into two segments, V,;,T; — VT
and Vg, T;—> V4, Ty. A similar statement can be made about P and 7. Because S is a
state function, AS is independent of the path. Therefore, any reversible or irreversible
process for an ideal gas described by V;, T; — V¢, T; can be treated as consisting of
two segments, one of which occurs at constant volume and the other of which occurs at
constant temperature. For this two-step process, AS is given by

Vy Ty
AS = nRln— + nCy ,, In— (5.18)
Vi T
Similarly, for any reversible or irreversible process for an ideal gas described by
P i Ti — P 1 T f

Py Ty
AS = —nRIn—=+ nCp,,In— (5.19)

i i
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In writing Equations (5.18) and (5.19), it has been assumed that the temperature
dependence of Cy,,, and Cp,, can be neglected over the temperature range of interest.

| EXAMPLE PROBLEM 5.3

Using the equation of state and the relationship between Cp,, and Cy,, for an ideal gas,
show that Equation (5.18) can be transformed into Equation (5.19).

Solution
\% T T ¢P; T

nR lnff+nClenff=ann +nCVm1nff
V; ’ T; TPy ’ T;

AS

Py Ty Py Ty
—nR ln? + n(Cy,, + R)ln? = —ann? + nCP,mln? I

i i i i

Next consider AS for phase changes. Experience shows that a liquid is con-
verted to a gas at a constant boiling temperature through heat input if the process is
carried out at constant pressure. Because gp = AH, AS for the reversible process

is given by
_ A Greversible _Yreversible AH”“P””Z“”””
ASUaporization - - - (5-20)
T Tvaporization Tvaporization
Similarly, for the phase change solid — liquid,
_ A Greversible _ Yreversible AHf usion
ASfusion - - - (5.21)
T T fusion T fusion

Finally, consider AS for an arbitrary process involving real gases, solids, and lig-
uids for which the isobaric volumetric thermal expansion coefficient 8 and the isother-
mal compressibility k, but not the equation of state, are known. The calculation of AS
for such processes is described in Supplemental Sections 5.12 and 5.13, in which the
properties of S as a state function are fully exploited. The results are stated here. For the
system undergoing the change V;, T; = V¢, Ty,

Ty Vi
_ [Cy B .. Ty B
AS = / T dT + KdV = Cyln T, + K(Vf V) (5.22)
T; v,

In deriving the last result, it has been assumed that k and 3 are constant over the tem-
perature and volume intervals of interest. For the system undergoing a change P;,
Ti — P £ T f

[C
AS = 7dT - /VBdP (5.23)

For a solid or liquid, the last equation can be simplified to

T,
AS = Cp 1n7f —VB(P; — P) (5.24)
i
if Cp, V, and 3 are assumed constant over the temperature and pressure intervals of
interest. The integral forms of Equations (5.22) and (5.23) are valid for ideal and real
gases, liquids, and solids. Examples of calculations using these equations are given in
Example Problems 5.4 through 5.6.
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| EXAMPLE PROBLEM 5.4

One mole of CO gas is transformed from an initial state characterized by 7; = 320. K
and V;=80.0 L to a final state characterized by Ty= 650. K and Vy=120.0 L. Using
Equation (5.22), calculate AS for this process. Use the ideal gas values for 8 and «.

For CO,
CV, m T _5 T2 8 T3
T oo 31.08 — 0.01452 — + 3.1415 X 10 5 1.4973 X 10 3
Jmol 'K K K K
Solution

For an ideal gas,

1 (av) 1 <G[nRT/P}> 1
B=——) =-——) == and
vier /), v aT p T

=), - -

Consider the following reversible process in order to calculate AS. The gas is first
heated reversibly from 320. to 650. K at a constant volume of 80.0 L. Subsequently, the
gas is reversibly expanded at a constant temperature of 650. K from a volume of 80.0 L
to a volume of 120.0 L. The entropy change for this process is obtained using the inte-
gral form of Equation (5.22) with the values of 3 and « cited earlier. The result is

Ty v
c
AS = /VdT + nRIn—"
T Vi
T;
AS =
T T° T’
630:(31.08 — 0.01452 — + 3.1415 X 107 — — 1.4973 X 107° —)
K K KT
I'mol X d—
T K
320. K
R 1200L
+ 1mol X 8314JK "mol * X In
80.0 L

=22025J K — 4792 1K' + 5028) K!
— 1207 K+ 33711 K !

=244 JK! I
| EXAMPLE PROBLEM 5.5

In this problem, 2.50 mol of CO, gas is transformed from an initial state characterized
by T; =450. K and P; = 1.35 bar to a final state characterized by Ty = 800. K and P,=
3.45 bar. Using Equation (5.23), calculate AS for this process. Assume ideal gas
behavior and use the ideal gas value for 8. For CO,,

Cpm LT s T? T
I —— 18.86 + 7.937 X 10— — 6.7834 X 10 - + 2.4426 X 10 3
J mol™" K K K K
Solution

Consider the following reversible process in order to calculate AS. The gas is first
heated reversibly from 450. to 800. K at a constant pressure of 1.35 bar. Subsequently,
the gas is reversibly compressed at a constant temperature of 800. K from a pressure of
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1.35 bar to a pressure of 3.45 bar. The entropy change for this process is obtained
using Equation (5.23) with the value of 8 = 1/T from Example Problem 5.4.

T, Py Ty Py Ty p
C C dP C :
AS = Par — VBdP = “Par —nRr | = = —PdT—annff
T T P T P;
T; P; T; P; T

T T2 73
800.(18.86 + 7.937 X102 — — 6.7834 X 107> — + 2.4426 X 1078 —
K K2 K/ T

=2.50 X/ p
z K
450. L
—2.50mol X 8.314 J K 'mol™! x lnm
' ' 1.35 bar
= 73T K ! 4+ 6945 T K" — 37101 K + 857 J K~
-19.50 J K !

= 486 J K! I
| EXAMPLE PROBLEM 5.6

In this problem, 3.00 mol of liquid mercury is transformed from an initial state charac-
terized by T; = 300. K and P; = 1.00 bar to a final state characterized by Ty= 600. K
and Py =3.00 bar.
a. Calculate AS for this process; 8 =1.81 X 107 K‘l, p=1354¢ cm‘3, and Cp,,
for Hg(l) = 27.98 J mol 'K~

b. What is the ratio of the pressure-dependent term to the temperature-dependent
term in AS? Explain your result.
Solution

a. Because the volume changes only slightly with temperature and pressure over the
range indicated,

Ty Py
Cp Ty
AS = 7dT — [ VBAP ~ nCp,, 1n7 — nV,.B(P; — P)
T; P; '
600. K
= 3.00mol X 27.98 Jmol 'K X In
300. K

200.59 gmol !

10%cm3

m3

—3.00mol X X 1.81 X 104K X 2.00 bar

13.54 gem ™ X

X 10° Pabar !
=582JK' —161x103JK!'=58271K"!

b. The ratio of the pressure-dependent to the temperature-dependent term is
-3 X 107. Because the volume change with pressure is very small, the
contribution of the pressure-dependent term is negligible in comparison with
the temperature-dependent term. _J

As Example Problem 5.6 shows, AS for a liquid or solid as both P and 7 change is
dominated by the temperature dependence of S. Unless the change in pressure is very
large, AS for liquids and solids can be considered to be a function of temperature only.
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ar

bl -

FIGURE 5.5

Two systems at constant P, each consisting
of a metal rod, are placed in thermal con-
tact. The temperatures of the two rods differ
by AT. The composite system is contained
in a rigid adiabatic enclosure (not shown)
and is, therefore, an isolated system.

TV
Ty'/2 Vi

Initial state Final state
Irreversible process

(@)

Initial state Final state
Reversible process
(b)
FIGURE 5.6

(a) An irreversible process is shown in
which an ideal gas confined in a container
with rigid adiabatic walls is spontaneously
reduced to half its initial volume. (b) A
reversible isothermal compression is shown
between the same initial and final states as
for the irreversible process. Reversibility is
achieved by adjusting the rate at which the
beaker on top of the piston is filled with
water relative to the evaporation rate.

Using Entropy to Calculate the Natural
5 5 Direction of a Process in an Isolated
.-/ System

To show that AS is useful in predicting the direction of spontaneous change, we now
return to the two processes introduced in Section 5.1. The first process concerns the
natural direction of change in a metal rod with a temperature gradient. Will the gradient
become larger or smaller as the system approaches its equilibrium state? To model this
process, consider the isolated composite system shown in Figure 5.5. Two systems, in
the form of metal rods with uniform, but different, temperatures 7 > T,, are brought
into thermal contact.

In the following discussion, heat is withdrawn from the left rod. (The same reason-
ing would hold if the direction of heat flow were reversed.) To calculate AS for this
irreversible process using the heat flow, one must imagine a reversible process in which
the initial and final states are the same as for the irreversible process. In the imaginary
reversible process, the rod is coupled to a reservoir whose temperature is lowered very
slowly. The temperatures of the rod and the reservoir differ only infinitesimally
throughout the process in which an amount of heat, gp, is withdrawn from the rod. The
total change in temperature of the rod, AT, is related to ¢p by

_ _ L / _
dqp = CpdT or AT = dqp = (5.25)
Cp Cp
It has been assumed that AT = T, — T is small enough that Cp is constant over the
interval.

Because the path is defined (constant pressure), f g p is independent of how rapidly
the heat is withdrawn (the path); it depends only on Cp and AT. More formally, because
gp = AH and because H is a state function, gp is independent of the path between the
initial and final states. Therefore, ¢p = Grepersivie if the temperature increment AT is
identical for the reversible and irreversible processes.

Using this result, the entropy change for this irreversible process in which heat
flows from one rod to the other is calculated. Because the composite system is isolated,
q1 T+ g = 0,and q; = —¢» = ¢gp. The entropy change of the composite system is the
sum of the entropy changes in each rod

Yreversible,l Yreversible,2 q1 q> 1

AS = + =—+ ==gqgp| — — — (5.26)
T, L) r, T,

Because T > T, the quantity in parentheses is negative. This process has two possible

directions:

® If heat flows from the hotter to the colder rod, the temperature gradient will become
smaller. In this case, gp <0 and AS > 0.

* If heat flows from the colder to the hotter rod, the temperature gradient will become
larger. In this case, gp >0 and AS < 0.

Note that AS has the same magnitude, but a different sign, for the two directions of
change. AS appears to be a useful function for measuring the direction of natural
change in an isolated system. Experience tells us that the temperature gradient will
become less with time. It can be concluded that the process in which S increases is the
direction of natural change in an isolated system.

Next, consider the second process introduced in Section 5.1 in which an ideal
gas spontaneously collapses to half its initial volume without a force acting on it.
This process and its reversible analog are shown in Figure 5.6. Recall that U is
independent of V for an ideal gas. Because U does not change as V increases, and U
is a function of T only for an ideal gas, the temperature remains constant in the irre-
versible process. Therefore, the spontaneous irreversible process shown in Figure 5.6a
is both adiabatic and isothermal and is described by V;, T; — 1/2V;, T;. The imagi-
nary reversible process that we use to carry out the calculation of AS is shown in
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Figure 5.6b. In this process, which must have the same initial and final states as the
irreversible process, water is slowly and continuously added to the beaker on the
piston to ensure that P = P, .- The ideal gas undergoes a reversible isothermal
transformation described by V;, T; — 1/2V;, T;. Because AU = 0, g = —w. We cal-
culate AS for this process:

1
AS :/d’qreversible _ Yreversible _ Wyeversible = nR II’ILVi — —nRIn2 <0 (5.27)
T T; T; V;

For the opposite process, in which the gas spontaneously expands so that it occupies
twice the volume, the reversible model process is an isothermal expansion for which

2V,
AS = nR 1n7 =nRIn2 >0 (5.28)
i
Again, the process with AS > 0 is the direction of natural change in this isolated
system. The reverse process for which AS < 0 is the unnatural direction of change.
The results obtained for isolated systems are generalized in the following statement:

For any irreversible process in an isolated system, there is a unique direction of
spontaneous change: AS > 0 for the spontaneous process, AS < 0 for the
opposite or nonspontaneous direction of change, and AS = 0 only for a
reversible process. In a quasi-static reversible process, there is no direction of
spontaneous change because the system is proceeding along a path, each step of

L which corresponds to an equilibrium state. )

We cannot emphasize too strongly that AS > 0 is a criterion for spontaneous
change only if the system does not exchange energy in the form of heat or work with its
surroundings. Note that if any process occurs in the isolated system, it is by definition
spontaneous and the entropy increases. Whereas U can neither be created nor destroyed,
S for an isolated system can be created (AS > 0), but not destroyed (AS < 0).

56 The Clausius Inequality

In the previous section, it was shown using two examples that AS > 0 provides a crite-
rion to predict the natural direction of change in an isolated system. This result can also
be obtained without considering a specific process. Consider the differential form of
the first law for a process in which only P—V work is possible

dU = dq — PexternadV (5.29)

Equation (5.29) is valid for both reversible and irreversible processes. If the process is
reversible, we can write Equation (5.29) in the following form:

dU = dq,epersiie — PdV = TdS — PdV (5.30)

Because U is a state function, dU is independent of the path, and Equation (5.30) holds
for both reversible and irreversible processes, as long as there are no phase transitions
or chemical reactions, and only P—V work occurs.

To derive the Clausius inequality, we equate the expressions for dU in Equations (5.29)
and (5.30):

’JQreversible - ’dq = (P - Pexternal)dv (5-31)

If P— P,erna > 0, the system will spontaneously expand, and dV > 0. If
P — Porrornat < 0, the system will spontaneously contract, and dV < 0. In both possi-
ble cases, (P — P,yernar)dV > 0. Therefore, we conclude that

A Groversivie — dq = TdS — dq = 0or TdS = dq (5.32)
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The equality holds only for a reversible process. We rewrite the Clausius inequality in
Equation (5.32) for an irreversible process in the form

dq
ds > o (5.33)

For an irreversible process in an isolated system, .dq = 0. Therefore, we have again
proved that for any irreversible process in an isolated system, AS > 0.

How can the result from Equations (5.29) and (5.30) that
dU = dq — PoyiornadV = TdS — PdV be reconciled with the fact that work and heat
are path functions? The answer is that 4w = —PdV and dq = TdS, where the equali-
ties hold only for a reversible process. The result &g + dw = TdS — PdV states that
the amount by which the work is greater than —PdV and the amount by which the heat is
less than 7dS in an irreversible process involving only PV work are exactly equal.
Therefore, the differential expression for dU in Equation (5.30) is obeyed for both
reversible and irreversible processes. In Chapter 6, the Clausius inequality is used to gen-
erate two new state functions, the Gibbs energy and the Helmholtz energy. These func-
tions allow predictions to be made about the direction of change in processes for which
the system interacts with its environment.

The Clausius inequality is next used to evaluate the cyclic integral f dq/T for an
arbitrary process. Because dS = G opersivie/ T the value of the cyclic integral is zero
for a reversible process. Consider a process in which the transformation from state 1 to
state 2 is reversible, but the transition from state 2 back to state 1 is irreversible:

2 1
ﬁ _ ’JQreversible + d%rreversible (5.34)
T T T
1 2
The limits of integration on the first integral can be interchanged to obtain
1 1
ﬁ _ JQreversible + J%’rreversible (5.35)
T T T
2 2
Exchanging the limits as written is only valid for a state function. Because

'JQreversible > 'd%rreversible
A
?{ <4 _ (5.36)
T

where the equality only holds for a reversible process. Note that the cyclic integral of
an exact differential is always zero, but the integrand in Equation (5.36) is only an exact
differential for a reversible cycle.

The Change of Entropy

5 7 in the Surroundings and
: AS¢otal = AS + Assurroundings

As shown in Section 5.6, the entropy of an isolated system increases in a spontaneous
process. Is it always true that a process is spontaneous if AS for the system is positive?
As shown later, this statement is only true for an isolated system. In this section, a crite-
rion for spontaneity is developed that takes into account the entropy change in both the
system and the surroundings.

In general, a system interacts only with the part of the universe that is very close.
Therefore, one can think of the system and the interacting part of the surroundings as
forming an interacting composite system that is isolated from the rest of the universe.
The part of the surroundings that is relevant for entropy calculations is a thermal reser-
voir at a fixed temperature, 7. The mass of the reservoir is sufficiently large that its tem-
perature is only changed by an infinitesimal amount d7° when heat is transferred
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between the system and the surroundings. Therefore, the surroundings always remain
in internal equilibrium during heat transfer.

Next consider the entropy change of the surroundings, whereby the surroundings
are at either constant V or constant P. We assume that the system and surroundings are
at the same temperature. If this were not the case, heat would flow across the boundary
until 7 is the same for system and surroundings, unless the system is surrounded by adi-
abatic walls, in which case Gy rroundings = 0- The amount of heat absorbed by the sur-
roundings, Ggrroundingss depends on the process occurring in the system. If the
surroundings are at constant V, Gurroundings = AU surroundings> and if the surroundings
are at constant P, Gsurroundings = AH surroundings- Because H and U are state functions,
the amount of heat entering the surroundings is independent of the path; ¢ is the same
whether the transfer occurs reversibly or irreversibly. Therefore,

JQSurroundings .
dSsurroundings = —y o for a macroscopic change,

4 surroundings

A*S'surrounalings = T (5.37)
Note that the heat that appears in Equation (5.37) is the actual heat transferred because
the heat transferred to the surroundings is independent of the path as discussed earlier.
By contrast, in calculating AS for the system, .@'q, yersinie fOT @ reversible process that
connects the initial and final states of the system must be used, not the actual .€¢ for the
process. It is essential to understand this reasoning in order to carry out calculations
for AS and ASsurroumz’ings-

This important difference is discussed in calculating the entropy change of the system
as opposed to the surroundings with the aid of Figure 5.7. A gas (the system) is enclosed
in a piston and cylinder assembly with diathermal walls. The gas is reversibly compressed
by the external pressure generated by droplets of water slowly filling the beaker on top of
the piston. The piston and cylinder assembly is in contact with a water bath thermal reser-
voir that keeps the temperature of the gas fixed at the value 7. In Example Problem 5.7,
AS and AS g,y oundings are calculated for this reversible compression.

| EXAMPLE PROBLEM 5.7

One mole of an ideal gas at 300. K is reversibly and isothermally compressed from a
volume of 25.0 L to a volume of 10.0 L. Because the water bath thermal reservoir in
the surroundings is very large, 7 remains essentially constant at 300. K during the
process. Calculate AS, AS g, roundingss and AS;p1q-

Solution

Because this is an isothermal process, AU = 0, and ¢,,yeysipte = —W. From Section 2.7,

w RT v RT1 Yy
. e = n —_—= n ni
reversible % Vi
Vi
10.0L
= 1.00 mol X 8.314 Jmol 'K™! X 300. K X In = — 2285 X 10°J
25.0L
The entropy change of the system is given by
AS = dqreversible _ reversible _ —2.285 X 103] = —762] Kil
T T 300. K
The entropy change of the surroundings is given by
4 surroundings qsystem 2.285 X 103J —
ASsurrm,tmz,’ings = T = T = 300.K = 762JK!
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FIGURE 5.7

A sample of an ideal gas (the sys-
tem) is confined in a piston and
cylinder assembly with diathermal
walls. The assembly is in contact
with a thermal reservoir that holds
the temperature at a value of 300 K.
Water dripping into the beaker on the
piston increases the external pressure
slowly enough to ensure a reversible
compression. The value of the pres-
sure is determined by the relative
rates of water filling and evaporation
from the beaker. The directions of
work and heat flow are indicated.
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The total change in the entropy is given by
ASiorar = AS + ASgurroundings = —762TK ' +7.62JK' =0 I

Because the process in Example Problem 5.7 is reversible, there is no direction of
spontaneous change and, therefore, AS;,;,; = 0. In Example Problem 5.8, this calcula-
tion is repeated for an irreversible process that goes between the same initial and final
states of the system.

| EXAMPLE PROBLEM 5.8

One mole of an ideal gas at 300. K is isothermally compressed by a constant external
pressure equal to the final pressure in Example Problem 5.7. At the end of the process,
P =P, erna- Because P # P, at all but the final state, this process is irreversible.
The initial volume is 25.0 L and the final volume is 10.0 L. The temperature of the sur-
roundings is 300. K. Calculate AS, AS g oundings> ad AS 414

Solution
We first calculate the external pressure and the initial pressure in the system

RT  1mol X 8314 Jmol 'K™! X 300. K
=t 1mo o = 2.494 X 10° Pa

Pexternal v 1 m3
10.0L X —

10°L

RT 1 mol X 8314 Jmol 'K™! X 300. K
p=""0 = S0 —— = 9.977 X 10* Pa

\% 1m
250L X —

10°L

Because P01 > Pj, wWe expect that the direction of spontaneous change will be the
compression of the gas to a smaller volume. Because AU = 0,

q=—W=Poyorna(Vy — Vi) = 2494 X 10°Pa
X (10.0 X 1073 m® — 25.0 X 103 m®) = —3.741 X 10°J
The entropy change of the surroundings is given by:

4 surroundings q 3.741 X 10°] _
ASsurrm,mdings = T = _? = 300. K = 1247TK!

The entropy change of the system must be calculated on a reversible path and has the
value obtained in Example Problem 5.7
AS = /'d(’Ireversible _ Yreversible —2.285 X 103 J
T

= = —762JK!
T 300. K

Itis seen that AS < 0, and AS,oundings > 0. The total change in the entropy is
given by

ASiorar = AS + ASgurroundings = —762TK ' + 1247TK ' = 485JK! I

The previous calculations lead to the following conclusion: if the system and the part
of the surroundings with which it interacts are viewed as an isolated composite system,
the criterion for spontaneous change is AS;yq = AS + ASgoundings > 0. A
decrease in the entropy of the universe will never be observed, because AS,,,,; = 0 for
any change that actually occurs. Any process that occurs in the universe is by definition
spontaneous and leads to an increase of S,,,,;. Therefore, AS,,;,; > 0 as time increases,
which defines a unique direction of time. Consider the following example to illustrate the
connection between entropy and time: we view a movie in which two ideal gases are
mixed, and then run the movie backward, separation of the gases occurs. We cannot
decide which direction corresponds to real time (the spontaneous process) on the basis of
the first law. However, using the criterion AS,,,,; = 0, the direction of real time can be
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5.8 ABSOLUTE ENTROPIES AND THE THIRD LAW OF THERMODYNAMICS

established. The English astrophysicist Eddington coined the phrase “entropy is time’s
arrow” to emphasize this relationship between entropy and time.

Note that a spontaneous process in a system that interacts with its surroundings is not
characterized by AS > 0, but by AS,,;,; > 0. The entropy of the system can decrease in
a spontaneous process, as long as the entropy of the surroundings increases by a greater
amount. In Chapter 6, the spontaneity criterion AS, .,y = AS + AS g, pundgings > 0 will
be used to generate two state functions, the Gibbs energy and the Helmholtz energy.
These functions allow one to predict the direction of change in systems that interact with
their environment using only the changes in system state functions.

5 Absolute Entropies and the Third Law of
- Thermodynamics

All elements and many compounds exist in three different states of aggregation. One or
more solid phases are the most stable forms at low temperature, and when the tempera-
ture is increased to the melting point, a constant temperature transition to the liquid
phase is observed. After the temperature is increased further, a constant temperature
phase transition to a gas is observed at the boiling point. At temperatures higher than
the boiling point, the gas is the stable form.

The entropy of an element or a compound is experimentally determined using heat
capacity data through the relationship @ q,cyersipie.p = CpdT . Just as for the thermo-
chemical data discussed in Chapter 4, entropy values are generally tabulated for a stan-
dard temperature of 298.15 K and a standard pressure of 1 bar. We describe such a
determination for the entropy of O, at 298.15 K, first in a qualitative fashion, and then
quantitatively in Example Problem 5.9.

The experimentally determined heat capacity of O, is shown in Figure 5.8 as a
function of temperature for a pressure of 1 bar. O, has three solid phases, and transi-
tions between them are observed at 23.66 and 43.76 K. The solid form that is stable
above 43.76 K melts to form a liquid at 54.39 K. The liquid vaporizes to form a gas at
90.20 K. These phase transitions are indicated in Figure 5.8. Experimental measure-
ments of Cp,, are available above 12.97 K. Below this temperature, the data are extrap-
olated to zero kelvin by assuming that in this very low temperature range Cp,, varies
with temperature as T3. This extrapolation is based on a model of the vibrational spec-
trum of a crystalline solid that will be discussed in Chapter 32. The explanation for the
dependence of Cp,, on T'is the same as that presented for Cl, in Section 2.4.

Under constant pressure conditions, the molar entropy of the gas can be expressed
in terms of the molar heat capacities of the solid, liquid, and gaseous forms and the
enthalpies of fusion and vaporization as

Ty solid , T, liquid ..,
S (T) _g (OK) +/CP,m aT " AHfusian CP,m dr
m — Ym ’ ’
T T, T
0 ! T,
T _gas '
A[-]vaporizatian CP,m dT
N + , (5.38)
T, T
Ty

If the substance has more than one solid phase, each will give rise to a separate integral.
Note that the entropy change associated with the phase transitions solid — liquid and
liquid — gas discussed in Section 5.4 must be included in the calculation. To obtain a
numerical value for S,,(7), the heat capacity must be known down to zero kelvin, and
S,,(0 K) must also be known.

We first address the issue of the entropy of a solid at zero kelvin. The third law of
thermodynamics can be stated in the following form, due to Max Planck:

The entropy of a pure, perfectly crystalline substance (element or compound) is
zero at zero kelvin.
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FIGURE 5.8

The experimentally determined heat
capacity for O, is shown as a function of
temperature below 125 K. The dots are data
from Giauque and Johnston [J. American
Chemical Society 51 (1929), 2300]. The red
solid lines below 90 K are polynomial fits to
these data. The red line above 90 K is a fit to
data from the NIST Chemistry Webbook.
The blue line is an extrapolation from 12.97
to 0 K as described in the text. The vertical
dashed lines indicate constant tempera-
ture-phase transitions, and the most stable
phase at a given temperature is indicated
in the figure.
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FIGURE 5.9

Cp/T as a function of temperature for O,.
The vertical dashed lines indicate constant
temperature-phase transitions, and the
most stable phase at a given temperature
is indicated in the figure.

FIGURE 5.10

The molar entropy for O, is shown as a
function of temperature. The vertical
dashed lines indicate constant temperature-
phase transitions, and the most stable
phase at a given temperature is indicated
in the figure.
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A more detailed discussion of the third law using a microscopic model will be presented
in Chapter 32. Recall that in a perfectly crystalline atomic (or molecular) solid, the position
of each atom is known. Because the individual atoms are indistinguishable, exchanging the
positions of two atoms does not lead to a new state. Therefore, a perfect crystalline solid has
only one state at zero kelvin and S = kInW = kln1 = 0. The importance of the third
law is that it allows calculations of the absolute entropies of elements and compounds to be
carried out for any value of 7. To calculate S at a temperature 7 using Equation (5.38), the
Cp, data of Figure 5.8 are graphed in the form Cp,,/T as shown in Figure 5.9.

The entropy can be obtained as a function of temperature by numerically integrating
the area under the curve in Figure 5.9 and adding the entropy changes associated with
phase changes at the transition temperatures. Calculations of S,, for O, at 298.15 K are
carried out in Example Problem 5.9 and S,,(T')is shown in Figure 5.10.

One can also make the following general remarks about the relative magnitudes of
the entropy of different substances and different phases of the same substance. These
remarks will be justified on the basis of a microscopic model in Chapter 32.

* Because Cp/T in a single phase region and AS for melting and vaporization are
always positive, S,, for a given substance is greatest for the gas-phase species. The
molar entropies follow the order S5%5 > gliquid . gsolid

* The molar entropy increases with the size of a molecule because the number of
degrees of freedom increases with the number of atoms. A non-linear gas-phase
molecule has three translational degrees of freedom, three rotational degrees of free-
dom, and 3n — 6 vibrational degrees of freedom. A linear molecule has three transla-
tional, two rotational, and 3n — 5 vibrational degrees of freedom. For a molecule in a
liquid, the three translational degrees of freedom are converted to local vibrational
modes because of the attractive interaction between neighboring molecules.

200 —
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5.8 ABSOLUTE ENTROPIES AND THE THIRD LAW OF THERMODYNAMICS 103

® A solid has only vibrational modes. It can be modeled as a three-dimensional array
of coupled harmonic oscillators as shown in Figure 5.11. This solid has a wide
spectrum of vibrational frequencies, and solids with a large binding energy have
higher frequencies than more weakly bound solids. Because modes with high fre-
quencies are not activated at low temperatures, gsolid jg larger for weakly bound
solids than for strongly bound solids at low and moderate temperatures.

* The entropy of all substances is a monotonically increasing function of temperature.

| EXAMPLE PROBLEM 5.9

The heat capacity of O, has been measured at 1 atm pressure over the interval 12.97 K
< T <298.15 K. The data have been fit to the following polynomial series in 7/K, in
order to have a unitless variable:

0K<T<1297K:

Cpu(T) LT
o = 21 X107 —

Jmol " K K
1297 K< T < 23.66 K:

CP, (T) T T2 T3
= 5666 + 0.6927 - — 5191 X 1070 + 9,943 X 1074
Jmol " K K K K

23.66 K < T<43.76 K:

CralT) r 7° —4 T3
=7 = 31.70 — 2.038 > + 0.08384 — — 6.685 X 10 =
Jmol " K K K <

4376 K< T <5439 K:

CP,m(T)
Jmol 'K
54.39 K< T<90.20 K:
Cpu(T) T T? T3
e T e 81.268 — 1.1467 — + 0.01516 - = 6.407 X 10 3
Jmol 'K K K K

90.20 K<T<298.15K:

CP,m(T)
Jmol 'K ™!

T , T? T3
= 3271 — 0.04093 — + 1.545 X 107 — — 1.819 X 1077 —
K K K

The transition temperatures and the enthalpies for the transitions indicated in
Figure 5.8 are as follows:

Solid III — solid II 23.66 K 93.8 J mol™!

Solid IT — solid I 4376 K 743 Jmol!
Solid I — liquid 5439K  445.0Jmol!
Liquid — gas 90.20 K 6815 J mol™!

a. Using these data, calculate S:,, for O, at 298.15 K.
b. What are the three largest contributions to S,,?
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A useful model of a solid is a three-
dimensional array of coupled harmonic
oscillators. In solids with a high binding
energy, the atoms are coupled by

stiff springs.
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FIGURE 5.12

The molar entropy of an ideal gas is shown
as a function of the gas pressure. By defini-
tion, at 1 bar, S,, = S,,, the standard state
molar entropy.

CHAPTER 5 Entropy and the Second and Third Laws of Thermodynamics

Solution
23466C_S‘P01l'd,111dT 93 80 J 43.76C%Olid’lldT 743 J
a. S,(298.15K) = ” : + o +
T 23.66 K T 4376 K
0 23.66
54.39 . 90.20 ,. .
. CEmtdT L M500 / CHU4dT 68157
T 5439 K T 90.20 K
43.76 54.39
298.15
L ciar
T
90.20

= 8.182JK ' +3964TK ™' + 19.61 JK! + 1698 K
+ 10137 K" + 8181 T K™' + 2706 JK™! + 75597 K™!
+ 35271 K !

= 204.9J mol 'K™!

There is an additional small correction for nonideality of the gas at 1 bar. The
currently accepted value is S:n(298.15 K) = 205.152 Jmol ' K™! (Linstrom, P. J.,
and Mallard, W. G., eds. NIST Chemistry Webbook: NIST Standard Reference
Database Number 69. Gaithersburg, MD: National Institute of Standards and
Technology. Retrieved from http://webbook.nist.gov.)

b. The three largest contributions to S:,, are AS for the vaporization transition, AS
for the heating of the gas from the boiling temperature to 298.15 K, and AS for
heating of the liquid from the melting temperature to the boiling point.

The preceding discussion and Example Problem 5.9 show how numerical values of
the entropy for a specific substance can be determined at a standard pressure of 1 bar
for different values of the temperature. These numerical values can then be used to cal-
culate entropy changes in chemical reactions, as will be shown in Section 5.10.

59 Standard States in Entropy Calculations

As discussed in Chapter 4, changes in U and H are calculated using the result that AH ;
values for pure elements in their standard state at a pressure of 1 bar and a temperature
of 298.15 K are zero. For S, the third law provides a natural definition of zero, namely,
the crystalline state at zero kelvin. Therefore, the absolute entropy of a compound as a
given temperature can be experimentally determined from heat capacity measurements
as described in the previous section. The entropy is a also a function of pressure, and
tabulated values of entropies refer to a standard pressure of 1 bar. The value of S varies
most strongly with P for a gas. From Equation (5.19), for an ideal gas at constant 7,

v, Py
AS,=RIn—=—-R In— (5.39)
Vi P;
Choosing P; = P° =1 bar,
. P(bar)
Su(P) = 85 — R In—— (5.40)

Figure 5.12 shows a plot of the molar entropy of an ideal gas as a function of pressure.
It is seen that as P — 0, §,, — 00. This is a consequence of the fact that as P — 0,
V — 00. As Equation (5.18) shows, the entropy becomes infinite in this limit.
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5.10 ENTROPY CHANGES IN CHEMICAL REACTIONS

Equation (5.40) provides a way to calculate the entropy of a gas at any pressure. For
solids and liquids, S varies so slowly with P, as shown in Section 5.4 and Example
Problem 5.6, that the pressure dependence of S can usually be neglected.

5. 1 O Entropy Changes in Chemical Reactions

The entropy change in a chemical reaction is a major factor in determining the equilib-
rium concentration in a reaction mixture. In an analogous fashion to calculating
AHp and AUy, for chemical reactions, ASp is equal to the difference in the entropies of
products and reactants, which can be written as

ASp = D uS; (5.41)

In Equation (5.41), the stoichiometric coefficients v; are positive for products and nega-
tive for reactants. For example, in the reaction

Fe304(s) + 4 Hy(g) — 3 Fe(s) + 4 HyO(l) (5.42)
the entropy change under standard state conditions of 1 bar and 298.15 K is given by
ASR29s.15 = 3S20815(Fe,s) + 4839515k (H0,1) — S9515(Fe304,5) — 4520515(Ha, 8)
=3x2728JK 'mol”! + 4 X 69.61 JK 'mol™" — 146.4 J K 'mol™!
— 4 % 130.684 J K 'mol !
= —308.9J K "mol™

For this reaction, AS is large and negative, primarily because gaseous species are con-
sumed in the reaction, and none are generated. ASy is generally positive for An > 0,
and negative for An < 0 where An is the change in the number of moles of gas in the
overall reaction.

Tabulated values of S, are generally available at the standard temperature of 298.15 K,
and values for selected elements and compounds are listed in Tables 4.1 and 4.2 (see
Appendix B, Data Tables). However, it is often necessary to calculate AS* at other temper-
atures. Such calculations are carried out using the temperature dependence of S discussed
in Section 5.4:

T
AC)

ASgr = ASg20s15 +
20815

dT’ (5.43)

This equation is only valid if no phase changes occur in the temperature interval
between 298.15 K and 7. If phase changes occur, the associated entropy changes must
be included as they were in Equation (5.38).

| EXAMPLE PROBLEM 5.10

The standard entropies of CO, CO,, and O, at 298.15 K are
S508.15(CO, g) = 197.67 T K™ 'mol ™

S508.15(COs, g) = 213.74 TK 'mol ™!
S50815(02, g) = 205.138 J K 'mol ™!

The temperature dependence of constant pressure heat capacity for CO, CO,, and O,
is given by

CP,m(CO7 g) ) T _5 T2 -8 T3
—— " = 3108 — 1452 X 1072 + 31415 X 1070 — — 14973 X 10° —
J K "mol K K K-
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Cpm(COy, g) T S T? T
0 = 18.86 +7.937 X 10— — 6.7834 X 10 - +2.4426 X 10 3
JK™ " mol K K K
Cpm(02 8) LT s T?
e 30.81 — 1.187 X 107~ — + 2.3968 X 10 )
J K "mol K K

Calculate ASy for the reaction CO(g) + 1/2 O,(g) — CO,(g) at 475.0 K.
Solution
ACP,m 1
e a—— 18.86 — 31.08 — — X 30.81
JK "mol 2
1 T
+ (7.937 1452 + 2 X 1.187) X 10*2E

1 T’
- (6.7834 + 31415 + — X 2.3968) X 1070 —
2 K

T3
+ (24426 + 1.4973) X 107° —
K

T T? T3
= —27.625 4+ 9.9825 X 10 2= — 1.1123 X 107* — + 3.9399 X 1078 —
K K2 K3

. . . 1 .
ASk = Sg298.15(COy, 8) — S2938.15(CO, g) — 5 X 8208.15(02, &)

1
=213.74JK 'mol™" — 197.67 JK 'mol™" — 3 X 205.138 JK 'mol ™!

= —86.50 JK 'mol™!

. . AC,
ASg 7 = ASgoog.15 T T dr'
298.15
= —86.50J K 'mol™!
, T LT o T°
475 (=27.63+9.983 X 10" — —1.112X 107" — +3.940 X 107° —
K K? T
+ d— JK "mol
T K
208.15 <

—86.50 JK 'mol ™! + (—12.866 + 17.654 — 7.604 + 1.0594)JK 'mol !
—86.50 JK 'mol™! — 1.757 JK 'mol ! = —88.26 JK ' mol !

The value of ASj is negative at both temperatures because the number of moles of
gaseous species is reduced in the reaction.

5 'I Energy Efficiency: Heat Pumps,
. Refrigerators, and Real Engines

Thermodynamics provides the tools to study the release of energy through chemical
reactions or physical processes such as light harvesting to do work or generate heat. As
Earth’s population continues to increase in the coming decades and per capita energy
consumption also rises, the need for energy in various forms will rise rapidly.
Electricity is a major component of this energy demand and fossil fuels are expected to
be the major source for electricity production for the foreseeable future. The increased
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combustion of fossil fuels will continue the rapid increase in the CO, concentration in
the atmosphere that began with the Industrial Revolution.

The increase in the atmospheric CO, concentration is expected to lead to a signifi-
cant increase in the global average surface temperature as shown for different scenarios
of the rate of atmospheric CO, increase in Figure 5.13. For details on the scenarios and
the possible consequences of this temperature increase, which include flooding of land
areas near sea level, acidification of the oceans leading to coral reef disappearance, and
more severe droughts and storms, see the Intergovernmental Panel on Climate Change
website at www.ipcc.ch/.

In order to slow or to reverse the buildup of greenhouse gases in the atmosphere, we
must move to energy sources that do not generate greenhouse gases, and develop ways
to capture greenhouses gases produced in the combustion of fossil fuels. We must also
find ways to do more with less energy input. Table 5.2 shows that the per capita energy
use in the United States is substantially higher than in other regions and nations with
similar climates and living standards.

TABLE 5.2 Per Capita Energy Use 2005

107

2090-2099

0051152 25335445555 665775
(°C)

FIGURE 5.13

Projected surface temperature increase
(right panel) for different scenarios of
greenhouse emissions (left panel). Each
curve in the left panel represents a differ-
ent scenario. The uncertainty in the pre-
dicted temperature increase is represented
by the width of a curve. Note that the
most probable temperature increase is
similar for nearly all scenarios.

Source: Climate Change 2007: The Physical
Science Basis. Working Group I Contribution
to the Fourth Assessment Report of the
Intergovernmental Panel on Climate Change,
Figure SPM.6. Cambridge University Press.

Nation or region

United States 340 1
Eurasia 160 0.429
Europe 146 0.471
Africa 16.1 0.0473
World 71.8 0.211
France 181 0.532
Germany 176 0.518

Per capita energy use/(mega BTU) 1J =1054 BTU Ratio to U.S. per capita use

Source: U.S. Energy Information Administration
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FIGURE 5.14

U.S. energy flow trends for 2002. The
energy contributions from different
sources to each economic sector such as
electrical power are shown together with
net useful and lost energy for each sector.
Note that 62% of the total consumed
energy in all sectors is lost.

Source: Lawrence Livermore National
Laboratory, U.S. Department of Energy

U.S. Energy Flow Trends — 2002

> Www.Ebook777.com

The energy flow in the United States for 2002 through various sectors of the economy
is shown in Figure 5.14. The parallel pathway for CO, emissions into the atmosphere is
shown in Figure 5.15. By comparing the useful and lost energy, it is seen that 62% of the
energy is lost in the form of heat including friction in engines and turbines, resistive
losses in the distribution of electricity, and heat loss from poorly insulated buildings. Our
study of heat engines such as coal or natural gas fired electricity generation plants shows
that the conversion of heat to work cannot be achieved with an efficiency of 100% even if
dissipative processes such as friction are neglected. Therefore, significant losses are
inevitable, but substantial increases in energy efficiency are possible, as will be discussed
later. Electricity generation by wind turbines, photovoltaic panels, hydroelectric plants,
and fuel cells (See Section 11.13) is of particular importance because it involves the con-
version of one form of work to another. The efficiency for these methods is not subject to
the limitations imposed on the conversion of heat to work by the second law.

What can we learn from thermodynamics to use less energy and achieve the same
goals? To address this question, consider how energy is used in the residential sector as
shown in Figure 5.16. Space and water heating account for 47% of residential energy usage,
and electrical energy is often used for these purposes. Both space and water heating can be
provided with significantly less energy input using an electrically powered heat pump.

In an idealized reversible heat pump, the Carnot cycle in Figure 5.2 is traversed in
the opposite direction. The signs of w and ¢ in the individual segments and the signs of
the overall w and ¢ are changed. Heat is now withdrawn from the cold reservoir (the
surroundings) and deposited in the home, which is the hot reservoir. Because this is not

Net Primary Resource Consumption ~103 Exajoules

Electrical imports* 0.08

Distributed electricity

12.5
Hvdro 2.7 2.7 Electric
v ower
0.04 ( gector Electrical system
Biomass/ energy losses 27.8
40.3
other* 3.4 / Lost
\ 5.2 energy
4.0
8.9 / 59.3
6.0 A’ A Residential/ 224
Natural gas commercial
20.6 20.7
0. 7 .
Net imports \ 15.5
3.8 3.6 '
0.1 I Useful
Industrial energy
20.1 16.1 37.1

Bal. no.
0.9

5.6

V

Transportation
27.9

Source: Production and end-use data from Energy Information Administration, Annual Energy Review 2002.

*Net fossil-fuel electrical imports.

**Biomass/other includes wood, waste, alcohol, geothermal, solar, and wind.
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U.S. 2002 Carbon Dioxide Emissions from Energy
Consumption — 5,682* Million Metric Tons of CO>**

Renewables 3***

Electricity
power sector
Natural Gas 2249
1,203 — . 1,503

_ Z Residential/
437 commercial

- 2,206

43 —
N ”‘
‘ A\ Industrial
Coal cake imports 6 7 : 1,674

Transportation
1,850

Source: Energy Information Administration. Emissions of
Greenhouse Gases in the United States 2002. Tables 4-10.

*Includes adjustments of 42.9 million metric tons of carbon dioxide

from U.S. territories, less 90.2 MtCO, from international and military bunker fuels.
**Previous versions of this chart showed emissions in metric tons of carbon, not of CO,.
***Municipal solid waste and geothermal energy.

Note: Numbers may not equal sum of components because of independent rounding.

a spontaneous process, work must be done on the system to effect this direction of heat
flow. The heat and work flow for a heat pump is shown in Figure 5.17b.

A heat pump is used to heat a building by extracting heat from a colder thermal
reservoir such as a lake, the ground, or the ambient air. The coefficient of performance
of a heat pump, 7;,,, is defined as the ratio of the heat pumped into the hot reservoir to
the work input to the heat pump:

_ 9hot _ 9hot

w Ghor T Geota Thot -

Thp (5.44)

Assume that T}, = 294 K and T, = 278 K, typical for a mild winter day. The maxi-
mum 7, value is calculated to be 18. Such high values cannot be attained for real heat
pumps operating in an irreversible cycle with dissipative losses. Typical values for
commercially available heat pumps lie in the range of 3 to 4. This means that for every
joule of electrical work supplied to the heat pump, 3 to 4 J of heat are made available
for space heating.

Heat pumps become less effective as T, decreases, as shown by Equation (5.44).
Therefore, geothermal heat pumps, which use ~55°F soil 6-10 feet below Earth’s
surface rather than ambient air as the cold reservoir, are much more efficient in cold
climates than air source heat pumps. Note that a coefficient of performance of 3.5
for a heat pump means that a house can be heated using 29% of the electrical power
consumption that would be required to heat the same house using electrical base-
board heaters. This is a significant argument for using heat pumps for residential
heating. Heat pumps can also be used to heat water. Assuming a heat pump coeffi-
cient of performance of 3.5, the energy usage of a typical household can be reduced
by 35% simply by replacing electrical water heaters and electrical baseboard heaters
by heat pumps, which pay for the increased initial cost by lower monthly electricity
bills within a few years. The flow of CO, into the atmosphere is reduced by the same
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FIGURE 5.15

U.S. carbon dioxide emissions from
energy consumption for 2002. The path-
ways of CO, generation in three eco-
nomic sectors are shown together with a
breakdown in the three fossil fuel sources
of natural gas, coal, and petroleum.

Source: Lawrence Livermore National
Laboratory, U.S. Department of Energy

Water
heating
13%

Space heating
34%

Refrigerator

Appliances Electric
and lighting

34%

FIGURE 5.16

Distribution of U.S. residential energy use
among household needs.

Source: U.S. Energy Information Agency
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FIGURE 5.17
Reverse heat engines
can be used to induce
heat flow from a cold
reservoir to a hot reser-
voir with the input of
work. (a) Refrigerator:
the cold reservoir is the
interior of a refrigerator,
and the hot reservoir is
the room in which the
refrigerator is located.
(b) Heat pump: the cold
reservoir is water-filled
pipes buried in the
ground, and the hot
reservoir is the interior
of the house to be
heated. The relative
widths of the two paths
entering the hot reser-
voir show that a small
amount of work input
can move a larger
amount of heat from the
cold to the hot reservoir.
In both cases, the engine
is a compressor.
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Work Work

Cold reservoir
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amount. Houses can be designed to significantly reduce total energy use. The
“Passive House” uses a small fraction of the energy needed to operate a typical
house. More than 15,000 of these houses have been built in Europe and as of 2010,
only 13 have been built in the United States. For more information on the Passive
House concept, see http://www.passivehouse.us/passiveHouse/PHIUSHome.html.

A refrigerator is also a heat engine operated in reverse. (Figure 5.17a). The interior
of the refrigerator is the system, and the room in which the refrigerator is situated is the
hot reservoir. Because more heat is deposited in the room than is withdrawn from the
interior of the refrigerator, the overall effect of such a device is to increase the tempera-
ture of the room. However, the usefulness of the device is that it provides a cold volume
for food storage. The coefficient of performance, 7),, of a reversible Carnot refrigerator
is defined as the ratio of the heat withdrawn from the cold reservoir to the work supplied
to the device:

_ 4cold _ 9cold _ Tcold

= (5.45)
w Qhor T Geold Thot - Tcold

r

This formula shows that as T,,;; decreases from 0.9 T}, to 0.1 T},,, 1, decreases from
9 to 0.1. Equation (5.44) states that if the refrigerator is required to provide a lower
temperature, more work is required to extract a given amount of heat.

A household refrigerator typically operates at 255 K in the freezing compartment,
and 277 K in the refrigerator section. Using the lower of these temperatures for the cold
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5.11 ENERGY EFFICIENCY: HEAT PUMPS, REFRIGERATORS, AND REAL ENGINES 111

reservoir and 294 K as the temperature of the hot reservoir (the room), the maximum 7,
value is 6.5. This means that for every joule of work done on the system, 6.5 J of heat
can be extracted from the contents of the refrigerator. This is the maximum coefficient
of performance, and it is only applicable to a refrigerator operating in a reversible
Carnot cycle with no dissipative losses. Taking losses into account, it is difficult to
achieve 1), values greater than ~1.5 in household refrigerators. This shows the signifi-
cant loss of efficiency in an irreversible dissipative cycle.

It is also instructive to consider refrigerators and heat pumps from an entropic point
of view. Transferring an amount of heat, ¢, from a cold reservoir to a hot reservoir is not
a spontaneous process in an isolated system, because

ss - - ) <o .46
Thot Tcold
However, work can be converted to heat with 100% efficiency. Therefore, the coeffi-
cient of performance, 7,, can be calculated by determining the minimum amount of
work input required to make AS for the withdrawal of ¢ from the cold reservoir,
together with the deposition of g + w in the hot reservoir, a spontaneous process.

We have seen that a heat engine cannot convert heat into electricity with 100% effi-
ciency because some of the heat is injected into the cold reservoir. The cold reservoir in
electrical generation plants is generally the atmosphere. Generally, heat and electricity are
produced separately as shown in Figure 5.18a. However, it is possible to increase the effi-
ciency of the overall process by collecting the waste heat from electricity production and
using it to heat buildings as shown in Figure 5.18b in a process called cogeneration. An
example of cogeneration is to burn a fuel such as coal to generate steam that is used to
drive a turbine that generates electricity. The steam exiting the turbine is still at a high tem-
perature and can be used to heat buildings. In New York City, many buildings are heated
using steam generated to produce electricity. Because of losses in piping heat over long
distances, cogeneration is most suitable for urban areas. The U.S. Department of Energy
has set a goal of having 20% of the electricity produced by cogeneration by the year 2030.

Further possible increases in energy efficiency in the household sector include
cooking and lighting. Traditional electric cooktops use either natural gas or electricity
to create heat, which is transferred to the cooking pot and its contents by conduction
and convection. About 45% of the energy produced by the combustion of natural gas

Waste heat
Electical Electricit
Fuel generation ’
Waste heat
Heat
Fuel generation
Useful heat
(a)
Waste Useful
heat heat
Fuel Cogeneration

Electricity
(b)
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FIGURE 5.18

(a) Conventionally, electricity and heat
for buildings are produced separately.
Waste heat is produced in each process.
(b) Using cogeneration, most of the waste
heat generated in electricity production is
used to heat buildings.
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FIGURE 5.19

[lustration of the four-stroke cycle of an
Otto engine, as explained in the text. The
left valve is the intake valve, and the right
valve is the exhaust valve.

and 35% of the electrical energy is lost because the air rather than the pot is heated. The
most efficient method for cooking is induction cooking, in which an induction coil gen-
erates a magnetic field that induces heating in metal cookware placed on top of it.
Although the efficiency of this method is 90%, the initial investment is significantly
greater than for a gas or electric range. Traditional lighting technology is very ineffi-
cient, with incandescent lights converting only 2% of the electrical work required to
heat the tungsten filament to visible light. The remaining 98% of the radiated energy
appears as heat. Fluorescent lights, which are much more efficient, contain a small
amount of Hg vapor that emits UV light from an excited state created by an electrical
discharge. The UV light is absorbed by a fluorescent coating on the surface of the bulb,
which radiates the light in the visible spectrum. The fraction of the emitted light in the
visible spectrum is much larger than in incandescent lighting. For this reason, fluores-
cent lighting is a factor of 5 to 6 more efficient. Australia has plans to ban the use of
incandescent lighting in favor of fluorescent lighting because of its low efficiency. LED
lighting (light emitting diodes) is a rapidly growing sector of lighting. LED lights have
an efficiency similar to fluorescent lighting, but are more compact and can be highly
directed or diffuse sources of light.

Because the transportation sector is a major user of energy, we next discuss real
engines, using the Otto engine, typically used in automobiles, and the diesel engine as
examples. The Otto engine is the most widely used engine in automobiles. The
engine cycle consists of four strokes as shown in Figure 5.19. The intake valve opens
as the piston is moving downward, drawing a fuel—-air mixture into the cylinder. The
intake valve is closed, and the mixture is compressed as the piston moves upward. Just
after the piston has reached its highest point, the fuel-air mixture is ignited by a spark
plug, and the rapid heating resulting from the combustion process causes the gas to
expand and the pressure to increase. This drives the piston down in a power stroke.
Finally, the combustion products are forced out of the cylinder by the upward-moving
piston as the exhaust valve is opened. To arrive at a maximum theoretical efficiency
for the Otto engine, the reversible Otto cycle shown in Figure 5.20a is analyzed,
assuming reversibility.

The reversible Otto cycle begins with the intake stroke e — ¢, which is assumed to
take place at constant pressure. At this point, the intake valve is closed, and the piston
compresses the fuel—air mixture along the adiabatic path ¢ — d in the second step. This
path can be assumed to be adiabatic because the compression occurs too rapidly to allow
much heat to be transferred out of the cylinder. Ignition of the fuel-air mixture takes
place at d. The rapid increase in pressure takes place at constant volume. In this
reversible cycle, the combustion is modeled as a quasi-static heat transfer from a series
of reservoirs at temperatures ranging from 7}, to 7. The power stroke is modeled as the
adiabatic expansion a — b. At this point, the exhaust valve opens and the gas is
expelled. This step is modeled as the constant volume pressure decrease b — c¢. The
upward movement of the piston expels the remainder of the gas along the line ¢ — e,
after which the cycle begins again.

1 1

Intake Compression Power Exhaust
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The efficiency of this reversible cyclic engine can be calculated as follows.
Assuming Cy to be constant along the segments d — a and b — ¢, we write

Ghot = CV(Ta - Td) and qcold = CV(Tb - TC) (5.47)
The efficiency is given by
_ Qhot + Geold -1 - qcold -1 - (Tb B Tc) (5.48)
9hot 9hot Ta - Td

The temperatures and volumes along the reversible adiabatic segments are related by
Tvy =1,y and T,V '=T,V)! (5.49)

because V,, = V. and V; = V,. Recall that y = Cp/Cy. T, and T}, can be eliminated
from Equation (5.48) to give
T,

e=1—-—

T, (5.50)

where 7, and T, are the temperatures at the beginning and end of the compression
stroke ¢ — d. Temperature T, is fixed at ~300 K, and the efficiency can be increased
only by increasing T, This is done by increasing the compression ratio, V./V.
However, if the compression ratio is too high, 7,; will be sufficiently high that the fuel
ignites before the end of the compression stroke. A reasonable upper limit for 7, is 600 K,
and for 7. = 300 K, ¢ = 0.50. This value is an upper limit, because a real engine does
not operate in a reversible cycle, and because heat is lost along the ¢ — d segment.
Achievable efficiencies in Otto engines used in passenger cars lie in the range of 0.20 to
0.30. However, additional losses occur in the drive chain, in tire deformation and in dis-
placing air as the vehicle moves. As shown in Figure 5.14, the overall efficiency of the
transportation sector is only 20%.

In the diesel engine depicted in Figure 5.20b, higher compression ratios are possi-
ble because only air is let into the cylinder in the intake stroke. The fuel is injected
into the cylinder at the end of the compression stroke, thus avoiding spontaneous igni-
tion of the fuel-air mixture during the compression stroke d — a. Because 7~950 K
for the compressed air, combustion occurs spontaneously without a spark plug along
the constant pressure segment a — b after fuel injection. Because the fuel is injected
over a time period in which the piston is moving out of the cylinder, this step can be
modeled as a constant-pressure heat intake. In this segment, it is assumed that heat is
absorbed from a series of reservoirs at temperatures between 7, and 7}, in a quasi-
static process. In the other segments, the same processes occur as described for the
reversible Otto cycle.

The heat intake along the segment a — b is given by

Ghot = Cp(Tp — T,) (5.51)
and g,y 1s given by Equation (5.47). Therefore, the efficiency is given by
1(T,.—T
e=1- ( ‘ ") (5.52)
Y\Tp, — T,

Similarly to the treatment of the Otto engine, 7}, and 7, can be eliminated from

Equation (5.52), and the eXpI‘CSSiOl’l
( V ) < V >
1 d d

") ()

Va Va
can be derived. For typical values V,/V,; = 0.2,V ,/V,; = 1/15,y=1.5,and ¢ = 0.64.
The higher efficiency achievable with the diesel cycle in comparison with the Otto
cycle is a result of the higher temperature attained in the compression cycle. Real

diesel engines used in trucks and passenger cars have efficiencies in the range of
0.30 to 0.35.

e=1- (5.53)
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FIGURE 5.20
Idealized reversible cycles of the (a) Otto
and (b) diesel engines.
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FIGURE 5.21

The Nissan Leaf (a) is a purely electric
vehicle with an estimated range between
47 and 138 miles between recharging
cycles, depending on driving conditions.
The Chevrolet Volt (b) is an electric vehi-
cle that has a small gasoline motor that can
recharge the batteries used to power the
vehicle. The U.S. Environmental
Protection Agency has given the Leaf and
Volt energy consumption ratings of 99 and
60 miles per gallon, respectively, using
33.7 kW-hrs as being equivalent in energy
to one gallon of gasoline.

CHAPTER 5 Entropy and the Second and Third Laws of Thermodynamics

Just as for space heating, the energy usage in the U.S. transportation sector can
be drastically reduced. The U.S. personal vehicle fleet currently averages 27.5 miles
per gallon of gasoline. The corresponding figure for the European Union, where
gasoline prices are more than twice as high as in the United States, is 43 miles per
gallon, corresponding to 130 g CO, emission per kilometer. Hybrid gasoline—electric
vehicles (Figure 5.21b) that use electrical motors to power the vehicle at low speeds,
switch automatically to an Otto engine at higher speeds, and use regenerative
braking to capture the energy used to slow the vehicle are currently the most effi-
cient vehicles, averaging more than 50 miles per gallon. Purely electric vehicles
(Figure 5.21a) and plug-in hybrids, which will allow the batteries that power the
electrical operation mode to be recharged at the owner’s residence are expected to
be available in 2011. Advances in battery technology are likely to make the use of
electrical vehicles more widespread in the near future.

Automobiles that use fuel cells (See Section 11.13) as a power source are of particu-
lar interest for future development because the work arising from a chemical reaction
can be converted to work with 100% efficiency (ignoring dissipative losses), rather than
first capturing the heat from the reaction and subsequently (partially) converting the heat
to work.

Reversing global climate change requires that energy be generated without also
producing CO,. Hydrogen meets this need and can be used in internal combustion
engines without substantial modifications. Currently, 96% of the H, consumed
worldwide is produced using fossil fuels, primarily through steam reforming of
methane. Reversing global climate change would require that H, be produced using
water electrolysis and electricity from renewable resources such as wind, solar,
hydroelectric, or nuclear power. At present, such processes are not cost competitive,
but rising oil prices and the falling cost of renewable energy may change this balance.
A further unsolved problem for vehicular use is H, storage. The volumetric energy
density of liquid H, (boiling temperature 20 K) is a factor of 4 below that of gasoline,
and solid hydrides from which H, can be released at ambient temperature have a
much lower energy density.

A possible alternative to the current fossil fuel economy is a methanol economy
(see G. A. Olah et al., Beyond Oil and Gas: The Methanol Economy, Wiley-VCH,
2006). Methanol is a suitable fuel for internal combustion engines and has half the vol-
umetric energy density of gasoline. It is also a good source for producing synthetic
hydrocarbons, which could replace petroleum feedstocks widely used in the chemical
industry. As shown in Figure 5.22, methanol could be synthesized by recycling CO, if
hydrogen generated using renewable energy were available in sufficient quantities. An
initial source of CO, could be coal-fired electrical plants, and it is conceivable that in
the future CO, could be extracted from the atmosphere (See the previous reference for
details.). These pathways would slow or reverse global climate change.

(a) Nissan Leaf

(b) Chevrolet Volt
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CO, from fossil fuel burning
power plants and industries
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co,
METHANOL STATION

Fuel uses
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Methanol synthesis
A\ CO, + 3H,
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CO, capture
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and their products A Hydrogen by electrolysis of water
\ /T\ 3 H,O— H, + 30,
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SUPPLEMENTAL

Using the Fact that S Is a State
5 1 Z Function to Determine the
. Dependenceof SonVand T

Section 5.4 showed how the entropy varies with P, V, and T for an ideal gas. In this sec-
tion, we derive general equations for the dependence of S on V and T that can be
applied to solids, liquids, and real gases. We do so by using the property that dS is an
exact differential. A similar analysis of S as a function of P and T is carried out in
Section 5.13. Consider Equation (5.30), rewritten in the form

1 P
dS = —dU + —dV (5.54)

T T
Because 1/T and P/T are greater than zero, the entropy of a system increases with the
internal energy at constant volume, and increases with the volume at constant internal
energy. However, because internal energy is not generally a variable under experimen-

tal control, it is more useful to obtain equations for the dependence of dS on V and T.
We first write the total differential dS in terms of the partial derivatives with respect

to Vand T
aS aS
ds = <) dT + () v (5.55)
aT /v v )r

Www.Ebook777.com

FIGURE 5.22

A cyclic model of a methanol economy
includes reaction of recaptured CO, with
H, generated using renewable electricity
to produce methanol as a primary step.
The methanol can be converted into syn-
thetic hydrocarbons using known indus-
trial processes.

Source: G. A. Olah et al., Beyond Oil and Gas:
The Methanol Economy, Wiley-VCH, 2006.
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To evaluate (3S/0T )y and (8S/0V )7, Equation (5.54) for dS is rewritten in the form

1 U P C 1 U
ds = [CvdT + () dv} + —dV = —Yar + [P + <) }dv (5.56)
T v )y T T T av ),

Equating the coefficients of dT and dV in Equations (5.55) and (5.56),

<6S> = &and (dS> = I{P + <6U> } (5.57)
JoT \% T v T T v T

The temperature dependence of entropy at constant volume can be calculated straight-
forwardly using the first equality in Equation (5.57):

Cy
ds = 7dT, constant V (5.58)

The expression for (8S/0V )7 in Equation (5.57) is not in a form that allows for a
direct comparison with experiment to be made. A more useful relation follows from the
fact that dS is an exact differential (see Section 3.1):

Grli)o), = Gi&),), <)

Taking the mixed second derivatives of the expressions in Equation (5.57),

Gla)) -1, ),
o)), =70, « G ) -7+ ()] e

Substituting the expressions for the mixed second derivatives in Equation (5.60) into
Equation (5.59), canceling the double mixed derivative of U that appears on both sides
of the equation, and simplifying the result, the following equation is obtained:

pe () —o(2) san
v )r aT )y

This equation provides the expression for (aU/dV )y that was used without a derivation
in Section 3.2. It provides a way to calculate the internal pressure of the system if the
equation of state for the substance is known.

Comparing the result in Equation (5.61) with the second equality in Equation (5.57),
a practical equation is obtained for the dependence of entropy on volume under constant

temperature conditions:
&N P v /oT
() B <> - (5.62)

v /)r aT /vy (8V/8P)T K

where (B is the coefficient for thermal expansion at constant pressure, and k is the
isothermal compressibility coefficient. Both of these quantities are readily obtained
from experiments. In simplifying this expression, the cyclic rule for partial derivatives,
Equation (3.7) has been used.

The result of these considerations is that dS can be expressed in terms of dT
and dV as

C
as = Sar + Bay (5.63)
T K

Integrating both sides of this equation along a reversible path yields

Ty Vi
c
AS = /VdT + /de (5.64)
T K
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5.13 THE DEPENDENCE OF SON T AND P

This result applies to a single-phase system of a liquid, solid, or gas that undergoes a
transformation from the initial result 7;, V; to Ty, V, provided that no phase changes or
chemical reactions occur in the system.

5. 1 3 The Dependence of S on T and P

Because chemical transformations are normally carried out at constant pressure rather
than constant volume, we need to know how S varies with 7 and P. The total differen-
tial dS is written in the form

) a
ds = <S> dT + (S) dpP (5.65)
oT ) p oP )y

Starting from the relation U = H — PV, we write the total differential dU as
dU =TdS — PdV = dH — PdV — VdP (5.66)

This equation can be rearranged to give an expression for dS:
1 1%
dS = —dH — —dP (5.67)
T T

The previous equation is analogous to Equation (5.54), but contains the variable P
rather than V.

oH 0H 0H
dH = () dT + () dP = CpdT + () dp (5.68)
JaT P JaP T P T

Substituting this expression for dH into Equation (5.67),

C 1| (oH as aS
ds = —Lar + K) - V}dP = (> dT + () dP  (5.69)
T TL\oP /)t aT / p P/
Because the coefficients of d7" and dP must be the same on both sides of Equation (5.69),
aS C aS 1|/ oH
()% m (3,4, ] e
aT)p T oP)r TL\oP)r
The ratio Cp/T is positive for all substances, allowing us to conclude that S is a mono-
tonically increasing function of the temperature.
Just as for (S/0V )7 in Section 5.12, the expression for (9S/dP)r is not in a form

that allows a direct comparison with experimental measurements to be made. Just as in
our evaluation of (3S/dV)r, we equate the mixed second partial derivatives of

(0S/9T) p and (8S/0P)y:
(rlin),), = Gelin),), a7

These mixed partial derivatives can be evaluated using Equation (5.70):

Grlar), ), =75 ), 7)), e
Grn),), = alGa2),), - G- mlGo), -] e

Equating Equations (5.72) and (5.73) yields

), ), =l Ge )., Go) ) 7l(), -] e
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CHAPTER 5 Entropy and the Second and Third Laws of Thermodynamics

Simplifying this equation results in

<6H> (av)
— ) —v=-7— (5.75)
oP ) oT ) p

Using this result and Equation (5.70), the pressure dependence of the entropy at con-
stant temperature can be written in a form that easily allows an experimental determi-
nation of this quantity to be made:

aS aV
(), = (), = vs &7

Using these results, the total differential dS can be written in terms of experimentally
accessible parameters as

Cp
ds = 7dT — VBdP (8.77)

Integrating both sides of this equation along a reversible path yields
T, P

AS = [ —dT — | VBdP (5.78)
T; P;

S~

This result applies to a single-phase system of a pure liquid, solid, or gas that undergoes
a transformation from the initial result 7}, P; to Ty, Py, provided that no phase changes or
chemical reactions occur in the system.

5 - 1 4 The Thermodynamic Temperature Scale

The reversible Carnot cycle provides a basis for the thermodynamic temperature
scale, a scale that is independent of the choice of a particular thermometric substance.
This is the case because all reversible Carnot engines have the same efficiency, regard-
less of the working substance. The basis for the thermodynamic temperature scale is
the fact that the heat withdrawn from a reservoir is a thermometric property. Both on
experimental and theoretical grounds, it can be shown that

q=ab (5.79)

where 0 is the thermodynamic temperature, and a is an arbitrary scale constant that sets
numerical values for the thermodynamic temperature. Using Equations (5.9) and (5.10)
for the efficiency of the reversible Carnot engine,

e = 9hot + 4cold _ Ohot + acold

(5.80)
9hot ehot

This equation is the fundamental equation establishing an absolute temperature scale.
To this point, we have no numerical values for this scale. Note, however, that ¢ — 0 as
0 — 0, so that there is a natural zero for this temperature scale. Additionally, if we
choose one value of # to be positive, all other values of 6 must be greater than zero.
Otherwise, we could find conditions under which the heats g,,; and ¢g..,;; have the same
sign. This would lead to a perpetual motion machine. Both of these characteristics fit
the requirements of an absolute temperature scale.

A numerical scale for the thermodynamic temperature scale can be obtained by
assigning the value 273.16 to the 6 value corresponding to the triple point of water, and
by making the size of a degree equal to the size of a degree on the Celsius scale. With this
choice, the thermodynamic temperature scale becomes numerically equal to the absolute
temperature scale based on the ideal gas law. However, the thermodynamic temperature
scale is the primary scale because it is independent of the nature of the working substance.

Www.Ebook777.com



http://www.ebook777.com

Free ebooks ==> www.Ebook777.com

CONCEPTUAL PROBLEMS 119

Vocabulary

Carnot cycle

Clausius inequality
coefficient of performance Otto engine
diesel engine
entropy first kind
heat engine

heat pump second kind

irreversible process
natural transformations

perpetual motion machine of the

perpetual motion machine of the

refrigerator

second law of thermodynamics
spontaneous process
thermodynamic temperature scale
third law of thermodynamics
unnatural transformations

Conceptual Problems

Q5.1 Under what conditions is AS < 0 for a sponta-
neous process?

Q5.2 Why are AS 550, and ASyaporizasion AlWays positive?

Q5.3 Anideal gas in thermal contact with the surroundings
is cooled in an irreversible process at constant pressure. Are
AS, ASurroundings> and AS;,, positive, negative, or zero?
Explain your reasoning.

Q5.4 The amplitude of a pendulum consisting of a mass on a
long wire is initially adjusted to have a very small value. The
amplitude is found to decrease slowly with time. Is this
process reversible? Would the process be reversible if the
amplitude did not decrease with time?

Q5.5 A process involving an ideal gas and in which the
temperature changes at constant volume is carried out. For a
fixed value of AT, the mass of the gas is doubled. The
process is repeated with the same initial mass and AT is dou-
bled. For which of these processes is AS greater? Why?

Q5.6 You are told that AS = 0 for a process in which the
system is coupled to its surroundings. Can you conclude that
the process is reversible? Justify your answer.

Q5.7 Under what conditions does the equality AS =
AH/T hold?

Q5.8 Is the following statement true or false? If it is false,
rephrase it so that it is true. The entropy of a system cannot
increase in an adiabatic process.

Q5.9
a. The reversible isothermal expansion of an ideal gas.

Which of the following processes is spontaneous?

b. The vaporization of superheated water at 102°C and 1 bar.

c. The constant pressure melting of ice at its normal freez-
ing point by the addition of an infinitesimal quantity
of heat.

d. The adiabatic expansion of a gas into a vacuum.

Q5.10 One Joule of work is done on a system, raising its
temperature by one degree centigrade. Can this increase in
temperature be harnessed to do one Joule of work? Explain.
Q5.11 Your roommate decides to cool the kitchen by
opening the refrigerator. Will this strategy work? Explain
your reasoning.

QS5.12 An ideal gas undergoes an adiabatic expansion into a
vacuum. Are AS, AS g, roundings and AS; 44 pOsitive, nega-
tive, or zero? Explain your reasoning.

Q5.13 When a saturated solution of a salt is cooled, a pre-
cipitate crystallizes out. Is the entropy of the crystalline pre-
cipitate greater or less than the dissolved solute? Explain why
this process is spontaneous.

Q5.14 A system undergoes a change from one state to
another along two different pathways, one of which is
reversible and the other of which is irreversible. What can you
say about the relative magnitudes of q,,yersibie A0 Girreversivle?
Q5.15 Anideal gas in a piston and cylinder assembly with
adiabatic walls undergoes an expansion against a constant
external pressure. Are AS, AS g, oundings> and AS ;41 pOSi-
tive, negative, or zero? Explain your reasoning.

Q5.16 Is the equation

Ty Vi T
C
AS = / VdT"r‘ /BdV:CVlnf+B(Vf_Vl)
T K T; K
T; Vi

valid for an ideal gas?

Q5.17 Why is the efficiency of a Carnot heat engine the upper
bound to the efficiency of an internal combustion engine?

Q5.18 Two vessels of equal volume, pressure and temper-
ature both containing Ar are connected by a valve. What is
the change in entropy when the valve is opened, allowing
mixing of the two volumes? Is AS the same if one of the
volumes contained Ar, and the other contained Ne?

Q5.19 Without using equations, explain why AS for a lig-
uid or solid is dominated by the temperature dependence of S
as both P and T change.

Q5.20 Solid methanol in thermal contact with the surround-
ings is reversibly melted at the normal melting point at a pres-
sure of 1 atm. Are AS, AS g, roundings» and AS; ;4 positive,
negative, or zero? Explain your reasoning.

Q5.21 Can incandescent lighting be regarded as an example
of cogeneration during the heating season? In a season where
air conditioning is required?
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CHAPTER 5 Entropy and the Second and Third Laws of Thermodynamics

Numerical Problems

Problem numbers in red indicate that the solution to the prob-
lem is given in the Student’s Solutions Manual.

P5.1 Consider the formation of glucose from carbon diox-
ide and water (i.e., the reaction of the photosynthetic
process): 6CO,(g) + 6H,0(l) — CsH,04(s) + 60,(g).
The following table of information will be useful in working
this problem:

T'=298K COy (e H0(0) CeH06(s) O2(g)
AHj;kImol™'  -3935 2858  -1273.1 0.0
$°JT mol'K™! 213.8 70.0 2092 2052
CpnJ mol 'K 37.1 75.3 219.2 29.4

Calculate the entropy and enthalpy changes for this chemical
system at 7=298 K and 7'= 310. K. Calculate also the
entropy change of the surroundings and the universe at both
temperatures, assuming that the system and surroundings are
at the same temperature.

P5.2 The Chalk Point, Maryland, generating station sup-
plies electrical power to the Washington, D.C., area. Units 1
and 2 have a gross generating capacity of 710. MW (megawatt).
The steam pressure is 25 X 10° Pa, and the superheater outlet
temperature (7},) is 540.°C. The condensate temperature (7.)
is 30.0°C.

a. What is the efficiency of a reversible Carnot engine operat-
ing under these conditions?

b. If the efficiency of the boiler is 91.2%, the overall effi-
ciency of the turbine, which includes the Carnot efficiency
and its mechanical efficiency, is 46.7%, and the efficiency
of the generator is 98.4%, what is the efficiency of the total
generating unit? (Another 5.0% needs to be subtracted for
other plant losses.)

¢. One of the coal-burning units produces 355 MW. How
many metric tons (1 metric ton =1 X 100 g) of coal per
hour are required to operate this unit at its peak output if
the enthalpy of combustion of coal is 29.0 X 10 kJ kg™!?

P5.3 An electrical motor is used to operate a Carnot refrig-
erator with an interior temperature of 0.00°C. Liquid water at
0.00°C is placed into the refrigerator and transformed to ice at
0.00°C. If the room temperature is 300. K, what mass of ice
can be produced in one day by a 0.50-hp motor that is run-
ning continuously? Assume that the refrigerator is perfectly
insulated and operates at the maximum theoretical efficiency.

P5.4 An air conditioner is a refrigerator with the inside of
the house acting as the cold reservoir and the outside
atmosphere acting as the hot reservoir. Assume that an air
conditioner consumes 1.70 X 103 W of electrical power,
and that it can be idealized as a reversible Carnot refrigera-
tor. If the coefficient of performance of this device is 3.30,
how much heat can be extracted from the house in a day?

P5.5  One mole of H,O(J) is compressed from a state described
by P =1.00 bar and 7' = 350. K to a state described by P = 590.
bar and 7'= 750. K. In addition, 8 = 2.07 X 10* K" and the
density can be assumed to be constant at the value 997 kg m>.
Calculate AS for this transformation, assuming that k = 0.

P5.6 2.25 moles of an ideal gas with Cy,, = 3R/2 undergoes

the transformations described in the following list from an

initial state described by 7= 310. K and P = 1.00 bar.

Calculate ¢, w, AU, AH, and AS for each process.

a. The gas is heated to 675 K at a constant external pressure
of 1.00 bar.

b. The gas is heated to 675 K at a constant volume correspon-
ding to the initial volume.

c. The gas undergoes a reversible isothermal expansion at
310. K until the pressure is one third of its initial value.

P5.7  Consider the reversible Carnot cycle shown in Figure 5.2
with 1.25 mol of an ideal gas with Cy, = 5R/2 as the working
substance. The initial isothermal expansion occurs at the hot
reservoir temperature of 7}, = 740. K from an initial volume of
3.75L (V,) to a volume of 12.8 L (V},). The system then under-
goes an adiabatic expansion until the temperature falls to 7,,;; =
310 K. The system then undergoes an isothermal compression
and a subsequent adiabatic compression until the initial state
described by T, =740. K and V, = 3.75 L is reached.

a. Calculate V. and V.
b. Calculate w for each step in the cycle and for the total cycle.

c. Calculate & and the amount of heat that is extracted from
the hot reservoir to do 1.00 kJ of work in the surroundings.

P5.8 The average heat evolved by the oxidation of foodstuffs
in an average adult per hour per kilogram of body weight is
7.20kJ kg_1 hr!. Assume the weight of an average adult is

62.0 kg. Suppose the total heat evolved by this oxidation is trans-
ferred into the surroundings over a period lasting one week.
Calculate the entropy change of the surroundings associated with
this heat transfer. Assume the surroundings are at 7= 293 K.

P5.9  Calculate AS, AS,y41, and ASroundings When the
volume of 150. g of CO initially at 273 K and 1.00 bar
increases by a factor of two in (a) an adiabatic reversible
expansion, (b) an expansion against P,y = 0, and (c) an
isothermal reversible expansion. Take Cp ,, to be constant at
the value 29.14 J mol™'K™! and assume ideal gas behavior.
State whether each process is spontaneous. The temperature
of the surroundings is 273 K.

P5.10 The maximum theoretical efficiency of an internal
combustion engine is achieved in a reversible Carnot cycle.
Assume that the engine is operating in the Otto cycle and
that Cy,,, = 5R/2 for the fuel-air mixture initially at 273 K
(the temperature of the cold reservoir). The mixture is com-
pressed by a factor of 6.9 in the adiabatic compression step.
What is the maximum theoretical efficiency of this engine?
How much would the efficiency increase if the compression
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ratio could be increased to 157 Do you see a problem in
doing so?

P5.11 2.25 moles of an ideal gas with Cy, ,, = 5R/2 are trans-
formed from an initial state 7= 680. K and P = 1.15 bar to a final
state =298 K and P = 4.75 bar. Calculate AU, AH, and AS
for this process.

P5.12 1.10 moles of N, at 20.5°C and 6.20 bar undergoes a
transformation to the state described by 215°C and 1.75 bar.
Calculate AS if

CP’ T T2
———" = 3081 — 11.87 X 1075 + 23968 X 107
Jmol 'K K K

73
—1.0176 X 1078~
K

P5.13 Calculate AS for the isothermal compression of
1.75 mole of Cu(s) from 2.15 bar to 1250. bar at 298 K.

B = 0492 X 104K, k = 0.78 X 10 ®bar™ !, and the
density is 8.92g cm™. Repeat the calculation assuming that
k = 0.

P5.14  Calculate AS” for the reaction 3H,(g) + Ny(g) —
2NHj(g) at 725 K. Omit terms in the temperature-dependent
heat capacities higher than T2/ K2.

c
P5.15 Using the expression dS = 7PdT — VBdP,

calculate the decrease in temperature that occurs if 2.25 moles
of water at 310. K and 1650. bar is brought to a final pressure of
1.30 bar in a reversible adiabatic process. Assume that k = 0.

P5.16 3.75 moles of an ideal gas with Cy,,, = 3/2R under-
goes the transformations described in the following list from
an initial state described by 7'= 298 K and P = 4.50 bar.
Calculate ¢, w, AU, AH, and AS for each process.

a. The gas undergoes a reversible adiabatic expansion until
the final pressure is one third its initial value.

b. The gas undergoes an adiabatic expansion against a con-
stant external pressure of 1.50 bar until the final pressure is
one third its initial value.

c. The gas undergoes an expansion against a constant exter-
nal pressure of zero bar until the final pressure is equal to
one third of its initial value.

P5.17 The interior of a refrigerator is typically held at
36°F and the interior of a freezer is typically held at 0.00°F.
If the room temperature is 65°F, by what factor is it more
expensive to extract the same amount of heat from the
freezer than from the refrigerator? Assume that the theoreti-
cal limit for the performance of a reversible refrigerator is
valid in this case.

P5.18 Using your results from Problem P5.7, calculate g,
AU, and AH for each step in the cycle and for the total cycle
described in Figure 5.2.

P5.19 At the transition temperature of 95.4°C, the enthalpy of
transition from rhombic to monoclinic sulfur is 0.38 kJ mol™".

a. Calculate the entropy of transition under these conditions.

NUMERICAL PROBLEMS 121

b. Atits melting point, 119°C, the enthalpy of fusion of
monoclinic sulfur is 1.23 kJ mol™!. Calculate the entropy
of fusion.

¢. The values given in parts (a) and (b) are for 1 mol of sulfur;
however, in crystalline and liquid sulfur, the molecule is
present as Sg. Convert the values of the enthalpy and entropy
of fusion in parts (a) and (b) to those appropriate for Sg.

P5.20 One mole of a van der Waals gas at 25.0°C is expanded
isothermally and reversibly from an initial volume of 0.010 m? to
a final volume of 0.095 m?>. For the van der Waals gas,
(0U/aV)7 = a/V?, Assume that a = 0.556 Pa m® mol2, and
that b = 64.0 X 10° m3 mol!. Calculate q,w, AU, AH,

and AS for the process.

P5.21 From the following data, derive the absolute entropy
of crystalline glycine at 7= 300. K.

You can perform the integration numerically using either a
spreadsheet program or a curve-fitting routine and a graphing
calculator (see Example Problem 5.9).

T(K) Cp,, (JK ' mol™)
10. 0.30
20. 24
30. 7.0
40. 13.0
60. 25.1
80. 35.2

100. 432
120. 50.0
140. 56.0
160. 61.6
180. 67.0
200. 722
220. 77.4
240. 82.8
260. 88.4
280. 94.0
300. 99.7

P5.22  Calculate AH and AS if the temperature of

1.75 moles of Hg(/) is increased from 0.00°C to 75.0°C at

1 bar. Over this temperature range, Cp,,(J K~ mol 1) =
30.093 — 4.944 X 10°T/K.

P5.23 Calculate AS if the temperature of 2.50 mol of
an ideal gas with Cy = 5/2R is increased from 160. to
675 K under conditions of (a) constant pressure and

(b) constant volume.

P5.24 Beginning with Equation (5.5), use Equation (5.6)
to eliminate V. and V, to arrive at the result w,., =
nR(Thor = Teota) InVp/Vy.

P5.25 Calculate ASy for the reaction Hy(g) + Cly(g) —
2HCI(g) at 870. K. Omit terms in the temperature-dependent
heat capacities higher than T2/ K>
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P5.26 A 22.0 g mass of ice at 273 K is added to 136 g of
H,0() at 310. K at constant pressure. Is the final state of the
system ice or liquid water? Calculate AS for the process. Is
the process spontaneous?

P5.27 Under anaerobic conditions, glucose is broken down
in muscle tissue to form lactic acid according to the reaction
C¢H 2,04 — 2CH3;CHOHCOOH. Thermodynamic data at

T =298 K for glucose and lactic acid are given in the fol-
lowing table:

AH; (K] mol 1) Cpm(J K 'mol ) §;,(JK mol 1)

Glucose -1273.1 219.2 209.2
Lactic -673.6 127.6 192.1
Acid

Calculate, AS for the system, the surroundings, and the uni-
verse at 7= 325 K. Assume the heat capacities are constant
between 7= 298 K and T = 330. K.

P5.28 The amino acid glycine dimerizes to form the dipep-
tide glycylglycine according to the reaction

2Glycine(s) — Glycylglycine(s) + H,O(/)

Calculate AS, AS,» and AS,iverse at T =298 K. Useful
thermodynamic data follow:

Glycine Glycylglycine = Water
AH (kI mol™) -537.2 ~746.0 -285.8
Sy (JK tmol 1) 103.5 190.0 70.0

P5.29 One mole of H,O(!) is supercooled to —3.75°C at

1 bar pressure. The freezing temperature of water at this
pressure is 0.00°C. The transformation H,O(l) — H,O(s)
is suddenly observed to occur. By calculating AS,

AS surroundings» and AS; 4,4, verify that this transformation is
spontaneous at —3.75°C. The heat capacities are given by
Cpm(H,0(1)) =75.3 T K™ mol™! and Cp,,(H,O(s)) = 37.7 T K!
mol™, and AH f,i,, = 6.008 kJ mol™" at 0.00°C. Assume that
the surroundings are at —3.75°C. [Hint: Consider the two
pathways at 1 bar: (a) HO(/, —3.75°C) — H,0(s, —-3.75°C)
and (b) H,O(/, =3.75°C) — H,0(l, 0.00°C) — H,0(s,
0.00°C) — H,0(s, —3.75°C). Because S is a state function,
AS must be the same for both pathways.]

P5.30 Calculate AS, AS,,,,, and AS,,,iverse Per second for the
air-conditioned room described in Problem 5.4. Assume that the
interior temperature is 65°F and the exterior temperature is 99°F.
P5.31 The following heat capacity data have been reported

for L-alanine:

T(K) 10. 20. 40. 60. 80. 100.

140.

CHAPTER 5 Entropy and the Second and Third Laws of Thermodynamics

By a graphical treatment, obtain the molar entropy of L-alanine
at 7= 300. K. You can perform the integration numerically
using either a spreadsheet program or a curve-fitting routine
and a graphing calculator (see Example Problem 5.9).

P5.32  Calculate ASg,oundings and AS; 4 for the processes
described in parts (a) and (b) of Problem P5.16. Which of the
processes is a spontaneous process? The state of the sur-
roundings for each part is 298 K, 1.50 bar.

P5.33 A refrigerator is operated by a 0.25-hp (1 hp =

746 watts) motor. If the interior is to be maintained at 4.50°C
and the room temperature on a hot day is 38°C, what is the
maximum heat leak (in watts) that can be tolerated? Assume
that the coefficient of performance is 50% of the maximum
theoretical value. What happens if the leak is greater than
your calculated maximum value?

P5.34 Using your results from Problems P5.18 and P5.7,
calculate AS, AS . roundings» and A S, for each step in the
cycle and for the total Carnot cycle described in Figure 5.2.

P5.35 Between 0°C and 100°C, the heat capacity of Hg(/) is
given by

CP,m(Hg’l)

T
— 7 = 30.093 — 4.944 X 107
J K "mol K

Calculate AH and AS if 2.25 moles of Hg(/) are raised in
temperature from 0.00° to 88.0°C at constant P.

P5.36 Calculate ASy,, pundings and AS, ;4 for part (c) of
Problem P5.6. Is the process spontaneous? The state of the
surroundings is 7 = 310. K, P = 0.500 bar.

P5.37 Calculate the entropy of one mole of water vapor at
175°C and 0.625 bar using the information in the data tables.

P5.38 The heat capacity of a-quartz is given by

Cp m(a-quartz,s)

T
7 = 46.94 + 3431 X 10—
J K “mol K

T2
— 1130 X 10_5?

The coefficient of thermal expansion is given by 8 = 0.3530 X
10* K" and V,, = 22.6 cm® mol™". Calculate AS,, for the
transformation a-quartz (15.0°C, 1 atm) — «-quartz

(420. °C, 925 atm).

P5.39

a. Calculate AS if 1.00 mol of liquid water is heated from
0.00° to 10.0°C under constant pressure and if Cp ,, =
753 J K mol™".

b. The melting point of water at the pressure of interest is
0.00°C and the enthalpy of fusion is 6.010 kJ mol~!. The
boiling point is 100.°C and the enthalpy of vaporization is
40.65 kJ mol™!. Calculate AS for the transformation
H,0(s, 0°C) — H,0(g, 100.°C).

180. 220. 260. 300.

Cpnm( K 'mol™") 0.49 3.85 17.45 30.99 42.59 52.50 68.93 83.14 96.14 109.6 122.7
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P5.40 21.05 g of steam at 373 K is added to 415 g of
H,0O(/) at 298 K at a constant pressure of 1 bar. Is the final
state of the system steam or liquid water? Calculate AS for
the process.

P5.41 Using your result from fitting the data in
Problem 5.31, extrapolate the absolute entropy of L-alanine
to physiological conditions, 7= 310. K.

P5.42  The mean solar flux at Earth’s surface is ~2.00 J
cm~2 min~'. In a nonfocusing solar collector, the temperature
reaches a value of 79.5°C. A heat engine is operated using
the collector as the hot reservoir and a cold reservoir at

298 K. Calculate the area of the collector needed to produce
1000. W. Assume that the engine operates at the maximum
Carnot efficiency.

P5.43 Anideal gas sample containing 1.75 moles for
which Cy,, =5R/2 undergoes the following reversible cycli-
cal process from an initial state characterized by 7'=275 K
and P = 1.00 bar:

a. It is expanded reversibly and adiabatically until the vol-

ume triples.

b. It is reversibly heated at constant volume until 7 increases

to 275 K.
The pressure is increased in an isothermal reversible com-
pression until P = 1.00 bar.
Calculate ¢, w, AU, AH, and AS for each step in the cycle,
and for the total cycle.
P5.44 For protein denaturation, the excess entropy of

T,

8CH*
denaturation is defined as AS,, = /

dT, where 8C%°
T

T,
is the transition excess heat capacity. The way in which §C%*

can be extracted from differential scanning calorimetry (DSC)
data is discussed in Section 4.6 and shown in Figure 4.7. The
following DSC data are for a protein mutant that denatures
between 7'y = 288 K and 7, = 318 K. Using the equation for
AS 4., given previously, calculate the excess entropy of
denaturation. In your calculations, use the dashed curve
below the yellow area as the heat capacity base line that
defines 8C’5* as shown in Figure 4.8. Assume the molecular
weight of the protein is 14,000. grams.

=

~

S
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T >

318

|
308
Temperature/K

You can perform the integration numerically by counting
squares.

P5.45 The standard entropy of Pb(s) at 298.15 K is 64.80 J
K~! mol~!. Assume that the heat capacity of Pb(s) is given by

CP,m(PbsS)
Jmol 'K}

2
s

T
= 22.13 + 0.01172> + 1.00 X 10 °—
K K

The melting point is 327.4°C and the heat of fusion under

these conditions is 4770. J mol™'. Assume that the heat capac-

ity of Pb(l) is given by
Cpm(Pb.l) T
Tl -1 = 32.51 — 0.00301—
J K " mol K

a. Calculate the standard entropy of Pb(/) at 725°C.

b. Calculate AH for the transformation Pb(s, 25.0°C) —
Pb(l, 725°C).

Web-Based Simulations, Animations, and Problems

W5.1 The reversible Carnot cycle is simulated with
adjustable values of T}, and T,,;; and AU, g, and w are

determined for each segment and for the cycle. The effi-
ciency is also determined for the cycle.

Www.Ebook777.com



http://www.ebook777.com

Free ebooks ==> www.Ebook777.com

This page intentionally left blank

Www.Ebook777.com



http://www.ebook777.com

Free ebooks ==> www.Ebook777.com

Chemical Equilibrium

| n the previous chapter, criteria for the spontaneity of arbitrary
processes were developed. In this chapter, spontaneity is discussed in the
context of the approach to equilibrium of a reactive mixture of gases.
Two new state functions are introduced that express spontaneity in terms
of the properties of the system only, so that the surroundings do not
have to be considered explicitly. The Helmholtz energy provides a crite-
rion for determining if a reaction mixture will evolve toward reactants or
products if the system is at constant V and T. The Gibbs energy is the cri-
terion for determining if a reaction mixture will evolve toward reactants
or products if the system is at constant P and T. Using the Gibbs energy, a
thermodynamic equilibrium constant Kp is derived that predicts the equi-
librium concentrations of reactants and products in a mixture of reactive

ideal gases.

o.

In Chapter 5, it was shown that the direction of spontaneous change for an arbitrary
process is predicted by AS + AS,roundings > 0. In this section, this spontaneity
criterion is used to derive two new state functions, the Gibbs and Helmholtz ener-
gies. These new state functions provide the basis for all further discussions of
spontaneity. Formulating spontaneity in terms of the Gibbs and Helmholtz energies
rather than AS + ASg, . oundings > 0 has the important advantage that spontaneity
and equilibrium can be defined using only properties of the system rather than of
the system and surroundings. We will also show that the Gibbs and Helmholtz
energies allow us to calculate the maximum work that can be extracted from a
chemical reaction.

The fundamental expression governing spontaneity is the Clausius inequality
[Equation (5.33)], written in the form

The Gibbs Energy and the Helmholtz
Energy

TdS = dq (6.1)
The equality is satisfied only for a reversible process. Because dq = dU — dw,
TdS = dU — dw or, equivalently, — dU + dw + TdS = 0 (6.2)
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CHAPTER 6 Chemical Equilibrium

As discussed in Section 2.2, a system can do different types of work on the surround-
ings. It is particularly useful to distinguish between expansion work, in which the work
arises from a volume change in the system, and nonexpansion work (for example, elec-
trical work). We rewrite Equation (6.2) in the form

—dU = Pexternar dV + 'd’wnonexpansion +7TdS =0 (6.3)

Equation 6.3 expresses the condition of spontaneity for an arbitrary process in terms of
the changes in the state functions U, V, S, and T as well as the path-dependent functions
P oxternal dV and 'd’wnonexpansiow

To make a connection with the discussion of spontaneity in Chapter 5, consider a
special case of Equation (6.3). For an isolated system, w = 0 and dU = 0. Therefore,
Equation (6.3) reduces to the familiar result derived in Section 5.5:

ds =0 (6.4)

Because chemists are interested in systems that interact with their environment, we
define equilibrium and spontaneity for such systems. As was done in Chapters 1
through 5, it is useful to consider transformations at constant temperature and either
constant volume or constant pressure. Note that constant T and P (or V) does not imply
that these variables are constant throughout the process, but rather that they are the
same for the initial and final states of the process.

For isothermal processes, TdS = d(TS), and Equation (6.3) can be written in the
following form:

—dU + TdS = _'d’wexpanxinn - d’wm)nexpansion or, equivalentIYv
d(U - TS) = Jwexpansi(m + ’d’wnonexpanxion (6-5)

The combination of state functions U — TS, which has the units of energy, defines a new
state function that we call the Helmholtz energy, abbreviated A. Using this definition,
the general condition of spontaneity for isothermal processes becomes

dA — 'd’wexpanxion - anonexpansion =0 (6.6)

Because the equality applies for a reversible transformation, Equation (6.6) provides a
way to calculate the maximum work that a system can do on the surroundings in an
isothermal process.

Jwtotal = 'd’wexpanxion + d’wnonexpansion = dA (6.7)

The equality holds for a reversible process. Example Problem 6.1 illustrates the use-
fulness of A for calculating the maximum work available through carrying out a
chemical reaction.

| EXAMPLE PROBLEM 6.1

You wish to construct a fuel cell based on the oxidation of a hydrocarbon fuel. The
two choices for a fuel are methane and octane. Calculate the maximum work avail-
able through the combustion of these two hydrocarbons, on a per mole and a per
gram basis at 298.15 K and 1 bar pressure. The standard enthalpies of combustion
are AH?ombustian (CH47 g) = —891KkJ m01_19 AHgambustion (CSHIS’ D=

—5471 kI mol ™!, and 8%, (CgH,g, ) = 361.1 T mol ' k™ !. Use tabulated values of
S5, in Appendix B for these calculations. Are there any other factors that should be
taken into account in making a decision between these two fuels?

Solution

Atconstant T, AA and AH are related by AA = AU — TAS = AH — A(PV) —
TAS = AH — AnRT — TAS
The combustion reactions are

Methane: CHy(g) + 20,(g) = CO,(g) + 2H,0())
Octane: CgHig (/) + 25/2 0,(g) — 8CO,(g) + 9H,O ()
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6.1 THE GIBBS ENERGY AND THE HELMHOLTZ ENERGY

$5,(COy, g) + 255, (H0, 1) >

AA?S ion(CHy, 2) = AU? ion(CH4,2) — T
combustwn( 4 g) cambustmn( 4 g) <—S;1(CH4, g) _ 25;’,,(02, g)

= AHompusiion(CHy, g) — AnRT
—T(87(COy, g) + 25,,(Hy0, 1) — S5, (CHy, 8)
= 25,,(02, 8))
= —891 X 10°Tmol ! + 2 X 8314 Jmol ' K™! X 298.15K

213.8 Tmol ' K~! + 2 X 70.0 T mol "' K~! )

—298.15K X
(—186.3 Jmol "K' =2 % 2052 Jmol ' K~!

AAgombustion (CHy, g) = —814kJ mol_l
AAgombustion (CgHyg, 1) = AUgombuS,,-on (CgHyg,0)

—T(SS;’H(CO% g) + 95, (H,O, 1) — S;,(CgHyg, 1)
25
=3 5302 9)
= AH?ombustion(CSHISs l) — AnRT

—T(8S?n(COz, g 195, (H0,1) — 85, (CsHys, [)

25
— 5 Sm(02.8)

9
—5471 X 103 mol ! + 2 X 8314 T mol ' K™ X 298.15 K

8 X 213.8Jmol "K' + 9 X 70.0J mol ' K™!

—298.15K X 25
—361.1Jmol 'K~ — 5 X 2052 mol ' K™!

AAgambustion (CSHIS; l) = —5285Kk]J mol_]

On a per mol basis, octane (molecular weight 114.25 g mol™) is capable of producing
a factor of 6.5 more work than methane (molecular weight 16.04 g mol™!). However,
on a per gram basis, methane and octane are nearly equal in their ability to produce
work (=50.6 kJ g~! versus —46.3 kJ g™!). You might want to choose octane because it
can be stored as a liquid at atmospheric pressure. By contrast, a pressurized tank is
needed to store methane as a liquid at 298.15 K. _J

In discussing the Helmholtz energy, d7 = 0 was the only constraint applied. We
now apply the additional constraint for a constant volume process, dV = 0. This con-
dition implies dW,xpansion = 0, because dV = 0. If nonexpansion work also is not
possible in the transformation .dW,ppexpansion = A Wexpansion = 0, the condition that
defines spontaneity and equilibrium becomes

dA =0 (6.8)

Chemical reactions are more commonly studied under constant pressure than con-
stant volume conditions. Therefore, the condition for spontaneity is considered next for
an isothermal constant pressure process. At constant P and T, PdV = d(PV) and
TdS = d(TS). In this case, using the relation H = U + PV, Equation (6.3) can be
written in the form

dU + PV = TS) = d(H — TS) = dWoonexpansion (6.9)
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CHAPTER 6 Chemical Equilibrium

The combination of state functions H — 7S, which has the units of energy, defines a new
state function called the Gibbs energy, abbreviated G. Using the Gibbs energy, the
condition for spontaneity and equilibrium for an isothermal process at constant pres-
sure becomes

dG — an()nexpansi()n =0 (6.10)

For a reversible process, the equality holds, and the change in the Gibbs energy is
a measure of the maximum nonexpansion work that can be produced in the
transformation.

We next consider a transformation at constant P and 7 for which nonexpansion
work is not possible, for example, the burning of fuel in an internal combustion engine.
In this case, Equation 6.10 becomes

dG =0 (6.11)

What is the advantage of using the state functions G and A as criteria for spontane-
ity rather than entropy? We answer this question by considering the Clausius inequality,
which can be written in the form

dq
ds — - = 0 (6.12)

As was shown in Section 5.8, dSgroundings = —@q/T. Therefore, the Clausius
inequality is equivalent to the spontaneity condition:

ds + dSsurroundings =0 (6.13)

By introducing G and A, the fundamental conditions for spontaneity have not been
changed. However, G and A are expressed only in terms of the macroscopic state vari-
ables of the system. By introducing G and A, it is no longer necessary to consider the
surroundings explicitly. Knowledge of AG and A A for the system alone is sufficient to
predict the direction of natural change.

Apart from defining the condition of spontaneity, Equation (6.10) is very useful
because it allows one to calculate the maximum nonexpansion work that can be pro-
duced by a chemical transformation. A particularly important application of this equa-
tion is to calculate the electrical work produced by a reaction in an electrochemical cell
or fuel cell as shown in Example Problem 6.2. This topic will be discussed in detail in
Chapter 11. The redox current that flows between the two half cells is used to do work.
By contrast, only expansion work is possible in a conventional combustion process
such as that in an automobile engine.

| EXAMPLE PROBLEM 6.2

Calculate the maximum nonexpansion work that can be produced by the fuel cell oxi-
dation reactions in Example Problem 6.1.

Solution
AGombustion (CHa, &) = AH ompusiion (CHy, &)

(S;;(coz, g) + 255 (H,0. 1) )
—Sm(CHy, g) — 255,(02, 8)

= —890. X 10° J mol !

2138 Tmol 'K~ 4+ 2 X 70.0 Tmol 'K~}

—298.15K X
—186.3Jmol 'K ! =2 X 2052 J mol 'K™!

AGSombustion (CH4, g) = —818KkJ m0171

Www.Ebook777.com



http://www.ebook777.com

Free ebooks ==> www.Ebook777.com

6.1 THE GIBBS ENERGY AND THE HELMHOLTZ ENERGY

AG?ombum’an (CSHIS’ l) = AI_Igombustion (CSHIS’ l)

—T(8531(C02, g 195, (H0,1) — 55, (CsHys, [)

2
= —5471 X 10°T mol~!

25
A 531(02, g))

8 X 213.8Jmol 'K ! + 9% 70.0J mol 'K™!

—298.15K X —1o—1 25 IR
—361.1 Jmol 'K —7 X 205.2Jmol ' K

AGgombustion (CSHIS, l) = —5296 kJ I'11017l

Compare this result with that of Example Problem 6.1. What can you conclude about
the relative amounts of expansion and nonexpansion work available in these reactiﬁJ

It is useful to compare the available work that can be done by a reversible heat engine
with the electrical work done by an electrochemical fuel cell using the same chemical
reaction. In the reversible heat engine, the maximum available work is the product of the
heat withdrawn from the hot reservoir and the efficiency of the heat engine. Consider a
heat engine with 7'),,, = 600. K and T,,;; = 300. K, which has an efficiency of 0.50,
and set gpor = AHZmpusiion- FOT these values, the maximum work available from the
heat engine is 54% of that available in the electrochemical fuel cell for the combustion
of methane. The corresponding value for octane is 52%. Why are these values less than
100%? If the oxidation reactions of Example Problem 6.1 can be carried out as redox
reactions using two physically separated half cells, electrical work can be harnessed
directly and converted to mechanical work. All forms of work can theoretically (but not
practically) be converted to other forms of work with 100% efficiency. However, if
chemical energy is converted to heat by burning the hydrocarbon fuel, and the heat is
subsequently converted to work using a heat engine, the theoretical efficiency is less
than 100% as discussed in Section 5.2. It is clear from this comparison why considerable
research and development effort is currently being spent on fuel cells.

After this discussion of the usefulness of G in calculating the maximum nonexpansion
work available through a chemical reaction, our focus turns to the use of G to determine
the direction of spontaneous change in a reaction mixture. For macroscopic changes at
constant P and T in which no nonexpansion work is possible, the condition for spontaneity
is AGr < 0 where

AGR = AHR - TASR (6.14)

The subscript R is a reminder that the process of interest is a chemical reaction. Note
that there are two contributions to AG, that determine if an isothermal chemical trans-
formation is spontaneous. They are the energetic contribution AHk and the entropic
contribution TASg.

The following conclusions can be drawn based on Equation (6.14):

* The entropic contribution to AGy, is greater for higher temperatures.

* A chemical transformation is always spontaneous if AHp < 0 (an exothermic
reaction) and ASz > 0.

® A chemical transformation is never spontaneous if AHp > 0 (an endothermic
reaction) and ASp < 0.

* For all other cases, the relative magnitudes of AHk and TASk determine if the
chemical transformation is spontaneous.

® If the chemical reaction, for example CH4(g) + 20,(g) — CO,(g) + 2H,0 () is
not spontaneous, then the reverse process CO,(g) + 2H,O (I) — CH4(g) + 20,(g)
is spontaneous.

* If AGy = 0, the reaction mixture is at equilibrium, and neither direction of change
is spontaneous.
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CHAPTER 6 Chemical Equilibrium

AGp depends on the concentrations of reactants and products in the reaction vessel,
and a reaction mixture will evolve until AGr = 0 when equilibrium is achieved unless
the reaction rate is zero. At this point, we have not developed a framework to calculate the
concentrations of a reaction mixture at equilibrium. As we will see in Section 6.8, the
function exp(—AG?e/ RT) will allow us to do so.

For macroscopic changes at constant V and 7 in which no nonexpansion work is
possible, the condition for spontaneity is AAp < 0, where

AAR = AUR - TASR (6.15)

Again, two contributions determine if an isothermal chemical transformation is sponta-
neous: AU, is an energetic contribution, and T AS is an entropic contribution to A Ag.
The same conclusions can be drawn from this equation as for those listed for AGg,
with U substituted for H.

62 The Differential Forms of U, H, A, and G

To this point, the state functions U, H, A, and G, all of which have the units of energy
have been defined. The functions U and H are used to calculate changes in energy for
processes, and A and G are used to calculate the direction in which processes evolve
and the maximum work the reactions can produce. In this section, we discuss how these
state functions depend on the macroscopic system variables. To do so, the differential
forms dU, dH, dA, and dG are developed. As we will see, these differential forms are
essential in calculating how U, H, A, and G vary with state variables such as P and T.
Starting from the definitions

H=U+ PV

A=U—-TS

G=H-TS=U+PV—-TS (6.16)

the following total differentials can be formed:

dU = TdS — PdV (6.17)
dH =TdS — PdV + PdV + VdP =TdS + VdP (6.18)
dA =TdS — PdV — TdS — SdT = —SdT — PdV (6.19)
dG =TdS + VdP — TdS — SdT = —SdT + VdP (6.20)

These differential forms express the internal energy as U(S,V), the enthalpy as H(S,P),
the Helmholtz energy as A(7,V), and the Gibbs energy as G(7,P). Although other com-
binations of variables can be used, these natural variables are used because the differ-
ential expressions are compact.

What information can be obtained from the differential expressions in Equations (6.17)
through (6.20)? Because U, H, A, and G are state functions, two different equivalent
expressions such as those written for dU here can be formulated:

ou U
dU =TdS — PdV = |— | dS+|—| av (6.21)
S )y v Js

For Equation (6.21) to be valid, the coefficients of dS and dV on both sides of the equa-
tion must be equal. Applying this reasoning to Equations (6.17) through (6.20), the fol-
lowing expressions are obtained:

U U
() =T and () =-pP (6.22)
as )y wv )

oH oH
<> = T and () =V (6.23)
aS ) p aP )
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6.2 THE DIFFERENTIAL FORMS OF U, H, A, AND G

<6A> = —§ and <8A> = —P (6.24)
aT |y v r

0G oG
— | =-Sand| — | =V (6.25)
aT | p oP |r

These expressions state how U, H, A, and G vary with their natural variables. For exam-
ple, because T and V always have positive values, Equation (6.23) states that H
increases if either the entropy or the pressure of the system increases. We discuss how
to use these relations for macroscopic changes in the system variables in Section 6.4.
There is also a second way in which the differential expressions in Equations (6.17)
through (6.20) can be used. From Section 3.1, we know that because dU is an exact

differential:
9 <8U(S,V)> B a(&U(S,V))
av as  Jv)s \as\ av Jg)y

Equating the mixed second partial derivative derived from Equations (6.17) through
(6.20), we obtain the following four Maxwell relations:

5.
av g as |y
aT aVv
£)-2)
CRG R
v )y \er )y «
N av
_<BP>T _ <6T>p - vp (6.29)

Equations (6.26) and (6.27) refer to a partial derivative at constant S. What conditions
must a transformation at constant entropy satisfy? Because dS = dq epersivie/T> @
transformation at constant entropy refers to a reversible adiabatic process.

| EXAMPLE PROBLEM 6.3
oT oP

Show that () = —<>
aV /g aS Jy

Solution (

a9 (U(SV) 9 (U (S.V)
Because U is a state function, | — | ——— =(—— .
1% aS v/s aS )% s)v

Substituting dU = TdS — PdV in the previous expression,

(;} (a[TdSa; PdV]>V>S _ <;s<a[TdSa‘_/ PdV]>S>V
@)= (), _

The Maxwell relations have been derived using only the property that U, H, A, and
G are state functions. These four relations are extremely useful in transforming seem-
ingly obscure partial derivatives in other partial derivatives that can be directly meas-
ured. For example, these relations will be used to express U, H, and heat capacities
solely in terms of measurable quantities such as k, 8 and the state variables P, V, and T
in Supplemental Section 6.15.
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CHAPTER 6 Chemical Equilibrium

6 The Dependence of the Gibbs and
-—/ Helmholtz Energieson P, V,and T

The state functions A and G are particularly important for chemists because of their roles

in determining the direction of spontaneous change in a reaction mixture. For this rea-

son, we need to know how A changes with 7 and V, and how G changes with 7" and P.
We begin by asking how A changes with 7 and V. From Section 6.2,

9A 2\
() = —S and () =-p (6.30)
oT )y v /)r

where S and P always take on positive values. Therefore, the general statement can be
made that the Helmholtz energy of a pure substance decreases as either the temperature
or the volume increases.

Because most reactions of interest to chemists are carried out under constant pres-
sure rather than constant volume conditions, we will devote more attention to the prop-
erties of G than to those of A. From Section 6.2,

<aG> =-$ and<8G> =V (6.25)
aT Jp aP )y

Whereas the Gibbs energy decreases with increasing temperature, it increases with
increasing pressure.

How can Equation (6.25) be used to calculate changes in G with macroscopic
changes in the variables T and P? In doing so, each of the variables is considered sepa-
rately. The total change in G as both T and P are varied is the sum of the separate con-
tributions, because G is a state function. We first discuss the change in G with P.

For a macroscopic change in P at constant 7, the second expression in
Equation (6.25) is integrated at constant 7*

P P
/dG =GT,P)—G°(T,P°) = /VdP’ (6.31)
P° P°

where we have chosen the initial pressure to be the standard state pressure P° = 1 bar.
This equation takes on different forms for liquids and solids and for gases. For liquids
and solids, the volume is, to a good approximation, independent of P over a limited
range in P and

P
G(T,P)=G°(T,P°) + /VdP’ ~ G°(T, P°) + V(P — P°) (6.32)
po
By contrast, the volume of a gaseous system changes appreciably with pressure. In calcu-

lating the change of G,, with P at constant 7, any path connecting the same initial and final
states gives the same result. Choosing the reversible path and assuming ideal gas behavior,

P P
nRT P
G(T,P)=G°(T) + /VdP' = G°(T) + / > dP’ = G°(T) + nRT 1n;
P° P°

(6.33)

The functional dependence of the molar Gibbs energy G,, on P for an ideal gas is
shown in Figure 6.1, where G,, approaches minus infinity as the pressure approaches
zero. This is a result of the volume dependence of S that was discussed in Section 5.5,
AS = nRIn(V f/ V;) at constant 7. As P — 0, V — 0. Because the volume available
to a gas molecule is maximized as V—>00, §—>00 as P—0. Therefore,
G = H — TS — — in this limit.
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6.3 THE DEPENDENCE OF THE GIBBS AND HELMHOLTZ ENERGIES ON P, V, AND T 133

4000 — FIGURE 6.1

] The molar Gibbs energy of an ideal gas
. relative to its standard state value is
shown as a function of the pressure at

. 298.15 K.

[G,(298.15 K,P) — G5, (298.15 K)J/J

We next investigate the dependence of G on 7. As we see in the next section, the
thermodynamic equilibrium constant K is related to G/T. Therefore, it is more useful to
obtain an expression for the temperature dependence of G/T than for the temperature
dependence of G. Using the chain rule, this dependence is given by

(6[G/T]> 1 (6G> d[1/T]
= (=) +¢
T Jp T \OT jp dT

_1<aG) G S G _ G+TS_H
P

- = = = - — 6.34
In the second line of Equation (6.34), we have used Equation (6.25), (0G/oT)p = —S,
and the definition G = H — TS. Equation (6.34) is known as the Gibbs—Helmholtz
equation. Because

d(1/T) 1

ar 12

the Gibbs—Helmholtz equation can also be written in the form

Gorm )= o), () = pem=n s

The preceding equation also applies to the change in G and H associated with a process
such as a chemical reaction. Replacing G by AG and integrating Equation (6.35) at

constant P,
1 2 ﬁ G 1 2 1
T, 1

AG(T>) AG(T,)
T, T

. AH(T1>(1 . ) 636)

T, T,

It has been assumed in the second equation that AH is independent of T over the tem-
perature interval of interest. If this is not the case, the integral must be evaluated numer-
ically, using tabulated values of AH} and temperature-dependent expressions of Cp,,
for reactants and products.

| EXAMPLE PROBLEM 6.4

The value of AG} for Fe(g) is 370.7 kJ mol~! at 298.15 K, and AH§ for Fe(g) is
416.3 kJ mol™" at the same temperature. Assuming that AH¢ is constant in the inter-
val 250-400 K, calculate AG} for Fe(g) at 400. K.
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Solution
AG%(T))
JACE! 1 1
AGS(Ty) =Tyl ——— + AHS(T)) X | — — —
3(T3) 2[ T 7(Ty) <T2 T1>}
370.7 X 10° J mol !
298.15 K

+ 416.3 X 10° T mol ™!
= 400. K X

1 1
>< p—
(400. K  298.15 K)

AG%(400.K) = 355.1 kJ mol I

Analogies to Equations (6.31) and (6.36) for the dependence of A on V and T are left to
the end-of-chapter problems.

64 The Gibbs Energy of a Reaction Mixture

To this point, the discussion has been limited to systems at a fixed composition. Our
focus in the rest of the chapter is in using the Gibbs energy to understand equilibrium
in a reaction mixture under constant pressure conditions that correspond to typical
laboratory experiments. Because reactants are consumed and products are generated
in chemical reactions, the expressions derived for state functions such as U, H, S, A,
and G must be revised to include changes in composition. We focus on G in the fol-
lowing discussion.

For a reaction mixture containing species 1, 2, 3, ..., G is no longer a function of
the variables T and P only. Because it depends on the number of moles of each species,
G is written in the form G = G(T, P, ny, ny, n3, . . .). The total differential dG is

G G G
w-(%) () ()
aT Pnn,. .. apP T.nny. .. anl T,Pn,...

G
v () dny + .. .. (6.37)
M/ 1.pn, ...

Note that if the concentrations do not change, all of the dn; = 0, and Equation (6.37)
G oG

reduces to dG = () Tt + () dpP.
aT /p oP )t
Equation (6.37) can be simplified by defining the chemical potential w; as

G
. <> (6.38)
on; ) p.rn#n;

It is important to realize that although u; is defined mathematically in terms of an
infinitesimal change in the amount dn; of species i, the chemical potential w; is the
change in the Gibbs energy per mole of substance i added at constant concentration.
These two requirements are not contradictory. To keep the concentration constant,
one adds a mole of substance i to a huge vat containing many moles of the various
species. In this case, the slope of a plot of G versus n; is the same if the differential
(aG/an,-)P,T,,,ﬁ&,,i is formed, where dn; — 0, or the ratio (AG/An,-)P,T,,,ﬂ&,,I_ is formed,
where An; is 1 mol. Using the notation of Equation (6.38), Equation (6.37) can be
written as follows:

oG oG
dG = () dT + () dP + > wdn; (6.39)
d Pnyn, ... d Tnn,... i

Now imagine integrating Equation (6.39) at constant composition and at constant 7" and
P from an infinitesimal size of the system where n;— 0 and therefore G — 0 to a
macroscopic size where the Gibbs energy has the value G. Because 7 and P are constant,
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6.5 THE GIBBS ENERGY OF A GAS IN A MIXTURE 135

the first two terms in Equation (6.39) do not contribute to the integral. Because the com-
position is constant, u; is constant:

G n
/dG’ = DM /dn;
0 0

G = Xni (6.40)

Note that because w; depends on the number of moles of each species present, it is a
function of concentration. If the system consists of a single pure substance A,
G = nyG,, 4 because G is an extensive quantity. Applying Equation (6.38),

G a[nAGm,A]
ma =\ =\— =G4
ona/pr o PT

showing that w, is an intensive quantity equal to the molar Gibbs energy of A for a
pure substance. As shown later, this statement is not true for mixtures.

Why is u; called the chemical potential of species i? This can be understood by
assuming that the chemical potential for species i has the values ! in region I, and u!’
in region II of a given mixture with ! > u!’. If dn; moles of species i are transported
from region I to region II at constant 7 and P, the change in G is given by

dG = —uldn; + pf'dn; = (uf" — pf)dn; <0 (6.41)

Because dG < 0, this process is spontaneous. For a given species, transport will
occur spontaneously from a region of high chemical potential to one of low chemical
potential. The flow of material will continue until the chemical potential has the same
value in all regions of the mixture. Note the analogy between this process and the
flow of mass in a gravitational potential or the flow of charge in an electrostatic
potential. Therefore, the term chemical potential is appropriate. In this discussion,
we have defined a new criterion for equilibrium in a multicomponent mixture: at
equilibrium, the chemical potential of each species is the same throughout a mixture.

65 The Gibbs Energy of a Gas in a Mixture

In the next three sections, the conditions for equilibrium in a reactive mixture of ideal
gases are derived in terms of the u; of the chemical constituents. Imagine that we
have a reaction vessel in which all reactants are initially confined to separate volumes
through barriers that are suddenly removed to let the reaction proceed. Two important
processes occur, namely (i) the mixing of reactants and (ii) the conversion of reac-
tants to products. In both processes, the concentration of individual species and their
chemical potentials change. In this section, we describe how the chemical potential
of a reactant or product species changes as its concentration in the reaction mixture
changes. In the next section, we describe how the chemical potential of a reactant or
product species changes through mixing with other species. Using these results, we
show in Section 6.7 that the partial pressures of all constituents of a gaseous reaction
mixture are related by the thermodynamic equilibrium constant Kp.

Consider first the simple system consisting of two volumes separated by a semiper-
meable membrane, as shown in Figure 6.2. On the left side, the gas consists solely of
pure H,. On the right side, H; is present as one constituent of a mixture. The membrane
allows only H; to pass in both directions.

Once equilibrium has been reached with respect to the concentration of H, through-
out the system, the hydrogen pressure (but not the total pressure) is the same on both
sides of the membrane and therefore

M%uzre — M%ixture (6.42)

2
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FIGURE 6.3

An isolated system consists of four sepa-
rate subsystems containing He, Ne, Ar,
and Xe, each at a pressure of 1 bar. The
barriers separating these subsystems can
be removed, leading to mixing.

Recall from Section 6.3 that the molar Gibbs energy of a pure ideal gas depends on its
pressure as G(T, P) = G°(T) + nRT In(P/P°®). Therefore, Equation (6.42) can be
written in the form

P
WS (T, Pyy) = Wi (T, Py,) = u$y,(T) + RT In P’? (6.43)
The chemical potential of a gas in a mixture depends logarithmically on its partial
pressure. Equation (6.43) applies to any mixture, not just to those for which an appropriate
semipermeable membrane exists. We therefore generalize the discussion by referring to a
component of the mixture as A. The partial pressure of species A in the gas mixture P4 can
be expressed in terms of xy, its mole fraction in the mixture, and the total pressure P:

Py = x4P (6.44)
Using this relationship, Equation (6.43) becomes

) P
wtre (p o py = uS(T) + RT IHF + RT In x4

P
= (pdj’;(T) + RT lnPO> + RT In x4 or

wiiEmre (7 Py = uh“¢(T, P) + RT In x4 (6.45)

Because x4, < 0, we find that the chemical potential of a gas in a mixture is less than
that of the pure gas if the total pressure P is the same for the pure sample and the mix-
ture. Because w§*¢ (T, P) < uh"*(T, P), diffusion of H, from the left side to the
right side of the system in Figure 6.2 will continue until the partial pressures of H, on
both sides of the membrane are equal. There is a further important conclusion that can
be drawn from Equation (6.45): mixing of the two subsystems in Figure 6.2 would be
spontaneous if they were not separated by the membrane.

6 6 Calculating the Gibbs Energy of Mixing
-\J for Ideal Gases

In the previous section, we showed how the chemical potential of a species in a mixture
is related to the chemical potential of the pure species and the mole fraction of the
species in the mixture. We also demonstrated that the mixing of gases is a spontaneous
process, so that AG ., must be negative. We now obtain a quantitative relationship
between AG ;g and the mole fractions of the individual constituents of the mixture.
Consider the system shown in Figure 6.3. The four compartments contain the gases He,
Ne, Ar, and Xe at the same temperature and pressure. The volumes of the four compart-
ments differ. To calculate AG,;yi,g, Wwe must compare G for the initial state shown in
Figure 6.3 and the final state in which all gases are uniformly distributed in the con-
tainer. For the initial state, in which we have four pure separated substances,

Gi = GHe + GNe + GAr + GXe = nHeGm,He + nNeGm,Ne + nAer,Ar + nXe(G6m‘,‘)g;

For the final state in which all four components are dispersed in the mixture, from
Equation (6.45),

Gy = nge(Gupe + RT Inxy,) + nye(Gyyne + RT In xy,)
+ 14, (Gpar + RT Inxy,) + nx,(Gyx. + RT In xx,) (6.47)
The Gibbs energy of mixing is Gy — G; or
AG,ixing = RTngeIn xp, + RTny, Inxy, + RTny, In xs, + RTny, In xx,

= RT D n;Inx; = nRT D x; Inx; (6.48)
i i

Note that because all the x; < 1, each term in the last expression of Equation (6.48) is
negative, so that AG,;ying < 0, showing that mixing is a spontaneous process.
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6.6 CALCULATING THE GIBBS ENERGY OF MIXING FOR IDEAL GASES

Equation (6.48) allows us to calculate AG,,;;,, for any given set of the mole frac-
tions x;. It is easiest to graphically visualize the results for a binary mixture of species A
and B. To simplify the notation, we set x4 = x, so that xg = 1 — x. It follows that

AG pining = nRT[xInx + (1 — x)In(1 — x)] (6.49)

A plot of AG,,jyjne versus x is shown in Figure 6.4 for a binary mixture. Note that
AGmiX.,-ng. is zero for x4, = 0 and x A= 1 because only pure substances are present in
these limits. Also, AG ;yine has a minimum for x4 = 0.5, because the largest decrease
in G arises from mixing when A and B are present in equal amounts.

The entropy of mixing can be calculated from Equation (6.48):

aAGmixing
ASmi)cing = _< »

aT
As shown in Figure 6.5, the entropy of mixing increases in the range x4 = 0 to
x4 = 0.5 and is greatest for x4, = 0.5. What is the cause of the initial increase in
entropy? Each of the components of the mixture expands from its initial volume to a
larger final volume. Therefore, AS,; ;¢ arises from the dependence of S on V at con-
stant 7. We verify this assertion using the expression derived in Section 5.4 for the
change of S with V, and obtain Equation (6.50).

Vr Vi 1 1
Rl ngln— + ngln— | = R| nxyIn— + nxgln—
Via Vip XA X

= —nRY x;In x; (6.50)
i

AS

= —nR(xpln x4 + xpln xp)

if both components and the mixture are at the same pressure and temperature. The maxi-
mum at x4 = 0.5 occurs because at that value, each component contributes equally to AS.

| EXAMPLE PROBLEM 6.5

Consider the system shown in Figure 6.3. Assume that the separate compartments con-
tain 1.0 mol of He, 3.0 mol of Ne, 2.0 mol of Ar, and 2.5 mol of Xe at 298.15 K. The
pressure in each compartment is 1 bar.

a. Calculate AG,jying-
b. Calculate AS,; ing-

Solution

a. AGring = RTnyeIn xg, + RTny,In xy, + RTny, In xu, + RTny, In xyx,

= RTEn,» Inx; = nRTExl- In x;
i i

= 85mol X 8.314JK 'mol ! X 298.15K

v Elnﬂ n Elnﬂ n @ln@ n EIHE
85 85 85 85 85 85 85 85
=28 X 10*J

b. ASmixing = —nREx,- In X;
i

= —85mol X 8314JK ! mol™!

10 10 30 30 20 20 25 25
X | <Clh——+ "o + - lns. + s>
85 85 85 85 85 85 85

=93JK™! I

What is the driving force for the mixing of gases? We saw in Section 6.1 that there
are two contributions to AG, an enthalpic contribution AH and an entropic contribu-
tion TAS. By calculating AH iyine from AH ivine = AGixing + TAS pixing using
Equations (6.49) and (6.50), you will see that for the mixing of ideal gases,
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CHAPTER 6 Chemical Equilibrium

AH iving = 0. Because the molecules in an ideal gas do not interact, there is no
enthalpy change associated with mixing. We conclude that the mixing of ideal gases is
driven entirely by AS,,; i, as shown earlier.

Although the mixing of gases is always spontaneous, the same is not true of liquids.
Liquids can be either miscible or immiscible. How can this fact be explained? For gases
or liquids, AS,;ing > 0. Therefore, if two liquids are immiscible, AG,,ine > 0 and
AH ixing = AGpixing + TAS pixing > 0, showing that there are repulsive interactions
between the components to be mixed. If two liquids mix, AG,;yine < O so that
AH yiving < TAS,ixing- In this case, there can be a weak repulsive interaction between
the components if it is outweighed by the entropic contribution to AG ;-

67 CalculatingAGg for a Chemical Reaction

Given a set of initial number of moles of all pure separated gaseous components in a
reaction mixture, there is only one set of partial pressures P; that corresponds to equi-
librium. In this section, we combine the results of the two previous sections to identify
the equilibrium position in a reaction mixture.

Consider the balanced chemical reaction

aA + BB + xC+ ...— M + eN + yO + ... (6.51)

in which Greek letters represent stoichiometric coefficients and uppercase Roman let-
ters represent reactants and products. We can write an abbreviated expression for this
reaction in the form

0= EviXi (6.52)

where v; represents the stoichiometric coefficients and X; represents the reactants and
products. In Equation (6.52), the v; of the products are positive, and those of the reac-
tants are negative.

What determines the equilibrium partial pressures of the reactants and products?
Imagine that the reaction proceeds in the direction indicated in Equation (6.51) by an
infinitesimal amount. The change in the Gibbs energy is given by

dG = X pdn; (6.53)

In this equation, the individual dn; are not independent, because they are linked by the
stoichiometric equation.

The direction of spontaneous change is determined by AGg. How can AGp, be cal-
culated for a reaction mixture? We distinguish between calculating AG% for the stan-
dard state in which P; = P° = 1 bar for all species and calculating AG, for the set of
P; corresponding to equilibrium. Tabulated values of AG§ for compounds are used to
calculate AG% at P° = 1 bar and T = 298.15 K as shown in Example Problem 6.6.
Just as for enthalpy, AG§ for a pure element in its standard reference state is equal to
zero because the reactants and products in the formation reaction are identical.

AG% = EViAG},i (6-54)
i
| EXAMPLE PROBLEM 6.6

Calculate AG} for the reaction 2NO5(g) — N»,Oy4(g) at 298.15 K. Is the reaction
spontaneous if the pressure of NO(g) is 1 bar at this temperature?

Solution
AG{ = AG3(Ny04, g) — 2AG}(NO,, g)
= 99.8kJmol ! — 2 X 51.3 kJ mol !
= —2.80 kJ mol !
Because AG% < 0, the reaction is spontaneous at 298.15 K. _J
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6.8 INTRODUCING THE EQUILIBRIUM CONSTANT FOR A MIXTURE OF IDEAL GASES 139

At other temperatures, AG% is calculated as shown in Example Problem 6.7.

| EXAMPLE PROBLEM 6.7

Calculate AG¥ for the reaction in Example Problem 6.6 at 325 K. Is the reaction spon-
taneous at this temperature?

Solution
To calculate AG} at the elevated temperature, we use Equation (6.36) assuming that
AH% is independent of T

AGR (Ty) =T AGR QBISK) AH3(298.15K)( — !

i (T2) =T 298.15K #(29815K) T, 298.15K
AH% (298.15K) = AH} (N,Oy, g) — 2AH} (NO,, g)
= 111k mol ™! — 2 X 332kImol ' = —55.3 kJ mol !
—2.80 X 10*J mol !
298.15 K

AG% (325K) = 325K X

1 1
325K 298.15 K)
AG$ (325K) = 1.92 kJ mol !
Because AG% > 0, the reaction is not spontaneous at 325 K. I

6 Introducing the Equilibrium Constant for
. a Mixture of Ideal Gases

—55.3 X 10°) mol ! <

Spontaneity for a reaction does not imply that the reaction goes to completion, but
rather that the equilibrium reaction mixture contains more products than reactants. In
this and the next section, we establish a framework for calculating the partial pressures
of reactants and products in a chemical reaction at equilibrium.

In a reaction mixture with a total pressure of 1 bar, the partial pressures of each
species P; is less than the standard state pressure of 1 bar. In this section, we introduce the
pressure dependence of w; in order to calculate AGp for a typical reaction mixture.
Consider the following reaction that takes place between ideal gas species A, B, C, and D:

aA(g) + BB(g) == yC(g) + 8D(g) (6.55)

Because all four species are present in the reaction mixture, the reaction Gibbs energy
for the arbitrary set of partial pressures Py, Pg, Pc, and Py, is given by

Pp

o

Pc
AGg = ZvibGpy = yug + YRT Ino + dp + SRT In
i

Py Pg
—apy — aRT IHF — Bup — BRT IHF (6.56)

The terms in the previous equation can be separated into those at the standard condition
of P° = 1 bar and the remaining terms:

Pc Pp Py Pg
AGr = AG% + yRT In + 8RT In — aRT In — BRT In—
P P P° P°
Pc\(Pp\°
PO PO
= AG% + RT In (6.57)

Py\*( Pg\P
PO PO
AG} = yué& (T) + dup (T) — apl (T) — Bup(T) = 2viAGy; (6.58)
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CHAPTER 6 Chemical Equilibrium

Recall from Example Problem 6.6 that standard Gibbs energies of formation rather
than chemical potentials are used to calculate AG}.

The combination of the partial pressures of reactants and products in Equation (6.57) is
called the reaction quotient of pressures, which is abbreviated Qp and defined as follows:

(3]

Or="7" 7 & (6.59)
Pa\( Py’
PO PO
With these definitions of AG§% and Qp, Equation (6.56) becomes
AGr = AG% + RT In Qp (6.60)

Note this important result that AG g can be separated into two terms, only one of which
depends on the partial pressures of reactants and products.

We next show how Equation (6.60) can be used to predict the direction of spontaneous
change for a given set of partial pressures of the reactants and products. If the partial pres-
sures of the reactants A and B are large, and those of the products C and D are small com-
pared to their values at equilibrium, Qp will be small. As a result, RT In Qp will be large
and negative. In this case, AGr = AG% + RT In Qp < 0 and the reaction will be spon-
taneous as written from left to right, as some of the reactants combine to form products.

Next, consider the opposite extreme. If the partial pressures of the products C and D
are large, and those of the reactants A and B are small compared to their values at equi-
librium, Qp will be large. As a result, RT In Qp will be large and positive, and
AGgr = AG% + RT In Qp > 0. In this case, the reaction as written in Equation (6.55)
from left to right is not spontaneous, but the reverse of the reaction is spontaneous.

| EXAMPLE PROBLEM 6.8

NO,(g) and N,Oy(g) are in a reaction vessel with partial pressures of 0.350 and
0.650 bar, respectively, at 298 K. Is this system at equilibrium? If not, will the system
move toward reactants or products to reach equilibrium?

Solution

The reaction of interest is 2 NO»(g) =—— N,04(g). We calculate AG using
AGR = AG% + RT In QP

AGg =99.8kImol ' — 2 X 51.3kImol ! + 8314 Jmol ' K™
0.650 bar/1 bar
(0.350 bar/1 bar)?

X 298 K In

= —2.80 X 10° T mol! + 4.13 X 10> J mol™"
1.33 X 10° J mol ™!

Since AGg # 0, the system is not at equilibrium, and because AGp > 0, the system
moves toward reactants.

Whereas the two cases that we have considered lead to a change in the partial
pressures of the reactants and products, the most interesting case is equilibrium, for
which AGy = 0. At equilibrium, AG% = —RT In Qp. We denote this special system
configuration by adding a superscript eq to each partial pressure and renaming Qp as
Kp. The quantity Kp is called the thermodynamic equilibrium constant:

PE\Y( Py \?
PO PO
Pé\e [ Py B
PO PO
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6.9 CALCULATING THE EQUILIBRIUM PARTIAL PRESSURES IN A MIXTURE OF IDEAL GASES

or

AGS,
RT

InKp = (6.61)
Because AG% is a function of T only, Kp is also a function of T only. The thermodynamic
equilibrium constant Kp does not depend on the total pressure or the partial pressure of
reactants or products. Note also that Kp is a dimensionless number because each partial
pressure is divided by P°.

It is important to understand that the equilibrium condition of Equation (6.61) links
the partial pressures of all reactants and products. Imagine that a quantity of species D
is added to the system initially at equilibrium. The system will reach a new equilibrium
state in which P%!, P%, P and P§ all have new values because the value of

Pe Y Pe S Peq o Pe B

Kp = ¢ 7011 / i 7361 has not changed.
PO PO PO PO

| EXAMPLE PROBLEM 6.9

a. Using data from Table 4.1 (see Appendix B, Data Tables), calculate Kp at
298.15 K for the reaction CO(g) + H,O(l) — CO,(g) + Hy(g).

b. Based on the value that you obtained for part (a), do you expect the mixture to con-
sist mainly of CO,(g) and H,(g) or mainly of CO(g) + H,O(!) at equilibrium?

Solution
1
. InKp = — — AG}
a e RT =R
_ 1 [AG}(COy g) + AG}(Hy, g) — AG}(H0, 1)
RT\ —AG$%(CO, g)
1

 8314Tmol ' K~ X 298.15K

—394.4 X 103 Tmol ! + 0 + 237.1
X 10> T mol ™! + 137.2 X 10° T mol !
= 8.1087

Kp =332 x 103

b. Because Kp >> 1, the mixture will consist mainly of the products CO,(g) + H(g)
at equilibrium.

6 Calculating the Equilibrium Partial
.-/ Pressures in a Mixture of Ideal Gases

As shown in the previous section, the partial pressures of the reactants and products
in a mixture of gases at equilibrium cannot take on arbitrary values, because they are
related through Kp. In this section, we show how the equilibrium partial pressures
can be calculated for ideal gases. Similar calculations for real gases will be dis-
cussed in the next chapter. In Example Problem 6.10, we consider the dissociation
of chlorine:

Cl(g) = 2CI(g) (6.62)

It is useful to set up the calculation in a tabular form as shown in the following exam-
ple problem.
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142  CHAPTER 6 Chemical Equilibrium
| EXAMPLE PROBLEM 6.10

In this example, ny moles of chlorine gas are placed in a reaction vessel whose temper-
ature can be varied over a wide range, so that molecular chlorine can partially dissoci-
ate to atomic chlorine.

a. Define the degree of dissociation as @ = 3,,/ng, where 28, is the number of
moles of Cl(g) present at equilibrium, and n represents the number of moles of
Cl,y(g) that would be present in the system if no dissociation occurred. Derive an
expression for Kp in terms of ng, 0,4, and P.

b. Derive an expression for « as a function of Kp and P.

Solution

a. We set up the following table:

Cly(g) — 2Cl(g)

Initial number of moles no 0

Moles present at equilibrium ny — 8¢ 28,4

Mole fraction present at equilibrium, x; ny — 8¢ 28,
ny + Seq no + 86(1

Partial pressure at equilibrium, P; = x;P [ ng — 0,
ny + 8eq

26,
no + 8eq

We next express Kp in terms of ny, 6,,, and P:

eq»
2

() ()2

o ng + 8. ) P°

( ) Pz‘qlz np — 6eq i
P° ny + 6eq P°
455(1 P 453,] P

- po 2 _ 2 po
(l’l() + 56(1)(1’1() - 5€q) pe (I’lo) - 86(1 pe
This expression is converted into one in terms of o

48, P 4’ P
Ke(T) = 5 a5 pe =7 _ 2pe
(I’lo) 6eq P 1 a P

b. (KP(T) + 4;>a2 =

a =

Because Kp(T) depends strongly on temperature, o will also be a strong function
of temperature. Note that « also depends on both Kp and P for this reaction.

Whereas Kp(7) is independent of P, « as calculated in Example Problem 6.10 does
depend on P. In the particular case considered, « decreases as P increases for constant
T. As will be shown in Section 6.12, a depends on P whenever Ay # 0 for a reaction.

6. 1 O The Variation of Kp with Temperature

In Section 6.8, we showed that Kp and AGj% are related by InKp=
—AG%/RT = —AH%/RT + AS%. We illustrate how these individual functions
vary with temperature for two reactions of industrial importance, beginning with
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ammonia synthesis. This reaction is used to produce almost all of the fertilizer used
in growing foodcrops and will be discussed in detail in Section 6.14. The overall
reaction is

3Hy(g) + Na(g) — 2NH;(g)

Figure 6.6a shows that AH§ is large, negative, and weakly dependent on temperature.
Because the number of moles of gaseous species decreases as the reaction proceeds,
AS% is negative and is weakly dependent on temperature. The temperature dependence
of In Kp = —AG%/RT is determined by —AH%/RT. Because AH}% is negative, Kp
decreases as T increases. We see that Kp > 1 for T < 450 K, and it decreases with
increasing T throughout the temperature range shown.

Figure 6.6b shows analogous results for the coal gasification reaction

Hy0(g) + C(s) > CO(g) + Ha(g)

This reaction produces a mixture of CO(g) and H,(g), which is known as syngas. It can
be used to produce diesel engine fuel in the form of alkanes through the Fischer-Tropsch
process in the reaction (21 + 1)Hy(g) + nCO(g) = C,H(2,+2)(I) + nH,O(l). For the
coal gasification reaction, the number of moles of gaseous species increases as the reac-
tion proceeds so that AS% is positive. AH is large, positive, and not strongly dependent
on temperature. Again, the temperature dependence of Kp is determined by —AH%/RT .
Because AH?% is positive, Kp increases as T increases.
The following conclusions can be drawn from Figure 6.6:

® The temperature dependence of Kp is determined by AH .

e 1If AHy > 0, Kp increases with increasing T; if AHy < 0, Kp decreases with
increasing 7.

* AS% has essentially no effect on the dependence of Kp on 7.

e If AS% > 0, In Kp is increased by the same amount relative to —AH%/RT at all
temperatures. If ASy < 0, In Kp is decreased by the same amount relative to
—AH$/RT at all temperatures.

We can also derive an expression for the dependence of In Kp on 7. Starting with
Equation (6.61), we write
dInKp d(AG%/RT) ld(AG}’g/T)

aT 4T - TR 4T (6.63)

Using the Gibbs—Helmbholtz equation [Equation (6.34)], the preceding equation reduces to
dInKp 1 d(AGR/T)  AH%

= = .64
dT R dT RT? (6:64)
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Jmol™' K, respectively. The units of
—AH$/T and —AG%/T are kJ mol™' K.
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gasification.
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144  CHAPTER 6 Chemical Equilibrium

Because tabulated values of AG} are available at 298.15 K, we can calculate AG% and
Kp at this temperature; Kp can be calculated at the temperature 7y by integrating
Equation (6.64) between the appropriate limits:

Kp(Ty) Ty o
1 AHp
dinKp = — dr (6.65)
R T2
Kp(298.15K) 298.15K

If the temperature Tfis not much different from 298.15 K, it can be assumed that AH% is
constant over the temperature interval. This assumption is better than it might appear at
first glance as was shown in Figures 6.5 and 6.6. Although H is strongly dependent on
temperature, the temperature dependence of AH% is governed by the difference in heat
capacities AC p between reactants and products (see Section 3.4). If the heat capacities of
reactants and products are nearly the same, AH§ is nearly independent of temperature.
With the assumption that A Hy is independent of temperature, Equation (6.65) becomes

AHy (1 1
InKp(T;) = In Kp(298.15K) — — - (6.66)

R \T, 29815K
| EXAMPLE PROBLEM 6.11

Using the result of Example Problem 6.10 and the data tables, consider the dissocia-
tion equilibrium Cly(g) =— 2CI(g).

a. Calculate Kp at 800. K, 1500. K, and 2000. K for P = 0.010 bar.
b. Calculate the degree of dissociation « at 300. K, 1500. K, and 2000. K.

Solution
a. AG} = 2AG}(ClL g) — AG3(Clp,g) = 2 X 105.7 X 10°Tmol ™! — 0
= 211.4 kJ mol !
AH$ = 2AH$(CL g) — AH$(Cly, g) = 2 X 121.3 X 10°Jmol ' — 0
= 242.6 kJ mol !
211.4 X 10° J mol ! 242.6 X 10*Tmol !

 8314JK 'mol~! X 29815K  8314JK ! mol™!
1 1
X e
<Tf 298.15 K>

211.4 X 10°J mol ! ~242.6 X 10* T mol !
8314JK "mol™! X 298.15K  8.314JK ' mol™!

1 1
X - = —23.888
800.K  298.15K

K p(800.K) = 422 x 107!
The values for Kp at 1500. and 2000. K are 1.03 X 1073 and 0.134, respectively.

In K p (800. K)

b. The value of « at 2000. K is given by

Kp(T 134
a = # = \/ 0.13 = 0878
P 0.134 + 4 X 0.01
Kp(T) + 4

P°
The values of a at 1500. and 800. K are 0.159 and 3.23 X 107, respectively. I
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6.11 EQUILIBRIA INVOLVING IDEAL GASES AND SOLID OR LIQUID PHASES

The degree of dissociation of Cl, increases with temperature as shown in Example
Problem 6.11. This is always the case for an endothermic reaction.

6 'I Equilibria Involving Ideal Gases and
: Solid or Liquid Phases

In the preceding sections, we discussed chemical equilibrium in a homogeneous
system of ideal gases. However, many chemical reactions involve a gas phase in
equilibrium with a solid or liquid phase. An example is the thermal decomposition
of CaCOs;(s):

CaCO;(s) == CaO(s) + COx(g) (6.67)

In this case, a pure gas is in equilibrium with two solid phases at the pressure P. At
equilibrium,

AGg = Zniﬂi =0
1

0 = 10y (Ca0, 5, P) + ey (CO, g, P) — ey (CaCO3, 5, P)  (6.68)

Because the equilibrium pressure is P # P°, the pressure dependence of u for each
species must be taken into account. From Section 6.3, we know that the pressure
dependence of G for a solid or liquid is very small:

jeg (Ca0, 5, P) ~ p°(CaO,s) and p, (CaCOs, s, P) ~ u°(CaCOs, 5) (6.69)

You will verify the validity of Equation (6.69) in the end-of-chapter problems. Using
the dependence of u on P for an ideal gas, Equation (6.68) becomes

Pco

0 = u°(Ca0, s) + u°(CO,, g) — p°(CaCOs,s) + RT In—_= or
Pco,
AGg = u°(Ca0, s) + u°(CO,, g) — u°(CaCOs, s) = —RT In—— (6.70)
Rewriting this equation in terms of Kp, we obtain
P AG?,
nKp=In—2 = =R (6.71)
p° RT

We generalize this result as follows. Kp for an equilibrium involving gases with liquids
and/or solids contains only contributions from the gaseous species. However, AG% is
calculated taking all species into account.

| EXAMPLE PROBLEM 6.12

Using the preceding discussion and the tabulated values of AG and AH§ in
Appendix B, calculate the CO, (g) pressure in equilibrium with a mixture of CaCO3 (s)
and CaO(s) at 1000., 1100., and 1200. K.

Solution

For the reaction CaCOj3(s) —— CaO(s) + O,(g), AG{ = 131.1kJ mol ! and
AH% = 178.5k] mol ! at 298.15 K. We use Equation (6.71) to calculate Kp(298.15 K)
and Equation (6.66) to calculate Kp at elevated temperatures.

P
In—22 (1000. K) = In K »(1000. K)

P
_ In K (298.15K) AHR 20815k 1 1
- MAPLEYS. R 1000. K 298.15K
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- —131.1 X 10° J mol ! 1785 X 10° J mol !
8314JK "mol™! X 298.15K  8314JK ' mol™!

1 1
>< —
<1000.K 298.15 K>
= —2.348; Pco,(1000. K) = 0.0956 bar
The values for Pcp, at 1100. K and 1200. K are 0.673 bar and 1.23 bar. I

If the reaction involves only liquids or solids, the pressure dependence of the chem-
ical potential is generally small and can be neglected. However, it cannot be neglected
if P >> 1 bar as shown in Example Problem 6.13.

| EXAMPLE PROBLEM 6.13

At 298.15 K, AG}(C, graphite) = 0, and AG}(C, diamond) = 2.90 kJ mol !
Therefore, graphite is the more stable solid phase at this temperature at
P = P° =1 bar. Given that the densities of graphite and diamond are 2.25 and

3.52 kg/L, respectively, at what pressure will graphite and diamond be in equilib-
rium at 298.15 K?

Solution

Atequilibrium AG = G(C, graphite) — G(C, diamond) = 0. Using the pressure
dependence of G, (G,,/dP)r = V ,,, we establish the condition for equilibrium:

AG = AG}(C, graphite) — AG}(C, diamond)
+ (Vé’nraphite _ Vcriniamond)(AP) =0

0=0—290 X 10% + (vgarhite — yiamondyp — 1bar)

2.90 X 10°
P = 1bar + 20 0
< 1 1 )
Mc —
Pgraphite Pdiamond
2.90 x 10°
= 1 bar +
-3 -1 l 1
12.00 X 10”7 kg mol™ " X 3 = 3 -
2.25 X 10°kgm 352 X 10°kgm

=10°Pa + 1.51 X 10°Pa = 1.51 X 10* bar

Fortunately for all those with diamond rings, although the conversion of
diamond to graphite at 1 bar and 298 K is spontaneous, the rate of conversion is
vanishingly small.

6 1 Z Expressing the Equilibrium Constant in
. Terms of Mole Fraction or Molarity

Chemists often find it useful to express the concentrations of reactants and products in
units other than partial pressures. Two examples of other units that we will consider in
this section are mole fraction and molarity. Note, however, that this discussion is still
limited to a mixture of ideal gases. The extension of chemical equilibrium to include
neutral and ionic species in aqueous solutions will be made in Chapter 10, after the
concept of activity has been introduced.
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6.13 THE DEPENDENCE OF THE EXTENT OF REACTION ON T AND P 147

We first express the equilibrium constant in terms of mole fractions. The mole frac-
tion x; and the partial pressure P; are related by P; = x;P. Therefore,

PN PR\ [ xdP\Y[xpP\°
P° )\ P° P\ P (x)7 (x5)° ([ p \r+o-a—p
K = f— = —_—
P pei\af pea\B xp\af x%p\B (xiq)“(x%q)ﬁ P°
P° P° P° P°
© (P )Av
X Po

P —Av
Kp (PO) (6.72)

<

K,

Recall that Av is the difference in the stoichiometric coefficients of products and reac-
tants. Note that just as for Kp, K, is a dimensionless number.

Because the molarity ¢; is defined as ¢; = n;/V = P;/RT, we can write
P;/P° = (RT/P°)c;. To work with dimensionless quantities, we introduce the ratio
¢;/c®, which is related to P;/P° by

B _CRL G 6.73)
PO PO CO .

Using this notation, we can express K, in terms of Kp:
P\ PSd\o \Y L%I B
Po PO CO CO CORT fy+§—a—B CORT Av
Kp = ei\a/ pea B [.ed\a/ c\B p° = K. P°
Py \*( Pg ca \*[cs
P P c’® c®

ORT —AV
K. = Kp (C > (6.74)

PO

Equations (6.72) and (6.74) show that K, and K, are in general different from Kp. They
are only equal in the special case that Ay = 0.

6 'I The Dependence of the Extent of
: Reactionon Tand P

In previous sections, we have discussed how Kp varies with 7 and how K, varies with
P. In this section, we consider how the extent of reaction varies with 7 and P in a more
general framework that encompasses the previous discussions. It is useful at this point
to introduce a parameter, &, called the extent of reaction in discussing the shift in the
position of equilibrium of a chemical reaction if 7 and/or P change. If the reaction
advances by & moles, the number of moles of each species i changes according to

n = n;nitial + viE (6.75)

Differentiating this equation leads to dn; = v;dé. By inserting this result in
Equation (6.53), we can write dG in terms of £. At constant 7 and P,

dG = (2 W,-)dg = AGrdé (6.76)

1

An advancing reaction can be described in terms of the partial derivative of G with &:

<8G> = Dvim; = AGy (6.77)
& Jr.p

Www.Ebook777.com



http://www.ebook777.com

148

Free ebooks ==> www.Ebook777.com
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The direction of spontaneous change is that in which AGy, is negative. This direc-
tion corresponds to (9G/d¢€)7 p < 0. At a given composition of the reaction mixture,
the partial pressures of the reactants and products can be determined, and the w; can be
calculated. Because pu; = u; (T, P, ng, np,...), >,;vit; = AGg must be evaluated at
specific values of T, P, ny, ng,.... Based on the value of AGy obtained, the following
conclusions can be drawn:

* If AGg = (dG/d&)r p < 0, the reaction proceeds spontaneously as written.

* If AGg = (0G/9é)r p > 0, the reaction proceeds spontaneously in the opposite
direction.

* If AGg = (0G/9é)r p = 0, the reaction system is at equilibrium, and there is no
direction of spontaneous change.

Suppose that we have a mixture of reactive gases at equilibrium. Does the equilib-
rium shift toward reactants or products as 7 or P is changed? Because &, increases if
Kp or K, increases, and decreases if Kp or K, decreases, we need only consider the
dependence of Kp on T or K, on T and P. We first consider the dependence of Kp on T.
We know from Equation (6.64) that

dinKp AH%
dT  RT? (©78)
so that Kp will change differently with temperature for an exothermic reaction than for
an endothermic reaction. For an exothermic reaction, d In K p/dT < 0, and §eq will
shift toward the reactants as T increases. For an endothermic reaction, d In K p/dT > 0,
and &, will shift toward the products as 7 increases.
The dependence of &,, on pressure can be determined from the relationship

between K, and P:
P —Av
K, =Kp o (6.79)

Because Kp is independent of pressure, the pressure dependence of K, arises solely
from (P/P°)"A".If Av > 0, the number of moles of gaseous products increases as the
reaction proceeds. In this case, K, decreases as P increases, and §eq shifts back toward
the reactants. If the number of moles of gaseous products decreases as the reaction pro-
ceeds, K, increases as P increases, and feq shifts forward toward the products. If
Av = 0, &, is independent of pressure.

A combined change in 7 and P leads to a superposition of the effects just dis-
cussed. According to the French chemist Le Chatelier, reaction systems at chemical
equilibrium respond to an outside stress, such as a change in 7 or P, by countering the
stress. Consider the Cl,(g) == 2Cl(g) reaction discussed in Example Problems 6.9
and 6.10 for which AHp > 0. There, &, responds to an increase in T in such a way
that heat is taken up by the system; in other words, more Cl,(g) dissociates. This
counters the stress imposed on the system by an increase in 7. Similarly, &, responds
to an increase in P in such a way that the volume of the system decreases. Specifically,
§eq changes in the direction that Av < 0, and for the reaction under consideration,
Cl(g) is converted to Cly(g). This shift in the position of equilibrium counters the
stress brought about by an increase in P.

6 'I A Case Study: The Synthesis of
: Ammonia

In this section, we discuss a specific reaction and show both the power and the limita-
tions of thermodynamics in developing a strategy to maximize the rate of a desired
reaction. Ammonia synthesis is the primary route to the manufacture of fertilizers in
agriculture. The commercial process used today is essentially the same as that invented
by the German chemists Robert Bosch and Fritz Haber in 1908. In terms of its impact
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on human life, the Haber-Bosch synthesis may be the most important chemical process
ever invented, because the increased food production possible with fertilizers based on
NH; has allowed the large increase in Earth’s population in the 20" century to occur. In
2000, more than 2 million tons of ammonia were produced per week using the Haber-
Bosch process, and more than 98% of the inorganic nitrogen input to soils used in agri-
culture worldwide as fertilizer is generated using the Haber-Bosch process.

What useful information can be obtained about the ammonia synthesis reaction
from thermodynamics? The overall reaction is

1/2Nx(g) + 3/2 Hy(g) == NH3(g) (6.80)
Because the reactants are pure elements in their standard states at 298.15 K,

AH% = AH}(NH3, g) = —45.9 X 10’ I mol ' at 298.15 K (6.81)

AG3% = AG3(NHs, g) = —16.5 X 10° T mol ™" at 298.15 K (6.82)

Assuming ideal gas behavior, the equilibrium constant K, is given by

(6.83)

[3)
P W S OV <p>

N 1 3 1 3\ peo
PNZ : PH2 . (xNz)z('tz)z
P° P°

We will revisit this equilibrium and include deviations from ideal behavior in Chapter 7.
Because the goal is to maximize xy,, Equation (6.83) is written in the form

1
P
3
xvmy = (xn,)* (xm,)3 (P") Kp (6.84)
What conditions of temperature and pressure are most appropriate to maximizing the
yield of ammonia? Because

dinKp AH%

= < .85
dT RT? 0 (6:85)

Kp and, therefore, xyp, decrease as T increases. Because Av = —1, xyp, increases
with P. We conclude that the best conditions to carry out the reaction are high P and
low T. In fact, industrial production is carried out for P > 100 atm and 7 ~ 700 K.

Our discussion has focused on reaching equilibrium because this is the topic of
inquiry in thermodynamics. However, note that many synthetic processes are deliber-
ately carried out far from equilibrium in order to selectively generate a desired product.
For example, ethylene oxide, which is produced by the partial oxidation of ethylene, is
an industrially important chemical used to manufacture antifreeze, surfactants, and
fungicides. Although the complete oxidation of ethylene to CO, and H,O has a more
negative value of AG$% than the partial oxidation, it is undesirable because it does not
produce useful products.

These predictions provide information about the equilibrium state of the system but
lack one important component. How long will it take to reach equilibrium?
Unfortunately, thermodynamics gives us no information about the rate at which equi-
librium is attained. Consider the following example. Using values of AG§ from the data
tables, convince yourself that the oxidation of potassium and coal (essentially carbon)
are both spontaneous processes. For this reason, potassium has to be stored in an envi-
ronment free of oxygen. However, coal is stable in air indefinitely. Thermodynamics
tells us that both processes are spontaneous at 298.15 K, but experience shows us that
only one proceeds at a measurable rate. However, by heating coal to an elevated tem-
perature, the oxidation reaction becomes rapid. This result implies that there is an ener-
getic activation barrier to the reaction that can be overcome with the aid of thermal
energy. As we will see, the same is true of the ammonia synthesis reaction. Although
Equations (6.84) and (6.85) predict that xyp, is maximized as T approaches 0 K, the
reaction rate is vanishingly small unless 7 > 500 K.
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FIGURE 6.7

An enthalpy diagram is shown for the
reaction mechanism in Equations (6.86)
through (6.90). The successive steps in
the reaction proceed from left to right in
the diagram.

To this point, we have only considered the reaction system using state functions.
However, a chemical reaction consists of a number of individual steps, called a
reaction mechanism. How might the ammonia synthesis reaction proceed? One possi-
bility is the gas-phase reaction sequence:

N>(g) = 2N(g) (6.86)
Hy(g) — 2H(g) (6.87)

N(g) + H(g) — NH(g) (6.88)
NH(g) + H(g) — NHx(g) (6.89)
NH,(g) + H(g) — NHs(g) (6.90)

In each of the recombination reactions, other species that are not involved in the reac-
tion can facilitate energy transfer. The enthalpy changes associated with each of the indi-
vidual steps are known and are indicated in Figure 6.7. This diagram is useful because it
gives much more information than the single-value A H%. Although the overall process is
slightly exothermic, the initial step, which is the dissociation of N,(g) and H(g), is
highly endothermic. Heating a mixture of N,(g) and H,(g) to high enough temperatures
to dissociate a sizable fraction of the N,(g) would require such a high temperature that all
the NH3(g) formed would dissociate into reactants. This can be shown by carrying out a
calculation such as that in Example Problem 6.11. The conclusion is that the gas phase
reaction between N,(g) and H,(g) is not a practical route to ammonia synthesis.

The way around this difficulty is to find another reaction sequence for which the
enthalpy changes of the individual steps are not prohibitively large. For the ammonia
synthesis reaction, such a route is a heterogeneous catalytic reaction, using iron as a
catalyst. The mechanism for this path between reactants and products is

Na(g) + =Nz (a) (6.91)

N, (a) + O—2N(a) (6.92)
Ha(g) + 20— 2H (a) (6.93)
N(a) + H(a) = NH(a) + O (6.94)
NH(a) + H(a) — NHy(a) + O (6.95)
NHs(a) + H(a) — NHs(a) + O (6.96)
NH;(a) — NHs(g) + O (6.97)

The symbol [J denotes an ensemble of neighboring Fe atoms, also called surface sites,
which are capable of forming a chemical bond with the indicated entities. The designation
(a) indicates that the chemical species is adsorbed (chemically bonded) to a surface site.

N(g) + 3H(g)

A
314 x 103J

* NH(g) + 2H(g)

3 390 x 10%J
1124 x 10%J
l NHy(g) + H(g)
466 x 10%J
o [ Voo
% No(g) + % Ha(g) TR —48.9 X 10°J
3
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The enthalpy change for the overall reaction N»(g) + 3/2 Hy(g) — NHj(g) is the
same for the mechanisms in Equations (6.86) through (6.90) and (6.91) through (6.97)
because H is a state function. This is a characteristic of a catalytic reaction. A catalyst can
affect the rate of the forward and backward reaction but not the position of equilibrium in
a reaction system. The enthalpy diagram in Figure 6.8 shows that the enthalpies of the
individual steps in the gas phase and surface catalyzed reactions are very different. These
enthalpy changes have been determined in experiments but are not generally listed in
thermodynamic tables.

In the catalytic mechanism, the enthalpy for the dissociation of the gas-phase N,
and H, molecules is greatly reduced by the stabilization of the atoms through their
bond to the surface sites. However, a small activation barrier to the dissociation of
adsorbed N, remains. This barrier is the rate-limiting step in the overall reaction. As a
result of this barrier, only one in a million gas-phase N, molecules incident on the cata-
lyst surface per unit time dissociates and is converted into ammonia. Such a small reac-
tion probability is not uncommon for industrial processes based on heterogeneous
catalytic reactions. In industrial reactors, on the order of ~107 collisions of the reac-
tants with the catalyst occur in the residence time of the reactants in the reactor.
Therefore, even reactions with a reaction probability per collision of 107 can be car-
ried out with a high yield.

How was Fe chosen as the catalyst for ammonia synthesis? Even today, catalysts
are usually optimized using a trial-and-error approach. Haber and Bosch tested hun-
dreds of catalyst materials, and more than 2500 substances have been tried since. On
the basis of this extensive screening, it was concluded that a successful catalyst must
fulfill two different requirements: it must bind N, strongly enough that the molecule
can dissociate into N atoms. However, it must not bind N atoms too strongly. If that
were the case, the N atoms could not react with H atoms to produce gas-phase NHj.
As was known by Haber and Bosch, both osmium and ruthenium are better catalysts
than iron for NHj synthesis, but these elements are far too expensive for commercial
production. Why are these catalysts better than Fe? Quantum mechanical calculations
by Jacobsen et al. [J. American Chemical Society 123(2001), 8404-8405] were able
to explain the “volcano plot” of the activity versus the N, binding energy shown in
Figure 6.9.

Jacobsen et al. concluded that molybdenum is a poor catalyst because N is bound
too strongly, whereas N, is bound too weakly. Nickel is a poor catalyst for the oppo-
site reason: N is bound too weakly and N, is bound too strongly. Osmium and ruthe-
nium are the best elemental catalysts because they fulfill both requirements well.
Jacobsen et al. suggested that a catalyst that combined the favorable properties of Mo
and Co to create Co-Mo surface sites would be a good catalyst, and they concluded
that the ternary compound CozMosN best satisfied these requirements. On the basis of

Homogeneous gas phase reactions
N(g) + 3H(g)

‘ i/314 x 10%J
NH(g) + 2H(g)

3
1124 x 108 . 107
Y NHy(g) +H(g)
J b

Y2 Na(g)[ + % Ha(g) 466 X 103 .3(9)

+ * —45.9 X 10°J

Progress of reaction
Heterogeneous catalytic reactions

————————————————————————————— —45.9 X 103J

% Np(a) + % Hp(a) NH3(9) ?
Rate-limiting step NH(a) + 2H(a) .

N(a) + 3H(a)
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FIGURE 6.8

Enthalpy diagram that compares the
homogeneous gas phase and heteroge-
neous catalytic reactions for the ammonia
synthesis reaction. The activation barriers
for the individual steps in the surface
reaction are shown. The successive steps
in the reaction proceed from left to right
in the diagram.

Source: Ertl, G. “Surface Science and
Catalysis—Studies on the Mechanism of
Ammonia Synthesis: The P.H. Emmett Award
Address.” Catalysis Reviews—Science and
Engineering 21, no.2 (1980): 201-223.
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FIGURE 6.9

The calculated turnover frequency (TOF)
for NH; production (molecules of NH3
per surface site per second) as a function
of the calculated binding energy of N, on
the surface, relative to that on ruthenium.
The reaction conditions are 400°C, 50 bar
total pressure, and gas composition
H;,:N, = 3:1 containing 5% NHj.

Source: Jacobsen, C. J. H., Dahl, S., Clausen,
B. S., Bahn, S., Logadottir, A., and Norskov,

J. K. “Catalyst Design by Interpolation in the
Periodic Table: Bimetallic Ammonia Synthesis

Catalysts.” Journal of the American Chemical
Society 123, no. 34 (2001): 8404-8405.

FIGURE 6.10

Experimental data for the TOF for NH;
production as a function of the NH3 con-
centration in the mixture. The CosMosN
catalyst is superior to both Fe and Ru as
predicted by the calculations. The reaction
conditions are those for Figure 6.9. The
number of active surface sites is assumed to
be 1% of the total number of surface sites.

Source: Jacobsen, C. J. H., Dahl, S., Clausen,
B. S., Bahn, S., Logadottir, A., and Norskov,
J. K. “Catalyst Design by Interpolation in the
Periodic Table: Bimetallic Ammonia Synthesis
Catalysts.” Journal of the American Chemical
Society 123, no. 34 (2001): 8404-8405.
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these calculations, the catalyst was synthesized with the results shown in Figure 6.10.
The experiments show that CozMosN is far more active than Fe, and more active than
Ru over most of the concentration range. These experiments also show that the
turnover frequency for CosMosN lies at the point shown on the volcano plot of
Figure 6.8. This catalyst is one of the few that have been developed on the basis of the-
oretical calculations as opposed to the trial and error method.

An unresolved issue is the nature of the surface sites indicated by [ in
Equations (6.91) through (6.97). Are all adsorption sites on an NH3 synthesis cata-
lyst surface equally reactive? To answer this question, it is important to know that
metal surfaces at equilibrium consist of large flat terraces separated by monatomic
steps. It was long suspected that the steps rather than the terraces play an important
role in ammonia synthesis. This was convincingly shown by Dahl et al. [Physical
Review Letters 83(1999), 1814—-1817] in an elegant experiment. They evaporated a
small amount of gold on a Ru crystal. As had been demonstrated by Hwang et al.
[Physical Review Letters 67(1991), 3279], the inert Au atoms migrate to the step
sites on Ru and thereby block these sites, rendering them inactive in NHj3 synthesis.

7 = Ru

T CozMosN

NH; concentration/(%)

2 ‘ | ‘ | ‘ | ‘ | ‘ | ‘ | ‘ | ‘ 1
0 25 50 75 100 125 150 175 20.0
TOF/[s™ 1]
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This site blocking is demonstrated using scanning tunneling microscopy as shown
in Figure 6.11.

Dahl et al. showed that the rate of ammonia synthesis was lowered by a factor of
10 after the step sites, which make up only 1% to 2% of all surface sites, were blocked
by Au atoms! This result clearly shows that in this reaction only step sites are active.
They are more active because they have fewer nearest neighbors than terrace sites. This
enables the step sites to bind N, more strongly, promoting dissociation into N atoms
that react rapidly with H atoms to form NHj3.

This discussion has shown the predictive power of thermodynamics in analyzing
chemical reactions. Calculating AG} allowed us to predict that the reaction of N, and
H, to form NHj is a spontaneous process at 298.15 K. Calculating AH % allowed us to
predict that the yield of ammonia increases with increasing pressure and decreases with
increasing temperature. However, thermodynamics cannot be used to determine how FIGURE 6.11
rapidly equilibrium is reached in a reaction mixture. If thermodynamic tables of species  This scanning tunneling microscope
such as N»(a), N(a), NH(a), NHy(a), and NH;3(a) were available, it would be easier for  image of a Ru surface shows wide, flat
chemists to develop synthetic strategies that are likely to proceed at an appreciable rate.  terraces separated by monatomic steps.
However, whether an activation barrier exists in the conversion of one species to  The bright “ribbon” at the step edge is due
another—and how large the barrier is—are not predictable within thermodynamics. 0 AU atoms’.WhiCh are also seen in the
Therefore, synthetic strategies must rely on chemical intuition, experiments, and quan- form of fou.r islands on the middle terrace.
tum mechanical calculations to develop strategies that reach thermodynamic equilib- io'ggisiglz?;g }j']?e Zg;lr” .;14 ;sg.os{er’
rium at a reasonable rate. 141(2003) 137, fig. la.

Expressing U and H and Heat
6 1 5 Capacities Solely in Terms of
. Measurable Quantities

In this section, we use the Maxwell relations derived in Section 6.2 to express U, H,
and heat capacities solely in terms of measurable quantities such as k, 8 and the state
variables P, V, and T. Often, it is not possible to determine an equation of state for a
substance over a wide range of the macroscopic variables. This is the case for most
solids and liquids. However, material constants such as heat capacities, the thermal
expansion coefficient, and the isothermal compressibility may be known over a limited
range of their variables. If this is the case, the enthalpy and internal energy can be
expressed in terms of the material constants and the variables V and T or P and 7, as
shown later. The Maxwell relations play a central role in deriving these formulas.

We begin with the following differential expression for dU that holds for solids, lig-
uids, and gases provided that no nonexpansion work, phase transitions, or chemical
reactions occur in the system:

dU =TdS — PdV (6.98)

Invoking a transformation at constant temperature and dividing both sides of the equa-

tion by dV,
5104 N oP
— | =T\—| —P=T|—] —P (6.99)
v )r v r aT |y

To arrive at the second expression in Equation (6.99), we have used the third Maxwell
relation Equation (6.28). We next express (0P/dT )y in terms of 3 and k, where S is the
isobaric volumetric thermal expansion coefficient at constant pressure, and « is the
isothermal compressibility:

oP av /oT
- = — M = E (6100)
aT |y (oV/oP)r K
Equation (6.100) allows us to write Equation (6.99) in the form
ou T — kP
Wy TP (6.101)
1% T K
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Through this equation, we have linked (0U/dV )7, which is called the internal pressure,
to easily measured material properties. This allows us to calculate the internal pressure
of a liquid or a gas as shown in Example Problem 6.14.

| EXAMPLE PROBLEM 6.14

At 298 K, the thermal expansion coefficient and the isothermal compressibility of lig-
uid water are B = 2.04 X 107*K ' and k = 45.9 X 10 ®bar™'.

a. Calculate (0U/9V )y for water at 320. K and P = 1.00 bar.

b. If an external pressure equal to (U/dV )7 were applied to 1.00 m® of liquid
water at 320. K, how much would its volume change? What is the relative
change in volume?

c¢. As shown in Example Problem 3.5, 0U/oV ,,)r = a/ V2 for a van der Waals gas.
Calculate (90U /dV )y for No(g) at 320 K and P = 1.00 atm given that
a = 1.35 atm L? mol 2. Compare the value that you obtain with that of part (a)
and discuss the difference.

Solution

U BT — kP
a. o a—
v Jr K

204 X 107K X 320.K — 45.9 X 10 %bar ! X 1.00 bar
45.9 X 10 °bar™!

= 1.4 X 10° bar
1[{av
b. k=-——|—
1% <aP>T
Py
AV, = —/V(T)KdP ~ =V(T)k(P; — P;)
P;

= —1.00m> X 45.9 X 10 ®bar X (1.4 X 10> bar — 1 bar)

= —6.4 X 10°m?
AV 6.4 X 102 m’
L=— T = —6.4%
Vv I m
c. At atmospheric pressure, we can calculate V,, using the ideal gas law and
W\ a  aP* 135 atm L? mol 2 X (1.00 atm)?
Vo)t  VZ  RMT?* (8206 X 10 2atmL mol ' K™ X 320. K)?

=1.96 X 1073 atm

The internal pressure is much smaller for N, gas than for H,O liquid. This is the case
because H,O molecules in a liquid are relatively strongly attracted to one another,
whereas the interaction between gas phase N, molecules is very weak. Gases, which
have a small internal pressure, are more easily compressed by an external pressure
than liquids or solids, which have a high internal pressure. _J

Using the result in Equation (6.101) for the internal pressure, we can write dU in
the form

au U BT — kP
dU =|— | dT + | =] av = CydT + =————av  (6.102)
aT |y W )y K

The usefulness of Equation (6.102) arises from the fact that it contains only the material
constants Cy, B, k, and the macroscopic variables 7 and V. In Example Problems 6.14
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and 6.15 we show that AU, AH and Cp — Cy can be calculated even if the equation of
state for the material of interest is not known, as long as the thermal expansion coeffi-
cient and the isothermal compressibility are known.

| EXAMPLE PROBLEM 6.15

A 1000. g sample of liquid Hg undergoes a reversible transformation from an initial
state P; = 1.00 bar, 7; = 300. K to a final state Py = 300. bar, Ty = 600. K. The
density of Hg is 13,534 kgm™, B = 1.81 X 10 *K ™', Cp = 27.98 T mol ' K,
and k = 3.91 X 10°° barfl, in the range of the variables in this problem. Recall from
Section 3.5 that Cp — Cy = (TV B?/k), and that Cp ~ Cy, for liquids and solids.
a. Calculate AU and AH for the transformation. Describe the path assumed for the
calculation.
b. Compare the relative contributions to AU and AH from the change in pressure
and the change in temperature. Can the contribution from the change in pressure
be neglected?

Solution
Because U is a state function, AU is independent of the path. We choose the reversible
path P; = 1.00 bar, T; = 300. K— P; = 1.00 bar, Ty = 600. K— P = 300. bar,
Ty = 600. K. Note that because we have assumed that all the material constants
are independent of P and T in the range of interest, the numerical values calculated
will depend slightly on the path chosen. However, if the P and T dependence of
the material constant were properly accounted for, all paths would give the same
value of AU.
Ty Vi
BT — kP
AU = /deT + /dV
T; Vi

K

Using the definition k = —1/V(dV/0P)7,InV/V; = —k(P; — P;), and
V(P) = V;e PP We can also express P(V) as P(V) = P; — (1/k)In(V/V})

Ty Vi
T 1 \%
AU = CPdT+/ B—(a—m) dv
K KV,
T,' V,’
Ty Vy Vi

Using the standard integral / In (x/a)dx = —x + x In(x/a)

Ty

BT 1 v |
AU = [CpdT + | ~— =P, |(V; = V) + | =V +VIn_-
K K Vilv,
T

i

BT 1 Vi
CP(Tf - Tz) + (K - Pi (Vf - Vl) + ; Vi - Vf + Vflllv

L

m  1.000kg

>~ Tsstkem 7389 X 107> m?
gm

V= Ve *PrmP) = 7389 X 1075 m3 exp(—3.91 X 10" bar™! X 299 bar)

= 7380 X 107 m’
Vi—V,=-9%x10"%m’
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1000. g R
AU = —————— X 27.98 T mol ' K~! X (600. K — 300. K)
200.59 g mol
1.81 X 1074 K~ X 300. K 10°P
—< ~ 1.00 bar> X 4 9% 108 m3
3.91 X 10 %bar! 1 bar
N 1 y 10° Pa o | 9% 1078 m* + 7.380 x 107°m’
391 X 10 ®bar~ !  1bar .l 7.380 X 107> m?

n
7.389 X 1077 m?
=418 X 10°T — 100J + 1J ~ 41.7 X 10°]

As shown in Section 3.1,

V(P,600.K) = [1 + B(600. K — 300. K)]V(P;,300. K)e “(P~P) =y o=<(P=Pi)

iy

Py T

. . Py
AH = [ CpdT + /VdP = [ CpdT + V’eKPf/eKP dP
P P

S~

=
=

i i

i i

Vi,eKPi —kP; —kP
=nCp’m(Tf—T,-)+ P (e7" 1 — ")

1000. g o1
=_—— ;X 2798Jmol" K" X (600. K — 300. K)
200.59 g mol

+ 7389 X 1077 m’ X (1 + 300.K X 1.81 X 104K 1)

exp (3.91 X 10 %bar™! X 1 bar)
3.91 X 10 %bar™! X (lbar/lO5 Pa)

X [exp (=3.91 X 10™%bar™! X 1 bar)

— exp(—3.91 X 10~ % bar™! x 300. bar)]
AH = 418 X 10T + 229 X 10°) = 44.1 X 10°J

The temperature dependent contribution to AU is 98% of the total change in U, and
the corresponding value for AH is ~ 95%. The contribution from the change in
pressure to AU and to AH is small.

| EXAMPLE PROBLEM 6.16

In the previous Example Problem, it was assumed that Cp = Cy,.
2

a. Use equation 3.38,Cp,, = Cy,, + TV, %, and the experimentally
determined value Cp,, = 27.98 ] mol ! K™! to obtain a value for Cy,, for Hg(I)
at 300. K.

b. Did the assumption that Cp,, = Cy ,, in Example Problem 6.15 introduce an
appreciable error in your calculation of AU and AH?

Solution
V.8’
a. Cp’m - Cv’m = :B
0.20059 kg mol ! P
300. K X T X (181 X 107K
B 13534 kgm
3.91 X 10 °bar~! X (1 bar/10° Pa)
=3.73JK "mol ™!
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6.16 MEASURING AG FOR THE UNFOLDING OF SINGLE RNA MOLECULES

=2798J K "mol™' — 3. 73T K 'mol™! = 24.25J K™ " mol ™!

b. AU is in error by ~ 15% and AH is unaffected by assuming that Cp ,, = Cy .
It is a reasonable approximation to set Cp = Cy for a liquid or solid.

Measuring AG for the Unfolding of
Single RNA Molecules

0.

In general, AG, AH, and AU are measured using themochemical methods as discussed
in Chapter 4. However, many biochemical systems are irreversibly changed upon heat-
ing so that calorimetric methods are less suitable for such systems. With the advent of
atomic scale manipulation of molecules, which began with the invention of scanning
probe microscopies (see Chapter 16), it has become possible to measure AG for a
change using an individual molecule. An interesting illustration is the measurement of
AG for the unfolding of single RNA molecules. RNA molecules must fold into very
specific shapes in order to carry out their function as catalysts for biochemical reac-
tions. It is not well understood how the molecule achieves its equilibrium shape, and
the energetics of the folding is a key parameter in modeling the folding process.

Liphardt et al. [Science 292, (2001), 733] have obtained AG for this process by
unzipping a single RNA molecule. The measurement relies on Equation (6.9), which
states that Gibbs energy is a measure of the maximum nonexpansion work that can be
produced in a transformation. Figure 6.12 shows how the force associated with the
unfolding of RNA into two strands can be measured. Each of the two strands that make
up the RNA is attached to a chemical “handle” that allows the individual strands to be
firmly linked to 2-uwm-diameter polystyrene beads. Using techniques based on scan-
ning probe microscopies, the distance between the beads is increased, and the force
needed to do so is measured.

The force versus distance plot for the PSabcAA RNA is shown in Figure 6.13 for
two different rates at which the force was increased with time. For a rate of 10 pN !
(right panel), the folding and unfolding curves have different forms, showing that the
process is not reversible. However, for a rate of 1 pN 5! (left panel), the red and black
curves are superimposable, showing that the process is essentially reversible. (No
process that occurs at a finite rate is truly reversible.) We next discuss the form of the
force versus distance curve.

Extension (nm) Extension (nm)

220 240 260 280 220 240 260 280
R R R [T R SR
16
15 +
=z =z T
o o
S S 147
2 e
13
12 4
10pN s
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FIGURE 6.12

The three types of RNA studied by
Liphardt et al. are shown. The letters G, C,
A, and U refer to the bases guanine, cyto-
sine, adenine, and uracil. The strands are
held together by hydrogen bonding
between the complementary base pairs A
and U, and G and C. The pronounced
bulge at the center of PSabcAA is a hairpin
loop. Such loops are believed to play a spe-
cial role in the folding of RNA. (b) An
individual RNA molecule is linked by han-
dles attached to the end of each strand to
functionalized polystyrene spheres that are
moved relative to one another to induce
unfolding of the RNA mechanically.

Source: Figures 1 and 2 from "Reversible
Unfolding of Single RNA Molecules by
Mechanical Force" by Jan Liphardt, et al., in
Science 27, Vol. 292 No. 5517: 733-737,
April 2001. Copyright © 2001, The American
Association for the Advancement of Science.
Reprinted with permission from AAAS.

FIGURE 6.13

The measured force versus distance curve
is shown for the PSabcAA form of RNA.
The black trace represents the stretching
of the molecule, and the red curve repre-
sents the refolding of the molecule as the
beads are brought back to their original
separation. The left panel shows data for
an increase in force of 1 pN s7!, and the
right panel shows the corresponding
results for 10 pN s,

Source: Figures 1 and 2 from “Reversible
Unfolding of Single RNA Molecules by
Mechanical Force” by Jan Liphardt, et al., in
Science 27, Vol. 292 No. 5517: 733-737,
April 2001. Copyright © 2001, The American
Association for the Advancement of Science.
Reprinted with permission from AAAS.
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The initial increase in distance between ~210 and ~225 nm nm is due to the stretch-
ing of the handles. However, a marked change in the shape of the curve is observed for
F =~ 13 pN, for which the distance increases abruptly. This behavior is the signature of
the unfolding of the two strands. The negative slope of the curve between 230 and
260 nm is determined by the experimental technique used to stretch the RNA. In a “per-
fect” experiment, this portion of the curve would be a horizontal line, corresponding to
an increase in length at constant force. The observed length increase is identical to the
length of the molecule, showing that the molecule unfolds all at once in a process in
which all bonds between the complementary base pairs are broken. The analysis of the
results to obtain AG from the force curves is complex and will not be discussed here.
The experimentally obtained value for AG is 193 kJ/mol, showing that a change in the
thermodynamic state function G can be determined by a measurement of work on a sin-
gle molecule. The unfolding can also be carried out by increasing the temperature of the
solution containing the RNA to ~80°C, in which case the process is referred to as melt-
ing. In the biochemical environment, the unfolding is achieved through molecular forces
exerted by enzymes called DNA polymerases, which act as molecular motors.

6 'I The Role of Mixing in Determining
: Equilibrium in a Chemical Reaction

Three factors determine the equilibrium partial pressures of gases in a reaction system: the
Gibbs energies of the reactants, the Gibbs energies of the products, and the Gibbs energy
of mixing of reactants. In this section, we examine the role of each of these factors.

It is generally not necessary to assign values to the molar Gibbs energies G,
because only differences in the Gibbs energy rather than absolute values can be
obtained from experiments. However, in order to make this discussion quantitative, we
introduce a convention that allows an assignment of numerical values to G,. With the
convention from Section 4.2 that H;, = 0 for an element in its standard state,

G, = HS, — TSS = —TS5 (6.103)

for a pure element in its standard state at 1 bar. To obtain an expression for G, for a
pure compound in its standard state, consider AG® for the formation reaction. Recall
that 1 mol of the product appears on the right side in the formation reaction, and only
elements in their standard states appear on the left side:

o __ o o
AGf - Gm, product + zviGm, reactant i

1
elements only
;)n, product — AG(j} + 2 ViTS;)n,i (6.104)
]

where the v; are the stoichiometric coefficients of the elemental reactants in the balanced
formation reaction, all of which have negative values. Note that this result differs from
the corresponding value for the enthalpy, Hj, = AH$%. The values for Gy, obtained in
this way are called the conventional molar Gibbs energies. This formalism is illus-
trated in Example Problem 6.17. We note that this convention is not unique. An alterna-
tive is to set H,, = G,, = 0 for all elements in their standard states at 298.15 K. With
this convention, G;, = AGA‘,’c for a compound in its standard state.

| EXAMPLE PROBLEM 6.17

Calculate the conventional molar Gibbs energy of (a) Ar(g) and (b) H,O(!) at 1 bar and
298.15 K.

Solution

a. Because Ar(g) is an element in its standard state for these conditions, H;, = 0
and G, = HS, — TSS, = =TS = —298.15K X 1548 JK 'mol™! =
—4.617 kJ mol .
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6.17 THE ROLE OF MIXING IN DETERMINING EQUILIBRIUM IN A CHEMICAL REACTION

b. The formation reaction for HyO(!) is Hy(g) + 1/2 O»(g) — H,O(])

elements only

G(r)n, product — AG? (product) + E

i

Vi TS;)”,,‘

1
G (H20,1) = AGF(H,0.0) — | TS5 (Ha, 8) + 5 T55(02 8)

1
130.7 JK ' mol™! + 5 X
—237.1 kI mol™! — 298.15 K X

2052 J K "mol™!

—306.6 kJ mol !

These calculations give G, at 298.15 K. To calculate the conventional molar
Gibbs energy at another temperature, use the Gibbs—Helmholtz equation as dis-
cussed next.

Now that we have a way to assign numerical values to molar Gibbs energies, we
consider the reaction system 2 NO,(g) == N,04(g), with (2 — 2 &) moles of
NO,(g) and ¢ moles of N,O4(g) present in a vessel at a constant pressure of 1 bar and
298 K. The parameter ¢ could in principle take on any value between zero and one, cor-
responding to pure NO,(g) and pure N,O4(g), respectively. The Gibbs energy of the
pure unmixed reagents and products G, is given by

Gpure = (2 - 2§)Glc;1 (NOZv g) + ngc;i (N204, g) (6.105)

where Gy, is the conventional molar Gibbs energy defined by Equation (6.104). Note
that G, varies linearly with &, as shown in Figure 6.14. Because the reactants and
products are mixed throughout the range accessible to &, G, is not equal to G,ixures
which is given by

Gmixture = Gpure + AGmixing (6-106)

Recall that G,y is minimized at equilibrium. Equation (6.106) shows that if G,
alone determined &, either &, = 0 or &, = 1 mole, depending on whether G,
were lower for reagents or products. For the reaction under consideration,
AG% (NyO4, g) < AG}(NO,, g) so that &,, = 1 mole if G, alone determined &,,.
More generally, if G, alone determined &,,, every chemical reaction would go to
completion, or the reverse reaction would go to completion. The value of AG,;;jng can
be calculated using Equation (6.48). You will show in the end-of-chapter problems that
AG ,xing Tor this reaction system has a minimum at £,, = 0.55 moles.

If Gy, alone determined &, then &, = 1 mole, and if AG,,;y;,, alone deter-
mined &, then §,, = 0.55 mole. However, the minimum in AGy, is determined by the
minimum in G ., + AG,ing rather than in the minimum of the individual compo-
nents. For our specific case, §,, = 0.72 moles at 298 K. We see that AG ;¢ plays a
critical role in determining the position of equilibrium in this chemical reaction. How
sensitive is &,, to the values of the Gibbs energies of reactants and products? Figure
6.15 shows the same calculation carried out earlier for the reaction 2A =—— B setting
G% = 100. kJ mol ™! for different values of G9.

For 2G4 ~ G% as is the case for G§ = 50.5kJ mol !, €oq 1s largely determined by
AG iving. However, as 2Gj becomes much larger than Gg, &, approaches one.
However, because of the contribution of AG ;xing t0 Gypixure> Which is entirely entropic
in origin, &, is always less than one and only approaches one in the limit that
— 00,

G}?eactants - GZroducts

We summarize the roles of G, and AG ;. in determining &,,. For reactions in
which G and Gﬁ{,?f‘“” are very similar, &,, will be largely determined by
AG jxing. For reactions in which GJy¢“""* and G%Zf“m are very different, £,, will not
be greatly influenced by AG;ying, and the equilibrium mixture approaches but never
reaches one of the two extremes of pure reactants or pure products.
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Gixture and Gy, are depicted for the

2 NOy(g) == N,04(g) equilibrium. For
this reaction system, the equilibrium posi-
tion would correspond to ¢ = 1 mole in
the absence of mixing. The mixing contri-
bution t0 Gyixure shifts &, to values
smaller than one. Note the correspondence
between the three bulleted relations for
(0G/9¢)r p following Equation (6.77) and
the slope of G,,,; e VS € curve.
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FIGURE 6.15
The corresponding graph to Figure 6.14 is shown for G§ = 100. kJ mol ™! and G4 values of
(a) 50.5 kJ mol’, (b) 60.0 kJ mol™!, and (c) 80.0 kJ mol !, Only the portion of the graph for &
values near one is shown for (b) and (c) so that the minimum in G, can be seen. Note that
£.q approaches one as G} increases.
Vocabulary

activation barrier

chemical potential Helmbholtz energy
conventional molar Gibbs energies
extent of reaction Maxwell relations

Gibbs energy

Gibbs—Helmholtz equation

maximum nonexpansion work

natural variables

reaction mechanism

reaction quotient of pressures
thermodynamic equilibrium constant

Conceptual Problems

Q6.1 Kpis independent of T for a particular chemical reac-
tion. What does this tell you about the reaction?

Q6.2 The reaction A + B C + D is at equilibrium
for ¢ = 0.1. What does this tell you about the variation of
Gpure With 7

Q6.3 Under what condition is Kp = K ,?

Q6.4 What is the relationship between the Kp for

the two reactions 3/2H, + 1/2 N, == NH; and

3H2 + N2 —— 2NH3‘7

Q6.5 Under what conditions is dA = 0 a condition that
defines the spontaneity of a process?

Q6.6 By invoking the pressure dependence of the chemical
potential, show that if a valve separating a vessel of pure A
from a vessel containing a mixture of A and B is opened,
mixing will occur. Both A and B are ideal gases, and the ini-
tial pressure in both vessels is 1 bar.

Q6.7 Under what conditions is dG = 0 a condition that
defines the spontaneity of a process?

Q6.8 Can equilibrium with respect to the concentration of Ar
and H, be attained in the system shown in Figure 6.2? If so, what
can you say about the partial pressure in each part of the system?
Q6.9 Is the equation (aU/oV )y = (BT — kP)/« valid for
liquids, solids, and gases?

Q6.10 Why is it reasonable to set the chemical potential of
a pure liquid or solid substance equal to its standard state
chemical potential at that temperature independent of the
pressure in considering chemical equilibrium?

Q6.11 The reaction A + B C + D is at equilibrium
for ¢ = 0.5. What does this tell you about the variation of
Gpure With £?

Q6.12  Which thermodynamic state function gives a measure of

the maximum electric work that can be carried out in a fuel cell?

Questions 6.13—6.18 refer to the reaction system

CO(g) + 1/2 O(g) = COx(g) at equilibrium for which
AHj = —283.0 kJ mol L.

Q6.13  Predict the change in the partial pressure of CO, as
the temperature is increased at constant total pressure.

Q6.14 Predict the change in the partial pressure of CO, as
the pressure is increased at constant temperature.

Q6.15 Predict the change in the partial pressure of CO, as
Xe gas is introduced into the reaction vessel at constant pres-
sure and temperature.

Q6.16 Predict the change in the partial pressure of CO, as
Xe gas is introduced into the reaction vessel at constant vol-
ume and temperature.

Q6.17 Predict the change in the partial pressure of CO; as a
platinum catalyst is introduced into the reaction vessel at con-
stant volume and temperature.

Q6.18 Predict the change in the partial pressure of CO, as
0O, is removed from the reaction vessel at constant pressure
and temperature.

Q6.19 Calculate the maximum expansion work that is
available in carrying out the combustion reactions in
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Example Problems 6.1 and 6.2. Explain both the magnitude
and the sign of the work.

Q6.20 Is the equation AG = AH — TAS applicable to all
processes?

Q6.21 Ts the equation AA = AU — TAS applicable to all
processes?

Q6.22 Under what conditions is K, > Kp?

Q6.23 Under what conditions is the distribution of products
in an ideal gas reactions system at equilibrium unaffected by
an increase in the pressure?

Q6.24 If Kp is independent of pressure, why does the
degree of dissociation in the reaction Cl,(g) =—— 2Cl(g)
depend on presure?

Questions 6.25—-6.28 refer to the reaction system

H,(g) + Cly(g) —— 2HCI(g) at equilibrium. Assume
ideal gas behavior.

NUMERICAL PROBLEMS 161
Q6.25 How does the total number of moles in the reaction
system change as 7T increases?

Q6.26 If the reaction is carried out at constant V, how does
the total pressure change if 7 increases?

Q6.27 Is the partial pressure of H,(g) dependent on 77 If
so, how will it change as T decreases?

Q6.28 If the total pressure is increased at constant 7, how
will the relative amounts of of Hy(g) and HCI(g) change?
Q6.29 If additional Cl,(g) is added to the reaction system at
constant total pressure and temperature, how will the partial
pressures of Hy(g) and HCI(g) change?

Q6.30 If additional Cl,(g) is added to the reaction system
at constant V, how will the degree of dissociation of HCI(g)
change?

Q6.31 If T'is increased at constant total pressure, how will
the degree of dissociation of HCI(g) change?

Numerical Problems

Problem numbers in red indicate that the solution to the prob-
lem is given in the Student’s Solutions Manual.

P6.1 Calculate AAR and AGY}, for the reaction

CeHg(D) + 15/2 0,5(g) — 6CO,(g) + 3H,0(!) at 298 K from
the combustion enthalpy of benzene and the entropies of the
reactants and products.

P6.2 Calculate Kp at 298 and 490. K for the reaction

NO(g) + 1/2 05(g) — NO(g) assuming that AH% is con-
stant over the interval 298-600. K. Do you expect Kp to
increase or decrease as the temperature is increased to 600. K?

P6.3 A sample containing 2.75 moles of N, and 6.25 mol of
H, are placed in a reaction vessel and brought to equilibrium
at 52.0 bar and 690. K in the reaction

1/2Nx(g) + 3/2 Hy(g) = NH3(g).

a. Calculate Kp at this temperature.

b. Set up an equation relating Kp and the extent of reaction as
in Example Problem 6.10.

¢. Using numerical equation solving software, calculate the
number of moles of each species present at equilibrium.

P6.4  Consider the equilibrium NO,(g) NO(g) +

1/2 O,(g). One mole of NOy(g) is placed in a vessel and
allowed to come to equilibrium at a total pressure of 1 bar. An
analysis of the contents of the vessel gives the following results:

T 700. K
Pyo/Pno, 0.872

a. Calculate Kp at 700. and 800. K.

b. Calculate AG% and A H for this reaction at 298.15 K,
using only the data in the problem. Assume that AH} is
independent of temperature.

800. K
2.50

c. Calculate AG% and A H§ using the data tables and com-
pare your answer with that obtained in part (b).

P6.5 The shells of marine organisms contain calcium car-
bonate, CaCOs3, largely in a crystalline form known as calcite.

There is a second crystalline form of calcium carbonate
known as aragonite. Physical and thermodynamic properties
of calcite and aragonite are given in the following table.

Properties Calcite Aragonite
(T = 298 K, P = 1 bar)

AH$ (kI mol™1) -1206.9 -1207.0
AG$ (kI mol ™) ~1128.8 -1127.7
§° (JK 'mol™1) 92.9 88.7
Cpm (JK Tmol™1) 81.9 81.3
Density (g mL™") 2.710 2.930

a. Based on the thermodynamic data given, would you expect an
isolated sample of calcite at 7 = 298 K and P = 1 bar to
convert to aragonite, given sufficient time? Explain.

b. Suppose the pressure applied to an isolated sample of cal-
cite is increased. Can the pressure be increased to the point
that isolated calcite will be converted to aragonite? Explain.

¢. What pressure must be achieved to induce the conversion
of calcite to aragonite at 7 = 298 K. Assume both calcite
and aragonite are incompressible at 7 = 298 K.

d. Can calcite be converted to aragonite at P = 1 bar if the
temperature is increased? Explain.

P6.6 Consider the equilibrium C,Hg(g) CoHy(g) +

H,(g). At 1000. K and a constant total pressure of 1.00 bar,

C,Hg(g) is introduced into a reaction vessel. The total pres-

sure is held constant at 1 bar and at equilibrium the composi-

tion of the mixture in mole percent is Hy(g): 26.0%

C,Hy(g): 26.0% and C,Hg(g): 48.0%

a. Calculate Kp at 1000. K.

b. f AH{ = 137.0kJ molfl, calculate the value of Kp at
298.15K.

c. Calculate AG} for this reaction at 298.15 K.
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P6.7 The pressure dependence of G is quite different for
gases and condensed phases. Calculate AG,, for the processes
(C, solid, graphite, 1 bar, 298.15 K) — (C, solid, graphite,
325 bar, 298.15 K) and (He, g, 1 bar, 298.15 K) — (He, g,
325 bar, 298.15 K). By what factor is AG,, greater for He
than for graphite?

P6.8 Many biological macromolecules undergo a transition
called denaturation. Denaturation is a process whereby a
structured, biological active molecule, called the native form,
unfolds or becomes unstructured and biologically inactive.
The equilibrium is

native (folded)

denatured (unfolded)

For a protein at pH = 2 the enthalpy change at 298 K associ-
ated with denaturation is AH® = 418.0 kJ mol ! and the
entropy change at 298 K is AS® = 1.30 kJ K™ mol L.

a. Calculate the Gibbs energy change for the denaturation of
the protein at pH = 2 and T = 310. K. Assume the
enthalpy and entropy are temperature-independent
between 298 K and 303 K.

b. Calculate the equilibrium constant for the denaturation of
the protein at pH 2 and 7 = 310. K.

¢. Based on your answer for parts (a) and (b), is the protein
structurally stable at pH 2 and 7 = 310. K?

P6.9 Assume that a sealed vessel at constant pressure of

1 bar initially contains 2.00 mol of NO,(g). The system is
allowed to equilibrate with respect to the reaction

2 NOy(g) N>04(g). The number of moles of NO,(g)
and N,Oy4(g) at equilibrium is 2.00 — 2¢ and &, respectively,
where £ is the extent of reaction.

a. Derive an expression for the entropy of mixing as a func-
tion of &.

b. Graphically determine the value of ¢ for which AS,,;; e
has its maximum value.

c¢. Write an expression for G, as a function of §. Use
Equation 6.104 to obtain values of Gy, for NO, and N,Oy.

d. Plot Giviure = Gpure + AG pixing as a function of & for
T = 298 K and graphically determine the value of ¢ for
which G,,,;xq has its minimum value. Is this value the
same as for part (b)?

P6.10  Calculate Kp at 600. K for the reaction

N,O4(1) 2NO,(g) assuming that A H% is constant over

the interval 298-725 K.

P6.11 Consider the equilibrium CO(g) + H,O(g) =—

CO,(g) + Hy(g). At 1150. K, the composition of the reaction

mixture is

Substance
Mole %

CO,(g)
20.3

COG)
29.7

H,(g)
20.3

H,0(g)
29.7

a. Calculate Kp and AG% at 1150. K.

b. Given the answer to part (a), use the A H } of the reaction
species to calculate AG% at 298.15 K. Assume that AH% is
independent of temperature.
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P6.12  For the reaction C(graphite) + H,O(g) ——
CO(g) + Hy(g), AH} = 131.28 kJ mol ! at 298.15 K. Use
the values of Cp , at 298.15 K in the data tables to calculate
AH#% at 125.0°C.

P6.13  Ca(HCOs3),(s) decomposes at elevated temperatures

according to the stoichiometric equation

Ca(HCO3),(s) == CaCOs(s) + H,0O(g) + CO,(g).

a. If pure Ca(HCO3),(s) is put into a sealed vessel, the air
is pumped out, and the vessel and its contents are heated,
the total pressure is 0.290 bar. Determine Kp under these
conditions.

b. If the vessel also contains 0.120 bar H>,O(g) at the final
temperature, what is the partial pressure of CO,(g) at
equilibrium?

P6.14 Calculate AA for the isothermal compression of

2.95 mol of an ideal gas at 325 K from an initial volume of

60.0 L to a final volume of 20.5 L. Does it matter whether the

path is reversible or irreversible?

P6.15 Nitrogen is a vital element for all living systems, but
except for a few types of bacteria, blue-green algae, and some
soil fungi, most organisms cannot utilize N, from the atmos-
phere. The formation of “fixed” nitrogen is therefore neces-
sary to sustain life and the simplest form of fixed nitrogen is
ammonia NH3.

A possible pathway for ammonia synthesis by a living system is
$Ny(g) + 3H,0(1) == NHs(aq) + 3 0,(g)

where (ag) means the ammonia is dissolved in water and

AG%(NH3, ag) = —803kJ mol .

a. Calculate AG® for the biological synthesis of ammonia
at 298 K.

b. Calculate the equilibrium constant for the biological syn-
thesis of ammonia at 298 K.

c. Based on your answer to part (b), is the pathway a sponta-
neous reaction?

P6.16 Collagen is the most abundant protein in the mam-
malian body. It is a fibrous protein that serves to strengthen
and support tissues. Suppose a collagen fiber can be
stretched reversibly with a force constant of k = 10.0 N m™!
and that the force F (see Table 2.1) is given by F = k1.
When a collagen fiber is contracted reversibly, it absorbs heat
Grey = 0.050 J. Calculate the change in the Helmholtz energy
A A as the fiber contracts isothermally from / = 0.20 to 0.10 m.
Calculate also the reversible work performed w,,,, AS, and AU.
Assume that the temperature is constant at 7 = 310. K.

P6.17 Calculate ,uf’)’;x’“’e (298.15 K, 1 bar) for oxygen in air,
assuming that the mole fraction of O, in air is 0.210. Use the
conventional molar Gibbs energy defined in Section 6.17.

P6.18 Calculate the maximum nonexpansion work that can
be gained from the combustion of benzene(/) and of Hy(g) on
a per gram and a per mole basis under standard conditions. Is
it apparent from this calculation why fuel cells based on H,
oxidation are under development for mobile applications?

P6.19 You wish to design an effusion source for Br atoms
from Bry(g). If the source is to operate at a total pressure of
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7.5 Torr, what temperature is required to produce a degree of
dissociation of 0.20? What value of the pressure would
increase the degree of dissociation to 0.65 at this temperature?

P6.20 Calculate AG for the isothermal expansion of
2.25 mol of an ideal gas at 325 K from an initial pressure of
12.0 bar to a final pressure of 2.5 bar.

P6.21 You place 3.00 mol of NOCI(g) in a reaction vessel.

Equilibrium is established with respect to the decomposition

reaction NOCl(g) NO(g) + 1/2 Cly(g).

a. Derive an expression for Kp in terms of the extent of
reaction &.

b. Simplify your expression for part (a) in the limit that £ is
very small.

c. Calculate ¢ and the degree of dissociation of NOCI in the
limit that £ is very small at 375 K and a pressure of 2.00 bar.

d. Solve the expression derived in part (a) using a numerical
equation solver for the conditions stated in the previous
part. What is the relative error in £ made using the approx-
imation of part (b)?

P6.22 A sample containing 2.50 moles of He (1 bar, 350. K)

is mixed with 1.75 mol of Ne (1 bar, 350. K) and 1.50 mol of

Ar (1 bar, 350. K). Calculate AG ;g and AS i ing-

P6.23 A hard-working horse can lift a 350 Ib weight 100 ft
in one minute. Assuming the horse generates energy to
accomplish this work by metabolizing glucose:

CeH206(s) + 602(g) = 6CO,(g) + 6HO (D)
Calculate how much glucose a horse must metabolize to sus-

tain this rate of work for one hour at 298 K.

P6.24 Consider the reaction FeO(s) + CO(g)
Fe(s) + CO,(g) for which Kp is found to have the follow-
ing values:

T 700.°C 1200°C
Kp 0.688 0.310

a. Using this data, calculate AGg, AS%, and AH$ for this
reaction at 700.°C. Assume that A H$% is independent of
temperature.

b. Calculate the mole fraction of CO,(g) present in the gas
phase at 700.°C.

P6.25 Derive an expression for A(V,T) analagous to that for
G(T.P) in Equation (6.33).

P6.26 Show that
[am/n} .
o(1/T) Jy

Write an expression analogous to Equation (6.36) that would
allow you to relate AA at two temperatures.

P6.27 A gas mixture with 4.50 mol of Ar, x moles of Ne, and
y moles of Xe is prepared at a pressure of 1 bar and a tempera-
ture of 298 K. The total number of moles in the mixture is five
times that of Ar. Write an expression for AG ;g in terms of x.
At what value of x does the magnitude of AG ;g have its
minimum value? Answer this part graphically or by using an
equation solver. Calculate AG i, for this value of x.

NUMERICAL PROBLEMS 163
P6.28 In Example Problem 6.9, Kp for the reaction

CO(g) + H,O() COs(g) + Hy(g) was calculated to
be 3.32 X 10% at 298.15 K. At what temperature is

Kp = 5.50 X 10°? What is the highest value that Kp can have
by changing the temperature? Assume that A H§ is independ-
ent of temperature.

P6.29 Assuming that AH5 is constant in the interval 275 K
- 600. K, calculate AG® for the process (H,0, g, 298 K) —
(H,0, g, 600. K). Calculate the relative change in the

Gibbs energy.

P6.30 Calculate the degree of dissociation of N,Oy in the
reaction N,Oy(g) 2NO,(g) at 300. K and a total pres-
sure of 1.50 bar. Do you expect the degree of dissociation to
increase or decrease as the temperature is increased to 550. K?
Assume that A H is independent of temperature.

P6.31 Oxygen reacts with solid glycylglycine C4HgN,0O5 to
form urea CH4N,O, carbon dioxide, and water:
30,(g) + C4HgN>O3(s)

CH4N,O(s) + 3CO,(g) + 2H,0()

AtT = 298 K and 1.00 atm solid glycylglycine has the fol-
lowing thermodynamic properties:

AG$ = —491.5kI mol ™!, AH} = —746.0 kJ mol ™",
§° = 190.0J K~ ! mol™!
Calculate AGg at T = 298.15K and at T = 310.0 K. State

any assumptions that you make.

P6.32 Calculate AG} for the reaction CO(g) +

1/2 O5(g) — CO(g) at 298.15 K. Calculate AG% at 600. K
assuming that A H is constant in the temperature interval
of interest.

P6.33 A sample containing 2.50 mol of an ideal gas at

325 K is expanded from an initial volume of 10.5 L to a final
volume of 60.0 L. Calculate the final pressure. Calculate AG
and A A for this process for (a) an isothermal reversible path
and (b) an isothermal expansion against a constant external
pressure equal to the final pressure. Explain why AG and AA
do or do not differ from one another.

P6.34  You have containers of pure O, and N, at 298 K and
1 atm pressure. Calculate AG ;i relative to the unmixed
gases of

a. a mixture of 10. mol of O, and 10. mol of N,
b. a mixture of 10. mol of O, and 20. mol of N,

c. Calculate AG,ying if 10. mol of pure N is added to the
mixture of 10. mol of O, and 10. mol of N,.

P6.35 In this problem, you calculate the error in
assuming that AH% is independent of 7 for the reaction

2Cu0 (s) 2Cu(s) + 0,(g).

The following data are given at 25° C:

Compound CuO(s) Cu(s) 0,(g)
AH$ (kI mol ') 157

AG% (kI mol ™) ~130.

Cp K mol™) 423 24.4 29.4
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164  CHAPTER 6 Chemical Equilibrium

a. From Equation (6.65),

KP(Tf) 1
/ dIn KP =
Kp(To) Rjry T

To a good approximation, we can assume that the heat
capacities are independent of temperature over a limited
range in temperature, giving AH% (T) = AH% (Ty) +
ACp (T — Ty) where ACp = Z,;v,Cp ,(i). By integrat-
ing Equation (6.65), show that

_AHR(To) (11
R T T

P6.39 Assume the internal energy of an elastic fiber under
tension (see Problem P6.16) is given by dU = T dS —

P dV — F d{. Obtain an expression for (dG/d{)p r and cal-
culate the maximum nonexpansion work obtainable when a
collagen fiber contracts from € = 20.0 to 10.0 cm at con-
stant P and 7. Assume other properties as described in
Problem P6.16.

P6.40 Under anaerobic conditions, glucose is broken down
in muscle tissue to form lactic acid according to the reaction:
CeH 204(s) 2CH3CHOHCOOH(ag). Thermodynamic
data at 7 = 298 K for glucose and lactic acid are given in the

TrAHS
2

anp (T) = IHKP (To)

N Ty X ACp [ following table.
R T T,
AC, T AH} (kJ mol ) Cp,, JK ' mol 1) S5, (J K ' mol 1)
+ R 1“?0 Glucose  -1273.1 219.2 209.2
b. Using the result from part (a), calculate the equilibrium k?:i:llc ~673.6 127.6 192.1

pressure of oxygen over copper and CuO(s) at 1275 K.
How is this value related to Kp for the reaction
2CuO (s) 2Cu(s) + 0(g)?

¢. What value of the equilibrium pressure would you obtain
if you assumed that A H were constant at its value for
298.15 K up to 1275 K?

P6.36  Consider the equilibrium in the reaction 30,(g) ——
205(g). Assume that A H} is independent of temperature.

Calculate AGg at T = 298 K. and T = 310. K. In your calcu-
lation at 310. K, assume (a) that AH% and AS% are constant
in this temperature interval and (b) calculate AH% and AS% at
310. K using the data in the previous table. Assume all heat
capacities are constant in this temperature interval.

P6.41 Consider the equilibrium 30,(g) 205(g).

a. Without doing a calculation, predict whether the equilib- a.
b.

rium position will shift toward reactants or products as the
pressure is increased.

. Using only the data tables, predict whether the equilibrium

position will shift toward reactants or products as the tem-
perature is increased.

. Calculate Kp at 600. and 700. K. Compare your results

with your answer to part (b).

Using the data tables, calculate Kp at 298 K.

Assuming that the extent of reaction at equilibrium is
much less than one, show that the degree of reaction
defined as half the number of moles of O3(g) divided by
the initial number moles of O,(g) present before

dissociation is given by &,, = (1/2)V Kp X P/P°.
Calculate the degree of reaction at 298 K and a pressure of
5.00 bar.

d. Calculate K, at 600. K and pressures of 1.00 and 2.25 bar. d

. . Calculate K, at 298 K and a pressure of 5.00 bar.
Compare your results with your answer to part (a).

P6.42 Use the equation Cp,,, — Cy, = TV ,,B%/k and the
data tables to determine Cy;,, for HO(/) at 298 K. Calculate
(CP,m - CV,m)/CP,m-

P6.43 As shown in Example Problem 3.5, (0U,,/0V ) =
a/ V%n for a van der Waals gas. In this problem, you will com-
pare the change in energy with temperature and volume for
N,, treating it as a van der Waals gas.

P6.37 N,Oj3 dissociates according to the equilibrium

N>,O3 (g) == NO, (g) + NO (g). At 298 K and one bar

pressure, the degree of dissociation defined as the ratio of moles

of NO,(g) or NO(g) to the moles of the reactant assuming no dis-

sociation occurs is 3.5 X 1073, Calculate AG% for this reaction.

P6.38 If the reaction FeoN(s) + 3/2 Hy(g) —

2Fe(s) + NH3(g) comes to equilibrium at a total pressure of

1 bar, analysis of the gas shows that at 700. and 800. K,

PNH3/ Py, = 2.165 and 1.083, respectively, if only Hy(g) was

initially present in the gas phase and Fe,N(s) was in excess.

a. Calculate Kp at 700. and 800. K.

b. Calculate AS% at 700. K and 800. K and A H% assuming
that it is independent of temperature.

c. Calculate AG¥} for this reaction at 298.15 K.

a. Calculate AU per mole of N»(g) at 1 bar pressure and
298 K if the volume is increased by 1.00% at constant 7.
Approximate the molar volume as the ideal gas value.

b. Calculate AU per mole of N,(g) at 1 bar pressure and 298 K
if the temperature is increased by 1.00% at constant V.

c. Calculate the ratio of your results in part (a) to the result in
part (b). What can you conclude about the relative impor-
tance of changes in temperature and volume on AU?

Web-Based Simulations, Animations, and Problems

the time required to reach equilibrium is investigated as a
function of these variables.

W6.1 The equilibrium A == B is simulated. The variables
AGFeaciants and AH Y, 54,05 and T can be varied independ-

ently using sliders. The position of the equilibrium as well as
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The Properties of
Real Gases

The ideal gas law is only accurate for gases at low values of the density. To
design production plants that use real gases at high pressures, equations of
state valid for gases at higher densities are needed. Such equations must take
the finite volume of a molecule and the intermolecular potential into
account. They accurately describe the P-V relationship of a given gas at a
fixed value of T within their range of validity using parameters that are spe-
cific to a given gas. An important consequence of nonideality is that the
chemical potential of a real gas must be expressed in terms of its fugacity
rather than its partial pressure. Fugacities rather than pressures must also be

used in calculating the thermodynamic equilibrium constant Kp for a real gas.

71 Real Gases and Ideal Gases

To this point, the ideal gas equation of state has been assumed to be sufficiently accurate to
describe the P—V-T relationship for a real gas. This assumption has allowed calculations of
expansion work and of the equilibrium constant Kp in terms of partial pressures using the
ideal gas law. In fact, the ideal gas law provides an accurate description of the P-V-T
relationship for many gases, such as He, for a wide range of P, V, and T values. However,
it describes the P-V relationship for water for a wide range of P and V values within £10%
only for 7 > 1300 K, as shown in Section 7.4. What is the explanation for this different
behavior of He and H,O? Is it possible to derive a “universal” equation of state that can be
used to describe the P-V relationship for gases as different as He and H,O?

In Section 1.5, the two main deficiencies in the microscopic model on which the
ideal gas law is based were discussed. The first assumption is that gas molecules are
point masses. However, molecules occupy a finite volume; therefore, a real gas cannot
be compressed to a volume that is less than the total molecular volume. The second
assumption is that the molecules in the gas do not interact, but molecules in a real gas
do interact with one another through a potential as depicted in Figure 1.10. Because the
potential has a short range, its effect is negligible at low densities, which correspond to
large distances between molecules. Additionally, at low densities, the molecular vol-
ume is negligible compared with the volume that the gas occupies. Therefore, the
P-V-T relationship of a real gas is the same as that for an ideal gas at sufficiently low
densities and high temperatures. At higher densities and low temperatures, molecular
interactions cannot be neglected. Because of these interactions, the pressure of a real
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CHAPTER 7 The Properties of Real Gases

gas can be higher or lower than that for an ideal gas at the same density and tempera-
ture. What determines which of these two cases applies? The questions raised in this
section are the major themes of this chapter.

7 Equations of State for Real Gases and
-Z_ Their Range of Applicability

In this section, several equations of state for real gases and the range of the variables P,
V, and T over which they accurately describe a real gas are discussed. Such equations of
state must exhibit a limiting P—V-T behavior identical to that for an ideal gas at low den-
sity. They must also correctly model the deviations for ideal gas behavior that real gases
exhibit at moderate and high densities. The first two equations of state considered here
include two parameters, a and b, that must be experimentally determined for a given gas.
The parameter a is a measure of the strength of the attractive part of the intermolecular
potential, and b is a measure of the minimum volume that a mole of molecules can
occupy. Real gas equations of state are best viewed as empirical equations whose func-
tional form has been chosen to fit experimentally determined P—V-T data.
The most widely used is the van der Waals equation of state:
RT a nRT n’a

P: —_— = —_ 7-1
Vp—b V2, V—nb V2 7.1

A second useful equation of state is the Redlich-Kwong equation of state:

RT a 1 _ nRT n’a 1
Vo —=b ANTVu(V +b) V. —=nb ~/TV(V + nb)
Although the same symbols are used for parameters a and b in both equations of state,
they have different values for a given gas.

Figure 7.1 shows that the degree to which the ideal gas, van der Waals, and Redlich-
Kwong equations of state correctly predict the P—V behavior of CO, depends on P, V,
and 7. At 426 K, all three equations of state reproduce the correct PV behavior reason-
ably well over the range shown, with the ideal gas law having the largest error. By con-
trast, the three equations of state give significantly different results at 310. K. The ideal
gas law gives unacceptably large errors, and the Redlich-Kwong equation of state is
more accurate than is the van der Waals equation. We will have more to say about the
range over which the ideal gas law is reasonably accurate when discussing the com-
pression factor in Section 7.3.

A third widely used equation of state for real gases is the Beattie-Bridgeman
equation of state. This equation uses five experimentally determined parameters to fit
P-V-T data. Because of its complexity, it will not be discussed further.

P (7.2)

p=RL © Vv, +B) -2 win
= — - — Wil
%9 v, " %3
a b
A=Ay|1—-—] and B=By|1 - — (7.3)
Vi Vi

A further important equation of state for real gases has a different form than any of
the previous equations. The virial equation of state is written in the form of a power

series in 1/V,,
1 B(T)
P=RT| —+—5"+ .. (7.4)
Vv

m m

The power series does not converge at high pressures where V,, becomes small. The B(T),
C(T), and so on are called the second, third, and so on virial coefficients. This equation is
more firmly grounded in theory than the previously discussed three equations because a
series expansion is always valid in its convergence range. In practical use, the series is usu-
ally terminated after the second virial coefficient because values for the higher coefficients
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7.2 EQUATIONS OF STATE FOR REAL GASES AND THEIR RANGE OF APPLICABILITY
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are not easily obtained from experiments. Table 7.1 (see Appendix B, Data Tables) lists
values for the second virial coefficient for selected gases for different temperatures. If B(T)
is negative (positive), the attractive (repulsive) part of the potential dominates at that value
of T. Statistical thermodynamics can be used to relate the virial coefficients with the inter-
molecular potential function. As you will show in the end-of-chapter problems, B(T) for a
van der Waals gas is given by B(T) = b — (a/RT).

The principal limitation of the ideal gas law is that it does not predict that a gas can
be liquefied under appropriate conditions. Consider the approximate P-V diagram for
CO, shown in Figure 7.2. (It is approximate because it is based on the van der Waals
equation of state, rather than experimental data.) Each of the curves is an isotherm cor-
responding to a fixed temperature. The behavior predicted by the ideal gas law is shown
for T = 334 K. Consider the isotherm for 7 = 258 K. Starting at large values of V, the
pressure rises as V decreases and then becomes constant over a range of values of V.
The value of V at which P becomes constant depends on 7. As the volume of the system
is decreased further, the pressure suddenly increases rapidly as V decreases.

The reason for this unusual dependence of P on V,, becomes clear when the CO,
compression experiment is carried out in the piston and transparent cylinder assembly
shown in Figure 7.3. The system consists of either a single phase or two phases sepa-
rated by a sharp interface, depending on the values of 7 and V,,,. For points a, b, ¢, and d
on the 258 K isotherm of Figure 7.2, the system has the following composition: at
point a, the system consists entirely of CO,(g). However, at points b and c, a sharp
interface separates CO,(g) and CO,(I). Along the line linking points b and c, the sys-
tem contains CO,(g) and CO,(/) in equilibrium with one another. The proportion of
liquid to gas changes, but the pressure remains constant. The temperature-dependent
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FIGURE 7.1

Isotherms for CO, are shown at (a) 426 K
and (b) 310 K using the van der Waals
equation of state (purple curve), the
Redlich-Kwong equation of state (blue
curve), and the ideal gas equation of state
(red curve). The black dots are accurate
values taken from the NIST Chemistry
Webbook.
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FIGURE 7.2

Calculated isotherms are shown for CO,,
modeled as a van der Waals gas. The gas
and liquid (blue) regions and the
gas—liquid (yellow) coexistence region
are shown. The dashed curve was calcu-
lated using the ideal gas law. The isotherm
at 7 = 304.12 K is at the critical tempera-
ture and is called the critical isotherm.

FIGURE 7.3

The volume and the composition of a
system containing CO, at 258 K is
shown at points a, b, ¢, and d indicated in
Figure 7.2. The liquid and gas volumes
are not shown to scale.
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equilibrium pressure is called the vapor pressure of the liquid. As the volume is
decreased further, the system becomes a single-phase system again, consisting of
COy(]) only. The pressure changes slowly with increasing V if V,, > 0.33 L because
COy(g) is quite compressible. However, the pressure changes rapidly with decreasing V/
if V,,, < 0.06 L because CO,(/) is nearly incompressible. The single-phase regions and
the two-phase gas—liquid coexistence region are shown in Figure 7.2.

If the same experiment is carried out at successively higher temperatures, it is found
that the range of V,, in which two phases are present becomes smaller, as seen in the
243,258, and 274 K isotherms of Figure 7.2. The temperature at which the range of V,,
has shrunk to a single value is called the critical temperature, 7,.. For CO,,
T.=304.12 K. AtT = T, the isotherm exhibits an inflection point so that

oP o’P
<> =0 and <2> =0
Vo )7T=T, Vi )T=T,

What is the significance of the critical temperature? Critical behavior will be discussed
in Chapter 8. At this point, it is sufficient to know that as the critical point is approached,
the density of CO,(/) decreases and the density of CO,(g) increases, and at T = T the
densities are equal. Above T, no interface is observed in the experiment depicted in
Figure 7.3, and liquid and gas phases can no longer be distinguished. The term
supercritical fluid is used instead. As will be discussed in Chapter 8, 7. and the correspon-
ding values P, and V., which together are called the critical constants, take on particular
significance in describing the phase diagram of a pure substance. The critical constants for
a number of different substances are listed in Table 7.2 (see Appendix B, Data Tables).

(7.5)
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e

A
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The parameters a and b for the van der Waals and Redlich-Kwong equations of
state are chosen so that the equation of state best represents real gas data. This can be
done by using the values of P, V, and T at the critical point 7, P., and V.. as shown in
Example Problem 7.1. Parameters a and b calculated from critical constants in this way
are listed in Table 7.4 (see Appendix B, Data Tables).

| EXAMPLE PROBLEM 7.1

AtT =T, (0P/dV,)r=7, = 0 and (aZP/avf,,)T:TL_ = 0. Use this information to
determine a and b in the van der Waals equation of state in terms of the experimentally
determined values 7, and P...

Solution B N
RT a
J — 2
Vi —b V2| B RT. L 2a 0
Vo (Ve — b)? Vi
T=T,
i ] RT 2
9% RT__ a =g+ —‘;
LVn—b Vi B (Vi = b)*> Vi
av2, V.,
T=T, T=T,
_ 2RT, 6a — 0

(Vmc - b)3 anc

Equating RT from these two equations gives

2 3
RT, = Ta (Ve — b)2 = Ta (Ve — b)3, which simplifies to
V;nc Vmc
Vine = b) =1

2V e

The solution to this equation is V. = 3b. Substituting this result into
(0P/dV )r=7, = O gives

RT, 2a RT. 2a 2a (2b)2 8a

— t = =0 or T, = =

(Ve — b)? V3, (2b)*>  (3b)? ° (3b)} R 27Rb
Substituting these results for 7, and V,,,. in terms of a and b into the van der Waals equa-
tion gives the result P, = a/ 27b% We only need two of the critical constants 7, P., and
Ve to determine a and b. Because the measurements for P, and T, are more accurate
than for V,,,., we use these constants to obtain expressions for a and b. These results for
P.and T, can be used to express a and b in terms of P, and T,. The results are

RT, 27R*T?

and a =

b =
8P, 64P,

A similar analysis for the Redlich-Kwong equation gives

RT3 (2" = DRT,
a=——————andb=——7"—""
9P (23 - 1) 3P,

What is the range of validity of the van der Waals and Redlich-Kwong equations? No
two-parameter equation of state is able to reproduce the isotherms shown in Figure 7.2 for
T < T.because it cannot reproduce either the range in which P is constant or the discon-
tinuity in (9P/dV )y at the ends of this range. This failure is illustrated in Figure 7.4, in
which isotherms calculated using the van der Waals equation of state are plotted for some
of the values of 7 as in Figure 7.2. Below T, all calculated isotherms have an oscillating
region that is unphysical because V increases as P increases. In the Maxwell construction,
the oscillating region is replaced by the horizontal line for which the areas above and
below the line are equal, as indicated in Figure 7.4. The Maxwell construction is used in
generating the isotherms shown in Figure 7.2.
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Van der Waals isotherms show the relation-
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for CO, at the indicated temperatures. The
Maxwell construction is shown. No oscil-
lations in the calculated isotherms occur
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FIGURE 7.5

The calculated compression factor for N,
is shown as a function of pressure for

T = 200. and 400. K and compared with
accurate values. The purple and red
curves have been calculated using the van
der Waals and Redlich-Kwong equations
of state, respectively. The Redlich-Kwong
equation does not give physically mean-
ingful solutions above P = 175 bar for
200. K, where p = 2.5p... The dots are
calculated from accurate values for V,,
taken from the NIST Chemistry Webbook.

The Maxwell construction can be justified on theoretical grounds, but the equilib-
rium vapor pressure determined in this way for a given value of 7 is only in qualitative
agreement with experiment. The van der Waals and Redlich-Kwong equations of state
do a good job of reproducing P-V isotherms for real gases only in the single-phase gas
region T > T and for densities well below the critical density, p. = M/V,,., where
Vone 18 the molar volume at the critical point. The Beattie-Bridgeman equation, which
has three more adjustable parameters, is accurate above 7. for higher densities.

73 The Compression Factor

How large is the error in P-V curves if the ideal gas law is used rather than the van der
Waals or Redlich-Kwong equations of state? To address this question, it is useful to
introduce the compression factor, z, defined by

Vi PV,

z= W = RT (7.6)
m

For the ideal gas, z = 1 for all values of P and V,,. If z > 1, the real gas exerts a greater
pressure than the ideal gas, and if z < 1, the real gas exerts a smaller pressure than the
ideal gas for the same values of 7' and V,,,.

The compression factor for a given gas is a function of temperature, as shown in
Figure 7.5. In this figure, z has been calculated for N, at two values of 7" using the van der
Waals and Redlich-Kwong equations of state. The dots are calculated from accurate values
of V,, taken from the NIST Chemistry Workbook. Although the results calculated using
these equations of state are not in quantitative agreement with accurate results for all P and
T, the trends in the functional dependence of z on P for different 7 values are correct.
Because it is inconvenient to rely on tabulated data for individual gases, we focus on z(P)
curves calculated from real gas equations of state. Both the van der Waals and Redlich-
Kwong equations predict that for 7 = 200 K, z initially decreases with pressure. The
compression factor only becomes greater than the ideal gas value of one for pressures in
excess of 200 bar. For T = 400. K, z increases linearly with 7. This functional dependence
is also predicted by the Redlich-Kwong equation. The van der Waals equation predicts that
the initial slope is zero, and z increases slowly with P. For both temperatures, z — 1 as
P — 0. This result shows that the ideal gas law is obeyed if P is sufficiently small.

To understand why the low pressure value of the compression factor varies with
temperature for a given gas, we use the van der Waals equation of state. Consider the
variation of the compression factor with P at constant 7,

<6z> N 9z _ L[ oz
oP)r  \O[RT/V,])r RT\0[1)V,])r

o
1 o T 1 71 | T
o ozéo 300

Pressure/bar

Www.Ebook777.com



http://www.ebook777.com

Free ebooks ==> www.Ebook777.com

7.3 THE COMPRESSION FACTOR

for a van der Waals gas in the ideal gas limit as 1/V,,— 0. As shown in Example
Problem 7.2, the result (9z/dP); = b/RT — a/(RT)? is obtained.

| EXAMPLE PROBLEM 7.2

Show that the slope of z as a function of P as P — 0 is related to the van der Waals

parameters by
ad 1
lim <Z> =—|b-2
p—0\oP/r RT RT

Rather than differentiating z with respect to P, we transform the partial derivative to
one involving V,;:

Solution

i)
V., PV, \Vau—b V2)" vy, a
¢ 7 yidea ~ R T RT "V, —-b RIV,
dz d I_ Vm  a }
9z Vo Vol Vw— b RTV,,
ERER
WV, WVu\V, —b V%

T
1 Vo a
- >t 2
Vi — b V., — b RTV,
RT a
-t 2*3
(Vm - b) Vm

Viu— b _ Vin 4+
| v,=b? (v, —b? RIV

RT a
i a— + 2*3
(Vm - b) Vm

—b 4+ —b L _a
(V,, — b)>  RTV2 V2 RTVY
RT . a RT

(V,, — b)? V3, %4

1
—_— b—i asV,, > x
RT RT

RT a RT
—>—-——asV, = TABLE 7.3 Boyle

In the second to last line, - t 2—3 5
(Vm - b) Vm Vm

because the second term approaches zero more rapidly than the first term and Gas T,(K) Gas
V, = b.
He 23 02
From Example Problem 7.2, the van der Waals equation predicts that the initial H, 110. CHy
slope of the z versus P curve is zero if b = a/RT. The corresponding temperature is Ne 122 Kr
known as the Boyle temperature 7' N, 307 Ethene
Ty=— (77) €O 352 H,0

171

Temperatures of Selected Gases

T (K)
400.
510.
575
735
1250

" Rb
Values for the Boyle temperature of several gases are shown in Table 7.3.

Source: Calculated from data in Lide, D. R.,
ed. CRC Handbook of Thermophysical and

Because the parameters a and b are substance dependent, 7'p is different for each gas.  7y,.mochemical Data. Boca Raton, FL: CRC

Using the van der Waals parameters for Ny, T = 425 K, whereas the experimentally  Press, 1994.
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FIGURE 7.6

The compression factor is shown as a
function of pressure for 7 = 400. K for
three different gases. The solid lines have
been calculated using the van der Waals
equation of state. The dots are calculated
from accurate values for V,, taken from
the NIST Chemistry Webbook.

determined value is 327 K. The agreement is qualitative rather than quantitative. At the
Boyle temperature both z — 1, and (dz/dP )7 — 0 as P — 0, which is the behavior exhib-
ited by an ideal gas. It is only at 7 = T g that a real gas exhibits ideal behavior as P — 0
with respect to [1>im0 (0z/9P)r. Above the Boyle temperature, (dz/0P)r > 0 as P —0,

and below the Boyle temperature, (dz/dP)7 < 0 as P — 0. These inequalities provide
a criterion to predict whether z increases or decreases with pressure at low pressures for
a given value of T.

Note that the initial slope of a z versus P plot is determined by the relative mag-
nitudes of b and a/RT. Recall that the repulsive interaction is represented through
b, and the attractive part of the potential is represented through a. From the previ-
ous discussion, Il)il)no(az/aP)T is always positive at high temperatures, because

b — (a/RT)— b > 0as T — o0. This means that molecules primarily feel the repul-
sive part of the potential for T >> T. Conversely, for T << Tp, limo(az/aP)T will
P—>

always be negative because the molecules primarily feel the attractive part of the poten-
tial. For high enough values of P, z > 1 for all gases, showing that the repulsive part of
the potential dominates at high gas densities, regardless of the value of 7.

Next consider the functional dependence of z on P for different gases at a single
temperature. Calculated values for oxygen, hydrogen, and ethene obtained using the
van der Waals equation at 7 = 400 K are shown in Figure 7.6 together with accurate
results for these gases. It is seen that }li_)mo (dz/9P)r at 400 K is positive for H,, negative

for ethane, and approximately zero for O,. These trends are correctly predicted by the
van der Waals equation. How can this behavior be explained? It is useful to compare
the shape of the curves for H, and ethene curves with those in Figure 7.5 for N, at dif-
ferent temperatures. This comparison suggests that at 400. K the gas temperature is
well above 7' for H, so that the repulsive part of the potential dominates. By contrast,
it suggests that 400. K is well below T g for ethene, and the attractive part of the poten-
tial dominates. Because the initial slope is nearly zero, the data in Figure 7.6 suggests
that 400. K is near T g for oxygen. As is seen in Table 7.3, T = 735 K for ethene, 400. K
for O,, and 110. K for H,. These values are consistent with the previous explanation.
The results shown in Figure 7.6 can be generalized as follows. If fl}imo(éz/ dP)r <0

for a particular gas, T < T'p, and the attractive part of the potential dominates. If
}l)in}) (9z/0P)r > 0 for a particular gas, T > Tp, and the repulsive part of the

potential dominates.

1.2
1 Hydrogen
- Y )
J P o ®
1.1
_ o ©® e @
N 10—
1 300
0.9 —
] °
0.8 —
0.7 —
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7.4 THE LAW OF CORRESPONDING STATES

74 The Law of Corresponding States

As shown in Section 7.3, the compression factor is a convenient way to quantify devia-
tions from the ideal gas law. In calculating z using the van der Waals and Redlich-
Kwong equations of state, different parameters must be used for each gas. Is it possible
to find an equation of state for real gases that does not explicitly contain material-
dependent parameters? Real gases differ from one another primarily in the value of the
molecular volume and in the depth of the attractive potential. Because molecules that
have a stronger attractive interaction exist as liquids to higher temperatures, one might
think that the critical temperature is a measure of the depth of the attractive potential.
Similarly, one might think that the critical volume is a measure of the molecular vol-
ume. If this is the case, different gases should behave similarly if 7, V, and P are meas-
ured relative to their critical values.

These considerations suggest the following hypothesis. Different gases have the
same equation of state if each gas is described by the dimensionless reduced variables
T.,=T/T.,P,=P/P,andV,, =V,/V,. rrather than by T, P, and V,,. The preced-
ing statement is known as the law of corresponding states. If two gases have the same
values of 7,, P,, and V,,,, they are in corresponding states. The values of P, V, and T can
be very different for two gases that are in corresponding states. For example, H, at
12.93 bar and 32.98 K in a volume of 64.2 X 1073 L and Br, at 103 bar and 588 K in a
volume of 127 X 1073 L are in the same corresponding state.

Next we justify the law of corresponding states and show that it is obeyed by many
gases. The parameters a and b can be eliminated from the van der Waals equation of
state by expressing the equation in terms of the reduced variables 7,, P,, and V,,,. This
can be seen by writing the van der Waals equation in the form

RT,T. a

P.P. = - (7.8)
e ervmc - b V%nrvignc
Next replace T, V,,., and P, by the relations derived in Example Problem 7.1:
a 8a
c = ﬁ’ VmC = 3b, and Tc = 27Rb 7.9)
Equation (7.8) becomes
aP, 8aT, __a
276> 27b(3bV,, — b)  9BPV2,
8T 3
P=—"— (7.10)

Vo — 1 - @

Equation (7.10) relates 7,, P,, and V,,, without reference to the parameters a and b.
Therefore, it has the character of a universal equation, like the ideal gas equation of
state. To a good approximation, the law of corresponding states is obeyed for a large
number of different gases as shown in Figure 7.7, as long as T, > 1. However,
Equation (7.10) is not really universal because the material-dependent quantities enter
through values of P, T,., and V.. rather than through a and b.

The law of corresponding states implicitly assumes that two parameters are suffi-
cient to describe an intermolecular potential. This assumption is best for molecules that
are nearly spherical, because for such molecules the potential is independent of the
molecular orientation. It is not nearly as good for dipolar molecules such as HF, for
which the potential is orientation dependent.

The results shown in Figure 7.7 demonstrate the validity of the law of correspon-
ding states. How can this law be applied to a specific gas? The goal is to calculate z
for specific values of P, and T,, and to use these z values to estimate the error in using
the ideal gas law. A convenient way to display these results is in the form of a graph.
Calculated results for z using the van der Waals equation of state as a function of P,
for different values of 7, are shown in Figure 7.8. For a given gas and specific P and
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174 CHAPTER 7 The Properties of Real Gases

FIGURE 7.7

Values for the compression factor are
shown as a function of the reduced pres-
sure P, for seven different gases at the six
values of reduced temperatures indicated
in the figure. The solid curves are drawn
to guide the eye.

FIGURE 7.8

Compression factor z as a function of P,
for the T, values indicated. The curves
were calculated using the van der Waals
equation of state.
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Reduced pressure (P,)

T values, P, and T, can be calculated. A value of z can then be read from the curves in
Figure 7.8.

From Figure 7.8, we see that for P, < 5.5,z < 1 aslongas 7, < 2. This means that
the real gas exerts a smaller pressure than an ideal gas in this range of 7, and P,. We con-
clude that for these values of 7, and P,, the molecules are more influenced by the attractive
part of the potential than the repulsive part that arises from the finite molecular volume.
However, z > 1 for P, > 7 for all values of 7, as well as for all values of P, if T, > 4.
Under these conditions, the real gas exerts a larger pressure than an ideal gas. The mole-
cules are more influenced by the repulsive part of the potential than the attractive part.

Using the compression factor, the error in assuming that the pressure can be calcu-
lated using the ideal gas law can be defined by

z—1
Z

Error = 100%

(7.11)

Figure 7.8 shows that the ideal gas law is in error by less than 30% in the range of 7,
and P, where the repulsive part of the potential dominates if P, < 8. However, the
error can be as great as —300% in the range of T, and P, where the attractive part of
the potential dominates. The error is greatest near 7, = 1 because at this value of the
reduced temperature, the liquid and gaseous phases can coexist. At or slightly above
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7.5 FUGACITY AND THE EQUILIBRIUM CONSTANT FOR REAL GASES

the critical temperature, a real gas is much more compressible than an ideal gas.
These curves can be used to estimate the temperature range over which the molar vol-
ume for H,O(g) predicted by the ideal gas law is within 10% of the result predicted by
the van der Waals equation of state over a wide range of pressure. From Figure 7.8,
this is true only if 7, > 2.0, orif T > 1300 K.

| EXAMPLE PROBLEM 7.3

Using Figure 7.8 and the data in Table 7.2 (see Appendix B, Data Tables), calculate
the volume occupied by 1.000 kg of CH,4 gas at 7 = 230. K and P = 68.0 bar.
Calculate V — V4, and the relative error in V if V were calculated from the ideal gas
equation of state.

Solution
From Table 7.2, T, and P, can be calculated:
230. K 68.0 bar
=———=12land P, = ———— = 1.48
"7 19056 K M ™ 45.99 bar
From Figure 7.8, z = 0.63.
1000. g 1 a1
. — X 0.08314 L bar K" 'mol " X 230. K
_znRT 16.04 g mol loL
P 68.0 bar S
11.0L
V = Videwm = 11.0L — W = —6.5L

V = Vigeu 6.5L
= - = —58% l
v 110L ?

Because the critical variables can be expressed in terms of the parameters a and b as
shown in Example Problem 7.1, the compression factor at the critical point can also be
calculated. For the van der Waals equation of state,

PV, 1 a 27Rb 3

— X X 3b X = 7.12
RT. R~ 27p? 8a 8 (7.12)

Zc

Equation (7.12) predicts that the critical compressibility is independent of the parameters
a and b and should, therefore, have the same value for all gases. A comparison of this pre-
diction with the experimentally determined value of z. in Table 7.2 shows qualitative but
not quantitative agreement. A similar analysis using the critical parameters obtained from
the Redlich-Kwong equation also predicts that the critical compression factor should be
independent of a and b. In this case, z. = 0.333. This value is in better agreement with
the values listed in Table 7.2 than that calculated using the van der Waals equation.

7 5 Fugacity and the Equilibrium Constant
.-/ for Real Gases

As shown in the previous section, the pressure exerted by a real gas can be greater or
less than that for an ideal gas. We next discuss how this result affects the value of the
equilibrium constant for a mixture of reactive gases. For a pure ideal gas, the chemical
potential as a function of the pressure has the form (see Section 6.3)

P
w(T,P) = p°(T) + RT lnF (7.13)
To construct an analogous expression for a real gas, we write

w(T, P) = u°(T) + RT nl (7.14)

-
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FIGURE 7.9

For densities corresponding to the attrac-
tive range of the potential, P < P;;.q.
Therefore, G1¢ < Gid¢@ and f < P.
The inequalities are reversed for densities
corresponding to the repulsive range of
the potential.

where the quantity fis called the fugacity of the gas. The fugacity can be viewed as the
effective pressure that a real gas exerts. For densities corresponding to the attractive
range of the intermolecular potential, G/¢? < Gi¢? and f < P. For densities corre-
sponding to the repulsive range of the intermolecular potential, G/¢ > G4¢ and
f > P. These relationships are depicted in Figure 7.9.

The fugacity has the limiting behavior that f — P as P — 0. The standard state of
fugacity, denoted f °, is defined as the value that the fugacity would have if the gas behaved
ideally at 1 bar pressure. This is equivalent to saying that f© = P°. This standard state is a
hypothetical standard state, because a real gas will not exhibit ideal behavior at a pressure
of one bar. However, the standard state defined in this way makes Equation (7.14) become
identical to Equation (7.13) in the ideal gas limit f — P as P — 0.

The preceding discussion provides a method to calculate the fugacity for a given gas.
How are the fugacity and the pressure related? For any gas, real or ideal, at constant 7,

dG,, = V,dP (7.15)
Therefore,
dligea = Vi*“'dP
Apeq = VIUdP (7.16)

Equation (7.16) shows that because V4@ # y¢l the chemical potential of a real gas
will change differently with pressure than the chemical potential of an ideal gas. We
form the difference

ereal - d/“‘fideal = (V;rfal - Vingeal)dp (7.17)

and integrate Equation (7.17) from an initial pressure P; to a final pressure P:

P
/(ereal - d/-"“ideal) = [/*‘Lreal(P) - Mreal(Pi)] - [Mideal(P) — Mideal (P!)]
P;

(V;’:al _ V%leal)dp/ (7.18)

:U\“U

The previous equations allow us to calculate the difference in chemical potential
between a real and an ideal gas at pressure P. Now let P;,— 0. In this limit,
Mreal (Pi) = Wigear (P;) because all real gases approach ideal gas behavior at a suffi-
ciently low pressure. Equation (7.18) becomes

P
/J“real(P) - /‘Lideal(P) = /(V';rfal - Vfrzliwl)dpr (7-19)

0
Equation (7.19) provides a way to calculate the fugacity of a real gas. Using Equations

(7.13) and (7.14) for w, .o (P) and wigeq (P), P and f are related at the final pressure by
P
1 .
Inf=Inp+ / (vreal — yidealy g pr (7.20)
0

Because tabulated values of the compression factor z of real gases are widely available, it is
useful to rewrite Equation (7.20) in terms of z by substituting z = V¥ /Vided The result is

P P
Inf=InP + /Z —Lp 0rf=Pexp|:/(Z — 1>dP’J or f=y(P,T)P (71.21)
0 0

P/ Pl
Equation (7.21) provides a way to calculate the fugacity if z is known as a function of

pressure. It is seen that fand P are related by the proportionality factor vy, which is called
the fugacity coefficient. However, vy is not a constant; it depends on both P and 7.
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| EXAMPLE PROBLEM 7.4

For T > T, the equation of state P(V,, — b) = RT is an improvement over the ideal
gas law because it takes the finite volume of the molecules into account. Derive an
expression for the fugacity coefficient for a gas that obeys this equation of state.
Solution
Because z = PV,,/RT = 1 + Pb/RT, the fugacity coefficient is given by
P
b bP

P
— 1
my=tnd = [Ztyp = [Lyp = PP
P P’ RT RT
0

0

Equivalently, y = ¢”” /RT Note that v > 1 for all values of P and T because the equa-
tion of state does not take the attractive part of the intermolecular potential into acchnt.J

Calculated values for y (P,T) for H,, N5, and NH3 are shown in Figure 7.10 for
T = 700. K. It can be seen that y — 1 as P — 0. This must be the case because the
fugacity and pressure are equal in the ideal gas limit. The following general statements
can be made about the relationship between y and z: y (P,T) > 1 if the integrand of
Equation (7.21) satisfies the condition (z — 1)/P > 0 for all pressures up to P.
Similarly, y (P,T) < 1if (z — 1)/P < 0 for all pressures up to P.

These predictions can be related to the Boyle temperature. If 7 > Tp, then
v (P,T) > 1 for all pressures, the fugacity is greater than the pressure, and y > 1.
However, if T < Tp,theny (P,T) < 1, and the fugacity is smaller than the pressure. The
last statement does not hold for very high values of P,, because as shown in Figure 7.8,
z > 1 for all values of T at such high relative pressures. Are these conclusions in accord
with the curves in Figure 7.10? The Boyle temperatures for H,, N,, and NH5 are 110, 327,
and 995 K, respectively. Because at 700. K, T > T g for H, and N,, but 7 < T p for NH3,
we conclude that y > 1 at all pressures for Hy and N», and y < 1 at all but very high
pressures for NH3. These conclusions are consistent with the results shown in Figure 7.10.

The fugacity coefficient can also be graphed as a function of 7, and P,. This is con-
venient because it allows y for any gas to be estimated once 7 and P have been
expressed as reduced variables. Graphs of y as functions of P, and 7, are shown in
Figure 7.11. The curves have been calculated using Beattie-Bridgeman parameters for
N, and are known to be accurate for N, over the indicated range of reduced tempera-
ture and pressure. Their applicability to other gases assumes that the law of correspon-
ding states holds. As Figure 7.7 shows, this is generally a good assumption.

What are the consequences of the fact that except in the dilute gas limit f # P?
Because the chemical potential of a gas in a reaction mixture is given by Equation (7.14),
the thermodynamic equilibrium constant for a real gas Ky must be expressed in terms of
the fugacities. Therefore Ky for the reaction 3/2 H, + 1/2 N, — NHj is given by

S, YnuPNH,
fO PO

K, =
! I\ fr, Y2 Yn, Py \"2 [ Yu,Pr, Y2
fO fO PO PO
YNH,

=Kp————— (7.22)

(") (Vi) Y?
We next calculate the error in using Kp rather than Ky to calculate an equilibrium con-
stant, using the ammonia synthesis reaction at 700. K and a total pressure of 400. bar as
an example. In the industrial synthesis of ammonia, the partial pressures of H,, N,, and
NHj are typically 270, 90, and 40 bar, respectively. The calculated fugacity coefficients
under these conditions are Yy, = L.11, Yy, = 1.04, and Yyp, = 0.968 using the

Beattie-Bridgeman equation of state. Therefore,

K, =K (0.968) =0917K (7.23)
PR o2 qany: ! '
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FIGURE 7.10

The fugacity coefficients for H,, N,, and
NHj are plotted as a function of the partial
pressure of the gases for 7 = 700. K. The
calculations were carried out using the
Beattie-Bridgeman equation of state.
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FIGURE 7.11 1.4 — 3.0 A 3.0
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Note that K¢is smaller than K, for the conditions of interest. The NH3 concentration at
equilibrium is proportional to the equilibrium constant, as shown in Section 6.14.

P
XNH, = (xNz)l/z(xH2)3/2 <> Ky

o (7.24)
What conclusions can be drawn from this calculation? If Kp were used rather than Kj,
the calculated mole fraction of ammonia would be in error by — 9%, which is a signifi-
cant error in calculating the economic viability of a production plant. However, for pres-
sures near | bar, activity coefficients for most gases are very close to unity as can be
seen in Figure 7.11. Therefore, under typical laboratory conditions, the fugacity of a gas
can be set equal to its partial pressure if P, V, and T are not close to their critical values.

Vocabulary

Beattie-Bridgeman equation of state fugacity
Boyle temperature
compression factor
critical constants

critical temperature

fugacity coefficient
law of corresponding states
Maxwell construction

Redlich-Kwong equation of state
van der Waals equation of state
vapor pressure

virial equation of state

Conceptual Problems

Q7.1 Using the concept of the intermolecular potential,
explain why two gases in corresponding states can be
expected to have the same value for z.

Q7.2 Consider the comparison made between accurate
results and those based on calculations using the van der
Waals and Redlich-Kwong equations of state in Figures 7.1
and 7.5. Is it clear that one of these equations of state is better
than the other under all conditions?

Q7.3 Why is the standard state of fugacity, f °, equal to the
standard state of pressure, P°?

Q7.4 Explain the significance of the Boyle temperature.

Q7.5 A van der Waals gas undergoes an isothermal reversible
expansion under conditions such that z > 1. Is the work done
more or less than if the gas followed the ideal gas law?

Q7.6 For a given set of conditions, the fugacity of a gas is
greater than the pressure. What does this tell you about the
interaction between the molecules of the gas?

Q7.7 What can you conclude about the ratio of fugacity to
pressure for N,, H,, and NHj3 at 500. bar using the data in
Figure 7.10?

Q7.8 s the ratio of fugacity to pressure greater to or less
than 1 if the attractive part of the interaction potential
between gas molecules dominates?

Q7.9 A gas is slightly above its Boyle temperature. Do you
expect z to increase or decrease as P increases?

Q7.10 Explain why the oscillations in the two-phase coexis-
tence region using the Redlich-Kwong and van der Waals
equations of state (see Figure 7.4) do not correspond to reality.
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Q7.11 A van der Waals gas undergoes an isothermal reversible
expansion under conditions such that z < 1. Is the work done
more or less than if the gas followed the ideal gas law?

Q7.12 The value of the Boyle temperature increases with
the strength of the attractive interactions between molecules.
Arrange the Boyle temperatures of the gases Ar, CHy, and
Cg¢Hg in increasing order.

Q7.13 A system containing argon gas is at pressure P and
temperature 7. How would you go about estimating the
fugacity coefficient of the gas?

Q7.14 By looking at the a and b values for the van der
Waals equation of state, decide whether 1 mole of O, or H,O
has the higher pressure at the same value of 7'and V.

Q7.15 Will the fugacity coefficient of a gas above the Boyle
temperature be less than 1 at low pressures?

NUMERICAL PROBLEMS 179
Q7.16 Show that the van der Waals and Redlich-Kwong
equations of state reduce to the ideal gas law in the limit of
low gas density.

Q7.17 Which of Ne or Ar has the larger van der Waals
parameter a? Explain your reasoning.

Q7.18 Which of Ne or Ar has the larger van der Waals
parameter b? Explain your reasoning.

Q7.19 You have calculated the pressure exerted by
ethane using the ideal gas law and the Redlich-Kwong
equations of state. How do you decide if the repulsive or
attractive part of the molecular potential dominates under
the given conditions?

Q7.20 Equation (1.19) states that the total pressure in a
mixture of gases is equal to the sum of the partial pres-
sures. Is this equation valid for real gases? If so, under
what conditions?

Numerical Problems

Problem numbers in red indicate that the solution to the prob-
lem is given in the Student’s Solutions Manual.

P7.1 A van der Waals gas has a value of z = 1.00061 at

410. K and 1 bar and the Boyle temperature of the gas is 195 K.
Because the density is low, you can calculate V,,, from the ideal
gas law. Use this information and the result of Problem P7.28,
z=1+ (b— a/RT)(1/V,,), to estimate a and b.

P7.2

a. Using the relationships derived in Example Problem 7.1
and the values of the critical constants for water from
Table 7.2, calculate values for the van der Waals parame-
ters a, b, and R from z, T, P, and V.. Do your results
agree with those in Tables 1.2 and 7.4?

b. Calculate the van der Waals parameters a and b using the
critical constants for water and the correct value for R. Do
these results agree with those in Tables 1.2 and 7.4?

P7.3 Assume that the equation of state for a gas can be writ-
ten in the form P(V,, — b(T)) = RT. Derive an expression
for B = 1/V (dV/dT)p and k = —1/V (dV/dP) for such a
gas in terms of b(T), db(T)/dT, P, and V,,.

P7.4 One mole of Ar initially at 310. K undergoes an adia-
batic expansion against a pressure P, o = 0 from a vol-
ume of 8.5 L to a volume of 82.0 L. Calculate the final
temperature using the ideal gas and van der Waals equations
of state. Assume Cy,, = 3R/2.

P7.5 Calculate the P and T values for which Br,(g) isin a
corresponding state to Xe(g) at 330. K and 72.0 bar.

P7.6  For values of z near 1, it is a good approximation to
write z(P) = 1 + (dz/dP)rP.If z = 1.00104 at 298 K and

1 bar, and the Boyle temperature of the gas is 155 K, calculate
the values of a, b, and V,, for the van der Waals gas.

P7.7 For a gas at a given temperature, the compression fac-
tor is described by the empirical equation

o

P P \?
z=1-850X103— + 350 X 107> —
P° P

where P° = 1 bar. Calculate the fugacity coefficient for
P = 150., 250., 350., 450., and 550. bar. For which of these
values is the fugacity coefficient greater than 1?

P7.8 The experimentally determined density of O, at 140. bar
and 298 K is 192 g L™ !. Calculate z and V,, from this informa-
tion. Compare this result with what you would have estimated
from Figure 7.8. What is the relative error in using Figure 7.8
for this case?

P7.9 At 725 K and 280. bar, the experimentally determined
density of N is 4.13 mol Ll Compare this with values cal-
culated from the ideal and Redlich-Kwong equations of state.
Use a numerical equation solver to solve the Redlich-Kwong
equation for V,, or use an iterative approach starting with V,,
equal to the ideal gas result. Discuss your results.

P7.10 A 1.75 mole sample of Ar undergoes an isothermal
reversible expansion from an initial volume of 2.00 L to a
final volume of 85.0 L at 310. K. Calculate the work done in
this process using the ideal gas and van der Waals equations
of state. What percentage of the work done by the van der
Waals gas arises from the attractive potential?

P7.11 Show that the second virial coefficient for a van der
Waals gas is given by

1 [ a
BT)=— (5| =b - =
RT| 1 RT
VT

P7.12 The volume of a spherical molecule can be estimated
asV = b/(4N4) where b is the van der Waals parameter and
Ny is Avogadro’s number. Justify this relationship by consid-
ering a spherical molecule of radius r, with volume

V = (4/3) r®. What is the volume centered at the molecule
that is excluded for the center of mass of a second molecule
in terms of V? Multiply this volume by N, and set it equal to
b. Apportion this volume equally among the molecules to
arrive at V. = b/(4N ). Calculate the radius of a methane
molecule from the value of its van der Waals parameter b.
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P7.13 Show that the van der Waals and Redlich-Kwong
equations of state reduce to the ideal gas equation of state in
the limit of low density.

P7.14  Use the law of corresponding states and Figure 7.8 to
estimate the molar volume of propane at 7 = 500. K and

P = 75.0 bar. The experimentally determined value is

0.438 mol L™!. What is the relative error of your estimate?
P7.15 Another equation of state is the Berthelot equation,
V. = (RT/P) + b — (a/RT?). Derive expressions for

B =1/V(dV/oT)p and k = —1/V (8V/dP)7 from the
Berthelot equation in terms of V, 7, and P.

dlnz
P7.16 Show that Pk =1 — P Y

> for a real gas
T

where k is the isothermal compressibility.

P7.17 Calculate the van der Waals parameters of carbon
dioxide from the values of the critical constants and compare
your results with the values for a and b in Table 7.4.

P7.18 Calculate the Redlich-Kwong parameters of fluorine
from the values of the critical constants and compare your
results with the values for a and b in Table 7.4.

P7.19 Calculate the critical volume for ethane using the
data for T, and P, in Table 7.2 (see Appendix B, Data Tables)
assuming (a) the ideal gas equation of state and (b) the van
der Waals equation of state. Use an iterative approach to
obtain V,. from the van der Waals equation, starting with the
ideal gas result. How well do the calculations agree with the
tabulated values for V,.?

al
P7.20 Showthat7B =1 + T(a;z> for a real gas

P
where 3 is the volumetric thermal expansion coefficient.
P7.21 At what temperature does the slope of the z versus P

curve as P — 0 have its maximum value for a van der Waals
gas? What is the value of the maximum slope?

www.Ebook777.com

P7.22  Calculate the density of O,(g) at 480. K and 280. bar
using the ideal gas and the van der Waals equations of state. Use
a numerical equation solver to solve the van der Waals equation
for V,,, or use an iterative approach starting with V,,, equal to the
ideal gas result. Based on your result, does the attractive or repul-
sive contribution to the interaction potential dominate under
these conditions? The experimentally determined result is 208 g
L~ !. What is the relative error of each of your two calculations?

P7.23 Showthat 7B = 1 + T(dInz/dT)p and that

Pk =1 — P(dlnz/dP)7.

P7.24 A sample containing 42.1 g of Ar is enclosed in a con-
tainer of volume 0.0885 L at 375 K. Calculate P using the ideal
gas, van der Waals, and Redlich-Kwong equations of state.
Based on your results, does the attractive or repulsive contribu-
tion to the interaction potential dominate under these conditions?

P7.25 The experimental critical constants of CHy are found in
Table 7.2. Use the values of P, and T to calculate V.. Assume
that CH,4 behaves as (a) an ideal gas, (b) a van der Waals gas, and
(c) a Redlich-Kwong gas at the critical point. For parts (b) and
(c), use the formulas for the critical compression factor. Compare
your answers with the experimental value. Are any of your cal-
culated results close to the experimental value in Table 7.2?

P7.26 The observed Boyle temperatures of Hp, N,, and CHy
are 110., 327, and 510. K, respectively. Compare these values
with those calculated for a van der Waals gas with the appro-
priate parameters.

P7.27 For the Berthelot equation, V,,, = (RT/P) + b —
(a/RT?), find an expression for the Boyle temperature in
terms of a, b, and R.

P7.28 For a van der Waals gas, z = V,,/(V,, — b) —
a/RTV ,,. Expand the first term of this expression in a

Taylor series in the limit V,, => b to obtainz = 1 +
(b = a/RT)(1/V ).

Web-Based Simulations, Animations, and Problems

W7.1 In this problem, the student gains facility in using the
van der Waals equation of state. A set of isotherms will be
generated by varying the temperature and initial volume using
sliders for a given substance. Buttons allow a choice among
more than 20 gases.

a. The student generates a number of P-V curves at and
above the critical temperature for the particular gas, and
explains trends in the ratio P,/ P;geq as a function of V
for a given T, and as a function of 7 for a given V.

b. The compression factor z is calculated for two gases at
the same value of 7, and is graphed versus P and P,. The
degree to which the law of corresponding states is valid
is assessed.

W7.2 A quantitative comparison is made between the ideal
gas law and the van der Waals equation of state for 1 of more
than 20 different gases. The temperature is varied using slid-
ers, and Pig.q15 Poaw, the relative error Pogw/Praw — Pidears
and the density of gas relative to that at the critical point are

calculated. The student is asked to determine the range of
pressures and temperatures in which the ideal gas law gives
reasonably accurate results.

W7.3 The compression factor and molar volume are calcu-
lated for an ideal and a van der Waals gas as a function of
pressure and temperature. These variables can be varied using
sliders. Buttons allow a choice among more than 20 gases.
The relative error V,gw/Vaw — Videa and the density of gas
relative to that at the critical point are calculated. The student
is asked to determine the range of pressures and temperatures
in which the ideal gas law gives reasonably accurate results
for the molar volume.

W7.4 The fugacity and fugacity coefficient are determined
as a function of pressure and temperature for a model gas.
These variables can be varied using sliders. The student is
asked to determine the Boyle temperature and also the pres-
sure range in which the fugacity is either more or less than the
ideal gas pressure for the temperature selected.
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Phase Diagrams and
the Relative Stability
of Solids, Liquids, and

Gases

|t is our experience that the solid form of matter is most stable at low
temperatures and that most substances can exist in liquid and gaseous
phases at higher temperatures. In this chapter, criteria are developed that
allow one to determine which of these phases is most stable at a given
temperature and pressure. The conditions under which two or three
phases of a pure substance can coexist in equilibrium are also discussed.
P-T, P-V, and P-V-T phase diagrams summarize all of this information in a

form that is very useful to chemists.

8 What Determines the Relative Stability
- | of the Solid, Liquid, and Gas Phases?

Substances are found in solid, liquid, and gaseous phases. Phase refers to a form of
matter that is uniform with respect to chemical composition and the state of aggrega-
tion on both microscopic and macroscopic length scales. For example, liquid water in a
beaker is a single-phase system, but a mixture of ice and liquid water consists of two
distinct phases, each of which is uniform on microscopic and macroscopic length
scales. Although a substance may exist in several different solid phases, it can only
exist in a single gaseous state. Most substances have a single liquid state, although
there are exceptions such as helium, which can be a normal liquid or a superfluid. In
this section, the conditions under which a pure substance spontaneously forms a solid,
liquid, or gas are discussed.

Experience demonstrates that as 7 is lowered from 300. to 250. K at atmospheric
pressure, liquid water is converted to a solid phase. Similarly, as liquid water is heated
to 400. K at atmospheric pressure, it vaporizes to form a gas. Experience also shows
that if a solid block of carbon dioxide is placed in an open container at 1 bar, it sub-
limes over time without passing through the liquid phase. Because of this property,
solid CO, is known as dry ice. These observations can be generalized to state that the
solid phase is the most stable state of a substance at sufficiently low temperatures, and
that the gas phase is the most stable state of a substance at sufficiently high
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Temperature

FIGURE 8.1

The chemical potential of a substance in
the solid (green curve), liquid (blue
curve), and gaseous (brown curve) states
is plotted as a function of the temperature
for a given value of pressure. The substance
melts at the temperature 7,, correspond-
ing to the intersection of the solid and
liquid curves. It boils at the temperature
T}, corresponding to the intersection of
the liquid and gas curves. The tempera-
ture ranges in which the different phases
are the most stable are indicated by
shaded areas. The three curves shown are
actually curved slightly downward but
have been approximated as straight lines.

temperatures. The liquid state is stable at intermediate temperatures if it exists at the
pressure of interest. What determines which of the solid, liquid, or gas phases exists
and which phase is most stable at a given temperature and pressure?

As discussed in Chapter 6, the criterion for stability at constant temperature and
pressure is that the Gibbs energy, G(7, P, n), be minimized. Because for a pure sub-
stance the chemical potential u is defined as

(BG) (8["Gm]>
~ =\ =\ = Gm
on/r.p on Jrp

where n designates the number of moles of substance in the system, du = dG,,, and
we can express the differential du as

du = =S, dT + V,, dP 8.1)

From this equation, how w varies with changes in P and 7 can be determined:

AN AN
(aT)P = -5, and (aP)T =V 8.2)

Because §,, and V,, are always positive, u decreases as the temperature increases,
and it increases as the pressure increases. Section 5.4 demonstrated that S varies
slowly with T (approximately as In 7). Therefore, over a limited range in 7, a plot of
versus 7T at constant P is a curve with a slowly increasing negative slope, approximat-
ing a straight line.

It is also known from experience that heat is absorbed as a solid melts to form a liquid
and as a liquid vaporizes to form a gas. Both processes are endothermic with AH > 0.
Because at the melting and boiling temperature the entropy increases in a stepwise fashion
by AS = AH,unsision/ T » the entropy of the three phases follows this order:

S§ie > Syt > syt (8.3)

The functional relation between p and T for the solid, liquid, and gas phases is
graphed at a given value of P in Figure 8.1. The molar entropy of a phase is the negative
of the slope of the u versus 7 curve, and the relative entropies of the three phases are
given by Equation (8.3). The stable state of the system at any given temperature is that
phase that has the lowest .

Assume that the initial state of the system is described by the dot in Figure 8.1. The
most stable phase is the solid phase, because wu for the liquid and gas phases is much
larger than that for the solid. As the temperature is increased, the chemical potential
falls as p remains on the solid curve. However, because the slope of the liquid and gas
curves are greater than that of the solid, each of these u versus 7T curves will intersect
the solid curve for some value of 7. In Figure 8.1, the liquid curve intersects the solid
curve at T,,, which is called the melting temperature. At this temperature, the solid and
liquid phases coexist and are in thermodynamic equilibrium. However, if the tempera-
ture is raised by an infinitesimal amount d7, the solid will melt completely because the
liquid phase has the lower chemical potential at 7', + d7T. Similarly, the liquid and gas
phases are in thermodynamic equilibrium at the boiling temperature 7},. For T > T,
the system is entirely in the gas phase. Note that the progression of solid — liquid —
gas as T increases at this value of P can be explained with no other information than
that (9u/0T)p = —S,, and that 545 > Shiauid > gsolid

If the temperature is changed too quickly, the equilibrium state of the system may
not be reached. For example, it is possible to form a superheated liquid in which the lig-
uid phase is metastable above 7},. Superheated liquids are dangerous because of the
large volume increase that occurs if the system suddenly converts to the stable vapor
phase. Boiling chips are often used in chemical laboratories to avoid the formation of
superheated liquids. Similarly, it is possible to form a supercooled liquid, in which case
the liquid is metastable below 7). Glasses are made by cooling a viscous liquid fast
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8.1 WHAT DETERMINES THE RELATIVE STABILITY OF THE SOLID, LIQUID, AND GAS PHASES?

Tm T T Ty
Temperature —>

Tr'n Tm Tb 72;
Temperature

enough to avoid crystallization. These disordered materials lack the periodicity of crys-
tals but behave mechanically like solids. Seed crystals can be used to increase the rate
of crystallization if the viscosity of the liquid is not too high and the cooling rate is
sufficiently slow. Liquid crystals, which can be viewed as a state of matter intermediate
between a solid and a liquid, are discussed in Section 8.10.

In Figure 8.1, we consider changes with T at constant P. How is the relative stabil-
ity of the three phases affected if P is changed at constant 7?7 From Equation (8.2),
(du/dP)y =V, and V& >> Viaid  For most substances, Viduid > ysolid,
Therefore, the w versus T curve for the gas changes much more rapidly with pressure
(by a factor of ~1000) than the liquid and solid curves. This behavior is illustrated in
Figure 8.2, where it can be seen that the temperature at which the solid and the liquid
curves intersect shifts as the pressure is increased. Because V&Y >> Vliquid = () ap
increase in P always leads to a boiling point elevation. An increase in P leads to a
freezing point elevation if V/94id > ysolid and (o a freezing point depression if
yliquid — ysolid a5 is the case for water. Few substances obey the relation
Vﬁf,q“id < Vf,‘,’”d; the consequences of this unusual behavior for water will be discussed
in Section 8.2.

The w versus T curve for a gas shifts along the T axis much more rapidly with P
than the liquid and solid curves. As a consequence, changes in P can change the way in
which a system progresses through the phases with increasing 7 from the “normal”
order solid — liquid — gas shown in Figure 8.1. For example, the sublimation of dry
ice at 298 K and 1 bar can be explained using Figure 8.3a. For CO, at the given pres-
sure, the w versus 7T curve for the gas intersects the corresponding curve for the solid at
a lower temperature than the liquid curve. Therefore, the solid — liquid transition is

Ts TtP
Temperature Temperature

@) (b)
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FIGURE 8.2

The left diagram applies if

yliquid = ysolid The right diagram
applies if Viguid < ysolid The solid
curves show w as a function of tempera-
ture for all three phases at P = Py. The
dashed curves show the same information
for P = P,, where P, > P,. The
unprimed temperatures refer to P = P,
and the primed temperatures refer to

P = P,. The shifts in the solid and liquid
curves are greatly exaggerated. The col-
ored areas correspond to the temperature
range in which the phases are most stable.
The shaded area between 7, and T, is
either solid or liquid, depending on P. The
shaded area between T}, and T, is either
liquid or gas, depending on P.

FIGURE 8.3

The chemical potential of a substance in
the solid (green curve), liquid (blue
curve), and gaseous (brown curve) states
is plotted as a function of temperature for
a fixed value of pressure. (a) The pressure
lies below the triple point pressure, and
the solid sublimes. (b) The pressure corre-
sponds to the triple point pressure. At 7},
all three phases coexist in equilibrium.
The colored areas correspond to the tem-
perature range in which the phases are the
most stable. The liquid phase is not stable
in part (a), and is only stable at the single
temperature 7}, in part (b).
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FIGURE 8.4

A P—T phase diagram displays single-
phase regions, coexistence curves for
which two phases coexist at equilibrium,
and a triple point. The processes corre-
sponding to paths a, b, ¢, and the two
processes labeled d are described in the
text. Two solid-liquid coexistence curves
are shown. For most substances, the solid
curve, which has a positive slope, is
observed. For water or any other sub-
stance for which the volume increases in a
transition from the liquid to the solid, the
red dashed curve corresponding to a nega-
tive slope is observed.

CHAPTER 8 Phase Diagrams and the Relative Stability of Solids, Liquids, and Gases

energetically unfavorable with respect to the solid — gas transition at this pressure.
Under these conditions, the solid sublimes and the transition temperature 7 is called
the sublimation temperature. There is also a pressure at which the u versus 7 curves
for all three phases intersect. The P, V,,,, T values for this point specify the triple point,
so named because all three phases coexist in equilibrium at this point. This case is
shown in Figure 8.3b. Triple point temperatures for a number of substances are listed in
Table 8.1 (see Appendix B, Data Tables).

82 The Pressure-Temperature Phase Diagram

As shown in the previous section, at a given value of pressure and temperature a system
containing a pure substance may consist of a single phase, two phases in equilibrium,
or three phases in equilibrium. The usefulness of a phase diagram is that it displays
this information graphically. Although any two of the macroscopic system variables P, V,
and T can be used to construct a phase diagram, the P—7 diagram is particularly useful.
In this section, the features of a P—T phase diagram that are common to pure sub-
stances are discussed. Phase diagrams must generally be determined experimentally
because material-specific forces between atoms determine the temperatures and pres-
sures at which different phases are stable. Increasingly, calculations have become
sufficiently accurate that major features of phase diagrams can be obtained using
microscopic theoretical models. However, as shown in Section 8.4, thermodynamics
can say a great deal about the phase diagram without considering the microscopic prop-
erties of the system.

The P-T phase diagram, a sample of which is shown in Figure 8.4, displays stabil-
ity regions for a pure substance as a function of pressure and temperature. Most P, T
points correspond to a single solid, liquid, or gas phase. At the triple point, all three
phases coexist. The triple point of water is 273.16 K and 611 Pa. All P, T points for
which the same two phases coexist at equilibrium fall on a curve. Such a curve is called
a coexistence curve. Three separate coexistence curves are shown in Figure 8.4, corre-
sponding to solid—gas, solid-liquid, and gas—solid coexistence. As shown in Section 8.5,
the slopes of the solid-gas and liquid—gas curves are always positive. The slope of the
solid-liquid curve can be either positive or negative.

The boiling point of a substance is defined as the temperature at which the vapor
pressure of the substance is equal to the external pressure. The standard boiling

Pressure/bar
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8.2 THE PRESSURE-TEMPERATURE PHASE DIAGRAM 185

temperature is the temperature at which the vapor pressure of the substance is 1 bar.
The normal boiling temperature is the temperature at which the vapor pressure of
the substance is 1 atm. Values of the normal boiling and freezing temperatures for a
number of substances are shown in Table 8.2. Because 1 bar is slightly less than 1 atm,
the standard boiling temperature is slightly less than the normal boiling temperature.
Along two-phase curves in which one of the coexisting phases is the gas, P refers to
the vapor pressure of the substance. In all regions, P refers to the external pressure

TABLE 8.2 Melting and Boiling Temperatures and Enthalpies of Transition

at 1 atm Pressure

Substance Name T,, (K) AH usion T}, (K) A Hyaporization
(kJ mol ™) (kJ mol ™)
at 7, at Ty,

Ar Argon 83.8 1.12 87.3 6.43

Cl, Chlorine 171.6 6.41 239.18 20.41

Fe Iron 1811 13.81 3023 349.5

H, Hydrogen 13.81 0.12 20.4 0.90

H,O Water 273.15 6.010 373.15 40.65

He Helium 0.95 0.021 4.22 0.083

I, Todine 386.8 14.73 457.5 41.57

N, Nitrogen 63.5 0.71 77.5 5.57

Na Sodium 370.87 2.60 1156 98.0

NO Nitric oxide 109.5 2.3 121.41 13.83

0, Oxygen 54.36 0.44 90.7 6.82

SO, Sulfur dioxide 197.6 7.40 263.1 24.94

Si Silicon 1687 50.21 2628 359

W Tungsten 3695 52.31 5933 422.6

Xe Xenon 161.4 1.81 165.11 12.62

CCly Carbon 250 3.28 349.8 29.82

tetrachloride

CH,4 Methane 90.68 0.94 111.65 8.19

CH;0H Methanol 175.47 3.18 337.7 35.21

co Carbon 68 0.83 81.6 6.04

monoxide

C,Hy Ethene 103.95 3.35 169.38 13.53

C,Hg Ethane 90.3 2.86 184.5 14.69

C,HsO0H Ethanol 159.0 5.02 351.44 38.56

C3;Hg Propane 85.46 3.53 231.08 19.04

CsHsN Pyridine 231.65 8.28 388.38 35.09

CgHg Benzene 278.68 9.95 353.24 30.72

C¢HsOH Phenol 314.0 11.3 455.02 45.69

CgHsCH; Toluene 178.16 6.85 383.78 33.18

CoHg Naphthalene 353.3 17.87 491.14 43.18

Sources: Data from Lide, D. R., ed. Handbook of Chemistry and Physics; 83rd ed. Boca Raton,
FL: CRC Press, 2002; Lide, D. R., ed. CRC Handbook of Thermophysical and Thermochemical
Data. Boca Raton, FL: CRC Press, 1994; and Blachnik, R., ed. D’Ans Lax Taschenbuch fiir
Chemiker und Physiker, 4th ed. Berlin: Springer, 1998.
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FIGURE 8.5

The density of the liquid and gaseous
phases of water are shown as a function of
temperature. At the critical point, the
densities are equal.
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FIGURE 8.6

The enthalpy of vaporization for water
is shown as a function of temperature.
At the critical point, AH y4porization
approaches zero.
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that would be exerted on the pure substance if it were confined in a piston and cylinder
assembly.

The solid-liquid coexistence curve traces out the melting point as a function of
pressure. The magnitude of the slope of this curve is large, as proven in Section 8.5.
Therefore, T, is a weak function of the pressure. If the solid is more dense than the
liquid, the slope of this curve is positive, and the melting temperature increases with
pressure. This is the case for most substances. If the solid is less dense than the lig-
uid, the slope is negative and the melting temperature decreases with pressure.
Water is one of the few substances that exhibits this behavior. Imagine the fate of
aquatic plants and animals in climate zones where the temperature routinely falls
below 0°C in the winter if water behaved “normally.” Lakes would begin to freeze
over at the water—air interface, and the ice formed would fall to the bottom of the
lake. This would lead to more ice formation until the whole lake was full of ice. In
cool climate zones, it is likely that ice at the bottom of the lakes would remain
throughout the summer. The aquatic life that we are familiar with would not survive
under such a scenario.

The slope of the liquid—gas coexistence curve is much smaller than that of the
solid-liquid coexistence curve, as proven in Section 8.5. Therefore, the boiling point is
a much stronger function of the pressure than the freezing point. The boiling point
always increases with pressure. This property is utilized in a pressure cooker, where
increasing the pressure by 1 bar increases the boiling temperature of water by approxi-
mately 20°C. The rate of the chemical processes involved in cooking increase exponen-
tially with 7. Therefore, a pressure cooker operating at P = 2 bar can cook food in
20% to 40% of the time required for cooking at atmospheric pressure. By contrast, a
mountain climber in the Himalayas would find that the boiling temperature of water is
reduced by approximately 25°C relative to sea level. Cooking takes significantly longer
under these conditions.

The solid—gas coexistence curve ends at the triple point. Whereas the liquid—solid
coexistence curve extends indefinitely, the liquid—gas curve ends at the critical point,
characterized by T = T. and P = P.. For T > T, and P > P, the liquid and gas
phases have the same density as shown in Figure 8.5, so it is not meaningful to refer to
distinct phases. Because the liquid and gas phases are indistinguishable at the critical
point, AHyporizaion @pproaches zero as the critical point is reached as shown in
Figure 8.6.

Substances for which T > T, and P > P, are called supercritical fluids. As
discussed in Section 8.9, supercritical fluids have unusual properties that make them
useful in chemical technologies.

Each of the paths labeled a, b, ¢, and d in Figure 8.4 corresponds to a process that
demonstrates the usefulness of the P—T phase diagram. In the following, each process
is considered individually. Process a follows a constant pressure (isobaric) path. An
example of this path is heating one mole of ice. The system is initially in the solid
single—phase region. Assume that heat is added to the system at a constant rate using
current flow through a resistive heater. Because the pressure is constant, gp = AH.
Furthermore, as discussed in Section 2.4, AH ~ CpAT in a single—phase region.
Combining these equations, AT = ¢p/ Cid Along path a, the temperature increases
linearly with gp in the single—phase solid region as shown in Figure 8.7. At the melting
temperature 7,,, heat continues to be absorbed by the system as the solid is transformed
into a liquid. This system now consists of two distinct phases, solid and liquid. As heat
continues to flow into the system, the temperature will not increase until the system
consists entirely of liquid. The heat taken up per mole of the system at the constant
temperature 7}, is AH pyi0n-

The temperature again increases linearly with gp and AT = qP/Cééq“id until the
boiling point is reached. At this temperature, the system consists of two phases, liquid
and gas. The temperature remains constant until all the liquid has been converted into
gas. The heat taken up per mol of the system at the constant temperature T}, is
AH yaporizarion- Finally, the system enters the single—phase gas region. Along path b, the
pressure is less than the triple point pressure. Therefore, the liquid phase is not stable,
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and the solid is converted directly into the gaseous form. As Figure 8.4 shows, there is
only one two-phase interval along this path. A diagram indicating the relationship
between temperature and heat flow is shown in Figure 8.8.

Note that the initial and final states in process b can be reached by an alternative
route described by the vertical dashed arrows in Figure 8.4. The pressure of the system
in process b is increased to the value of the initial state of process a at constant tempera-
ture. The process follows that described for process a, after which the pressure is
returned to the final pressure of process b. Invoking Hess’s law, the enthalpy change for
this pathway and for pathway b are equal. Now imagine that the constant pressures for
processes a and b differ only by an infinitesimal amount, although that for a is higher
than the triple point pressure, and that for b is lower than the triple point pressure. We
can express this mathematically by setting the pressure for process a equal to P;, + dP,
and that for process b equal to P;, — dP. We examine the limit /P — 0. In this limit,
AH — 0 for the two steps in the process indicated by the dashed arrows because
dP — 0 Therefore, AH for the transformation solid — liquid — gas in process a
and for the transformation solid — gas in process » must be identical. We conclude that

AH = AI_Isublinmtion = AI_Ifusian + A[{vaporization (8-4)
This statement is strictly true at the triple point. Far from the triple point, the
temperature—dependent heat capacities of the different phases and the temperature
dependence of the transition enthalpies must be taken into account.

Path ¢ indicates an isothermal process in which the pressure is increased. The initial
state of the system is the single—phase gas region. As the gas is compressed, it is liquefied
as it crosses the gas—liquid coexistence curve. As the pressure is increased further, the
sample freezes as it crosses the liquid—solid coexistence curve. Freezing is exothermic,
and heat must flow to the surroundings as the liquid solidifies. If the process is reversed,
heat must flow into the system to keep 7T constant as the solid melts.

If T is below the triple point temperature, the liquid exists at equilibrium only if
the slope of the liquid—solid coexistence curve is negative, as is the case for water.
Solid water below the triple point temperature can melt at constant 7 if the pressure
is increased sufficiently to cross the liquid—solid coexistence curve. In an example
of such a process, a thin wire to which a heavy weight is attached on each end is
stretched over a block of ice. With time, it is observed that the wire lies within the
ice block and eventually passes through the block. There is no visible evidence of
the passage of the wire in the form of a narrow trench. What happens in this
process? Because the wire is thin, the force on the wire results in a high pressure in
the area of the ice block immediately below the wire. This high pressure causes
local melting of the ice below the wire. Melting allows the wire to displace the lig-
uid water, which flows to occupy the volume immediately above the wire. Because
in this region water no longer experiences a high pressure, it freezes again and hides
the passage of the wire.
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FIGURE 8.7

The trends in the temperature versus
heat curve are shown schematically for
the process corresponding to path a in
Figure 8.4. The temperature rises linearly
with gp in single-phase regions and
remains constant along the two-phase
curves as the relative amounts of the two
phases in equilibrium change (not to scale).
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FIGURE 8.8
The temperature versus heat curve is
shown for the process corresponding to
path b in Figure 8.4. The temperature
rises linearly with gp in single-phase
regions and remains constant along the
two-phase curves as the relative amounts
of the two phases in equilibrium change
(not to scale).
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The consequences of having a critical point in the gas—liquid coexistence curve are
illustrated in Figure 8.4. The gas—liquid coexistence curve is crossed in the constant
pressure process starting at point d and moving to lower temperatures. A clearly visible
interface will be observed as the two-phase gas—liquid coexistence curve is crossed.
However, the same overall process can be carried out in four steps indicated by the blue
arrows. In this case, two—phase coexistence is not observed, because the gas—liquid
coexistence curve ends at P, The overall transition is the same along both paths,
namely, gas is transformed into liquid. However, no interface will be observed if P for
the higher pressure constant pressure process is greater than P_,;sjqq-

| EXAMPLE PROBLEM 8.1

Draw a generic P—T phase diagram like that shown in Figure 8.4. Draw pathways in
the diagram that correspond to the processes described here:

a. You hang wash out to dry for a temperature below the triple point value. Initially,
the water in the wet clothing is frozen. However, after a few hours in the sun, the
clothing is warmer, dry, and soft.

b. A small amount of ethanol is contained in a thermos bottle. A test tube is inserted
into the neck of the thermos bottle through a rubber stopper. A few minutes after
filling the test tube with liquid nitrogen, the ethanol is no longer visible at the
bottom of the bottle.

¢. A transparent cylinder and piston assembly contains only a pure liquid in equilib-
rium with its vapor phase. An interface is clearly visible between the two phases.
When you increase the temperature by a small amount, the interface disappears.

Solution
The phase diagram with the paths is shown here:

Pressure

Temperature

Paths a, b, and c are not unique. Path a must occur at a pressure lower than the triple
point pressure. Process b must occur at a pressure greater than the triple point pressure
and originate on the liquid—gas coexistence line. Path ¢ will lie on the liquid—gas
coexistence line up to the critical point, but it can deviate once T > T.and P > P;J

A P-T phase diagram for water at high P values is shown in Figure 8.9. Because we
plot In P rather than P, the curvature of the solid-liquid and liquid—gas coexistence curves
decreases with increasing temperature rather than increases as shown in Figure 8.4. Water
has a number of solid phases that are stable in different pressure ranges because they have
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FIGURE 8.9
The P—T phase diagram for H,O is shown for pressures up to P = 10'> Paand 7= T,.
Source: Adapted from “Water Structure and Science,” http://www.Isbu.ac.uk/water/phase.html, courtesy of

Martin Chaplin.

different densities. Eleven different crystalline forms of ice have been identified up to a
pressure of 10'? Pa. Note for example in Figure 8.9 that ice VI does not melt until the tem-
perature is raised to ~300 K for P =~ 1000 MPa. For a comprehensive collection of mate-
rial on the phase diagram of water, see http://www.Isbu.ac.uk/water/phase.html.

Hexagonal ice (ice I) is the normal form of ice and snow. The structure shown in
Figure 8.10 may be thought of as consisting of a set of parallel sheets connected to one
another through hydrogen bonding. Hexagonal ice has a fairly open structure with a density
of 0.931 g cm ™ near the triple point. Figure 8.10 also shows the crystal structure of ice VI.
All water molecules in this structure are hydrogen bonded to four other molecules. Ice VII
is much more closely packed than hexagonal ice and does not float on liquid water.

As shown in Figure 8.9, phase diagrams can be quite complex for simple sub-
stances because a number of solid phases can exist as P and T are varied. A further
example is sulfur, which can also exist in several different solid phases. A portion of the
phase diagram for sulfur is shown in Figure 8.11, and the solid phases are described by

Monoclinic
solid

95.39°C,
1 atm

444.6°C,
1 atm

Pressure/atm

Rhombic

solid 115.18°C,

3.2 X 10 % atm Gas
95.31°C,
5.1 x 10 8 atm

Y

Temperature

FIGURE 8.11
The P-T phase diagram for sulfur (not to scale).
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FIGURE 8.10

Two different crystal structures are
shown. Hexagonal ice (top) is the stable
form of ice under atmospheric condi-
tions. Ice VI (bottom) is only stable at
elevated pressures as shown in the
phase diagram of Figure 8.9. The
dashed lines indicate hydrogen bonds.
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FIGURE 8.12
The P-T phase diagram for CO, (not
to scale).
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the symmetry of their unit cells. Note that several points correspond to three-phase
equilibria. By contrast, the CO, phase diagram shown in Figure 8.12 is simpler. It is
similar in structure to that of water, but the solid-liquid coexistence curve has a positive
slope. Several of the end-of-chapter problems and questions refer to the phase diagrams
in Figures 8.9, 8.11, and 8.12.

83 The Phase Rule

As we have seen in Section 8.1, the coexistence of two phases, « and 3, of a substance
requires that the chemical potentials are equal

uo(T, P) = ug(T, P) 8.5)

The state variables 7' and P, which are independent in a single-phase region, are linked
through Equation (8.5) for a two-phase coexistence region. Consequently, only one of 7'
and P is needed to describe the system, and the other variable is determined by
Equation (8.5). For this reason, the two-phase coexistence regions in Figures 8.4, 8.9, 8.11,
and 8.12 are curves that have the functional form P(7) or T(P). If three phases, «, 8, and y
coexist in equilibrium,

ual(T. P) = pg(T. P) = (T, P) (8.6)

which imposes another requirement on the variables 7 and P. Now only one combina-
tion of T and P satisfies the requirement posed by Equation (8.6), and three-phase coex-
istence for a pure substance occurs only at a single point in the P, T phase diagram
called the triple point. These restrictions on the number of independent variables acces-
sible to a system can be summarized as follows. Because 7 and P can be varied inde-
pendently in a single-phase region, a system of a pure substance has two degrees of
freedom. The system has one and zero degrees of freedom in a two-phase and three-
phase coexistence region, respectively.

The American chemist J. W. Gibbs derived the phase rule, which links the number
of degrees of freedom to the number of phases in a system at equilibrium. For a pure
substance, the phase rule takes the form

F=3-p 8.7)
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where F is the number of degrees of freedom, and p is the number of phases. Gibbs
proved that no more than three phases of a pure substance can be in equilibrium as F
cannot be a negative number. As we will see in Chapter 9, the number of degrees of
freedom increases if a system contains several chemically independent species, for
example in a system consisting of ethanol and water.

8 The Pressure-Volume and
- I Pressure-Volume-Temperature
Phase Diagrams

In Section 8.2, the regions of stability and equilibrium among the solid, liquid, and gas
phases were described using a P—T phase diagram. Any phase diagram that includes
only two of the three state variables is limited because it does not contain information
on the third variable. We first complement the information contained in the P—T phase
diagram with a P-V phase diagram, and then combine these two representations into a
P—-V-T phase diagram. Figure 8.13 shows a P—V phase diagram for a substance for
which V/iauid > ysolid

Significant differences are seen in the way that two- and three-phase coexistence
are represented in the two-phase diagrams. The two-phase coexistence curves of the
P—T phase diagram become two-phase regions in the P—V phase diagram because
the volume of a system in which two phases coexist varies with the relative amounts of
the material in each phase. For pressures well below the critical point, the range in V
over which the gas and liquid coexist is large compared to the range in V over which the
solid and liquid coexist, because V30 < yliquid — y8as Therefore, the gas—liquid
coexistence region is broader than the solid-liquid coexistence region. Note that the
triple point in the P—T phase diagram becomes a triple line in the P—V diagram.
Although P and T have unique values at the triple point, V can range between a maxi-
mum value for which the system consists almost entirely of gas with traces of the liquid
and solid phases and a minimum value for which the system consists almost entirely of
solid with traces of the liquid and gas phases.

The usefulness of the P—V diagram is illustrated by tracing several processes in
Figure 8.13. In process a, a solid is converted to a gas by increasing the temperature
in an isobaric process for which P is greater than the triple point pressure. This same
process was depicted in Figure 8.4. In the P—V phase diagram, it is clear that
this process involves large changes in volume in the two-phase coexistence region
over which the temperature remains constant, which was not obvious in Figure 8.4.
Process b shows an isobaric transition from solid to gas for P below the triple
point pressure, for which the system has only one two-phase coexistence region.
Process ¢ shows a constant volume transition from a system consisting of solid and
vapor in equilibrium to a supercritical fluid. How does the temperature change along
this path?

Process b in Figure 8.13 is known as freeze drying. Assume that the food to be
freeze dried is placed in a vessel at —10°C, and the system is allowed to equilibrate at
this temperature. The partial pressure of H,O(g) in equilibrium with the ice crystals in
the food under these conditions is 260 Pa. A vacuum pump is now started, and the gas
phase is pumped away. The temperature reaches a steady-state value determined by
heat conduction into the sample and heat loss through sublimation. The solid has an
equilibrium vapor pressure determined by the steady-state temperature. As the pump
removes water from the gas phase, ice spontaneously sublimes in order to keep the gas-
phase water partial pressure at its equilibrium value. After the sublimation is complete,
the food has been freeze dried. The advantage of freeze drying over boiling off water
at 1 atm is that the food can be dehydrated at low temperatures at which the food is
not cooked.

All the information on the values of P, V, and T corresponding to single-phase regions,
two-phase regions, and the triple point displayed in the P-T and P-V phase diagrams is
best displayed in a three-dimensional P-V-T phase diagram. Such a diagram is shown in
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A P-V phase diagram displays single-
and two-phase coexistence regions, a crit-
ical point, and a triple line. The two-phase
coexistence areas are colored.
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FIGURE 8.14

A P-V-T diagram for an ideal gas.
Constant pressure, constant volume, and
constant temperature paths are shown as
gray, red, and blue curves, respectively.

FIGURE 8.15

A P-V-T phase diagram is shown for a
substance that contracts on freezing.
The indicated processes are discussed in
the text.
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Vy<Vo<Vy

TI<T,<Ts<T,

Figure 8.14 for an ideal gas, which does not exist in the form of condensed phases. It is
easy to obtain the P-T and P-V phase diagrams from the P-V-T phase diagram. The P-T
phase diagram is a projection of the three-dimensional surface on the P-T plane, and the
P-V phase diagram is a projection of the three-dimensional surface on the P-V plane.

Figure 8.15 shows a P-V-T diagram for a substance that expands upon melting. The
usefulness of the P-V-T phase diagram can be illustrated by revisiting the isobaric
conversion of a solid to a gas at a temperature above the triple point shown as process
a in Figure 8.4. This process is shown as the patha — b — ¢ > d — ¢ — fin
Figure 8.15. We can see now that the temperature increases along the segments
a — b,c — d,and e — f, all of which lie within single-phase regions, and it remains
constant along the segments b — ¢ and d — e, which lie within two-phase regions.
Similarly, process c in Figure 8.4 is shown asthepathg = h — i > k —> [ —> m
in Figure 8.15.
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8 Providing a Theoretical Basis for the P-T
.-/ Phase Diagram

In this section, a theoretical basis is provided for the coexistence curves that separate dif-
ferent single-phase regions in the P-T phase diagram. Along the coexistence curves, two
phases are in equilibrium. From Section 5.6, we know that if two phases, « and 3, are in
equilibrium at a pressure P and temperature 7, their chemical potentials must be equal:

po(P.T) = ug(P.T) (8.8)

If the macroscopic variables are changed by a small amount, P,7 — P + dP,
T + dT such that the system pressure and temperature still lie on the coexistence
curve, then

pa(P,T) + dug = pp(P, T) + dpg (8.9)
In order for the two phases to remain in equilibrium,
dp, = dug (8.10)

Because du can be expressed in terms of d7 and dP,

dpg = =Sy dlT + Vo dP and dug = —=S,5dT +V,gdP  (8.11)
The expressions for du can be equated, giving
= Spadl + VyyodP = =S,8dT +V,pdP or
Smg = Sna)dT = (Vg = Vi) dP 8.12)

Assume thatas P,T — P + dP,T + dT an incremental amount of phase « is trans-
formed to phase B. In this case, AS, =S, — Speand AV, =V, 5 —V,,.
Rearranging Equation (8.12) gives the Clapeyron equation:

ar _ AS,
dT AV,

8.13)

The Clapeyron equation allows us to calculate the slope of the coexistence curves in
a P-T phase diagram if AS,, and AV, for the transition are known. This information
is necessary when constructing a phase diagram. We next use the Clapeyron
equation to estimate the slope of the solid—liquid coexistence curve. At the melting
temperature,

AGfusion = AI_Ifusion - TASfusion =0 (8.14)

Therefore, the AS,, values for the fusion transition can be calculated from the
enthalpy of fusion and the fusion temperature. Values of the normal fusion and
vaporization temperatures, as well as AH, for fusion and vaporization, are shown in
Table 8.2 for a number of different elements and compounds. Although there is a
significant variation in these values, for our purposes it is sufficient to use the average
value of AS g0, = 22 mol ! K™ calculated from the data in Table 8.2 in order to
estimate the slope of the solid-liquid coexistence curve.

For the fusion transition, AV is small because the densities of the solid and liquid
states are quite similar. The average AVfusion for Ag, AgCl, Ca, CaCl,, K, KCI, Na,
NaCl, and H,O is +4.0 X 10°m? mol L. Of these substances, only H,O has a
negative value for AV f,,,. We next use the average values of AS f,50, and AV ¢, to
estimate the slope of the solid—liquid coexistence curve:

(dP) B ASfusion N 22 Jmol_l K_l
ar Susion Avfusion +4.0 X 1076 m3 m0171

= 4+55 % 10°PaK™ ! = +55barK™! (8.15)
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Inverting this result, (dT/dP)ysion = +0.018 Kbar . An increase of P by ~ 50 bar
is required to change the melting temperature by one degree. This result explains the
very steep solid—liquid coexistence curve shown in Figure 8.4.

The same analysis applies to the liquid—gas coexistence curve. Because A H 44Porization
and AV ygporication = V& — Viauid are always positive, (dP/dT )yaporizarion is always
positive. The average of AS,,porizasion for the substances shown in Table 8.2 is
95J mol™' K™'. This value is in accord with Trouton’s rule, which states that
ASvaporization = 90171 mol ' K™! for liquids. The rule fails for liquids in which there are
strong interactions between molecules such as —OH or —NH, groups capable of forming
hydrogen bonds. For these substances, ASyporization > 907 mol ' K.

The molar volume of an ideal gas is approximately 20. L mol ™! in the temperature
range in which many liquids boil. Because V&% >> y/iauid AV yaporization =
20. X 1072 m*mol ™. The slope of the liquid—gas coexistence curve is given by

~ 4.8 X 10°PaK™!

(dp) ASvaporization _ 95 Jmol_] K!
dT vaporization Avvaparization 2.0 X 10_2 m3 mol_l

= 48 X 10 2bar K! (8.16)

This slope is a factor of 10® smaller than the slope for the liquid—solid coexistence
curve. Inverting this result, (dT/dP)yaporization = 21 Kbar ! This result shows that it
takes only a modest increase in the pressure to increase the boiling point of a liquid by
a significant amount. For this reason, a pressure cooker or automobile radiator does
not need to be able to withstand high pressures. Note that the slope of the liquid—gas
coexistence curve in Figure 8.4 is much less than that of the solid-liquid coexistence
curve. The slope of both curves increases with 7 because AS increases with increasing
T and AV decreases with increasing P.

The solid—gas coexistence curve can also be analyzed using the Clapeyron
equation. Because entropy is a state function, the entropy change for the processes
solid (P, T) — gas (P, T) and solid (P, T) — liquid (P, T) — gas (P, T) must
be the same. Therefore, A*S‘sublimation = ASfusion + A‘S‘Uuporization > A*S‘vaporization-
However, because the molar volume of the gas is so much larger than that of the solid
or liquid, AVsublimation ~ Avvaporization‘ We conclude that (dP/dT)sublimatiun >
(dP/dT)paporization- Therefore, the slope of the solid—gas coexistence curve will be
greater than that of the liquid—gas coexistence curve. Because this comparison applies
to a common value of the temperature, it is best made for temperatures just above and
just below the triple point temperature. This difference in slope of these two
coexistence curves is exaggerated in Figure 8.4.

8 Using the Clausius-Clapeyron Equation
: to Calculate Vapor Pressure as a
Function of T

From watching a pot of water as it is heated on a stove, it is clear that the vapor pressure
of a liquid increases rapidly with increasing temperature. The same conclusion holds for
a solid below the triple point. To calculate the vapor pressure at different temperatures,
the Clapeyron equation must be integrated. Consider the solid-liquid coexistence curve:
Pf/ Ts ASfusion Tf/ AI_Ifusion dT AHfusion7 dT
dp= | ——"dT = | ——""F~—— [ — (@817
P, [1 AVfusion T; AVfusion T Avfusion T, T
where the integration is along the solid-liquid coexistence curve. In the last step, it has
been assumed that AH ., and AV f,,, are independent of T over the temperature
range of interest. Assuming that (7, — T;)/T; is small, the previous equation can be
simplified to give

Aflfusion Tf AI—Ifusion T; + AT AHfusion AT
_ 0t - In ~ = (8.18)
Avfusion Ti AVfuxion Ti AVfusion Ti
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8.6 USING THE CLAUSIUS-CLAPEYRON EQUATION TO CALCULATE VAPOR PRESSURE AS A FUNCTION OF T

The last step uses the result In(1 + x) = x for x << 1, obtained by expanding
In(1 + x) in a Taylor series about x = 0. We see that the vapor pressure of a solid
varies linearly with AT in this limit. The value of the slope d P/dT was discussed in the
previous section.

For the liquid—-gas coexistence curve, we have a different result because AV ~ V8%,
Assuming that the ideal gas law holds, we obtain the Clausius-Clapeyron equation,

dP ASvaporization AHvaporization PAHvaporization

— ~ —

dT A V’vaporization TVrgnaS RT2

dP AHvaporization dar

— 8.19)

P R T
Assuming that AH,porizaion T€Mains constant over the range of temperature
of interest, the variation of the vapor pressure of the liquid with temperature is
given by

P, g

[ap _ AHvaporizaion ]dT

n 2 _ _ AHvaporization. <1 - 1) (8:20)
P, R Iy T

We see that the vapor pressure of a liquid rises exponentially with temperature. The
same procedure is followed for the solid—gas coexistence curve. The result is the same
as Equation (8.20) with AH gp/imarion substituted for AH y,,0rizarion- Equation (8.20)
provides a way to determine the enthalpy of vaporization for a liquid by measuring its
vapor pressure as a function of temperature, as shown in Example Problem 8.2. In this
discussion, it has been assumed that AH porizasion 15 independent of temperature.
More accurate values of the vapor pressure as a function of temperature can be
obtained by fitting experimental data. This leads to an expression for the vapor pres-
sure as a function of temperature. These functions for selected liquids and solids are
listed in Tables 8.3 and 8.4 (see Appendix B, Data Tables).

| EXAMPLE PROBLEM 8.2

The normal boiling temperature of benzene is 353.24 K, and the vapor pressure of
liquid benzene is 1.19 X 10* Pa at 20.0°C. The enthalpy of fusion is 9.95 kJ mol ™!,
and the vapor pressure of solid benzene is 137 Pa at —44.3°C. Calculate the following:

a. AIivaporization

b. ASvaporization
c. Triple point temperature and pressure

Solution

a. We can calculate AH yporizarion using the Clausius-Clapeyron equation because
we know the vapor pressure at two different temperatures:

| ﬁ _ AHvaporization <l _ l)
"p R T, T,
Py o 101,325 Pa
Rln — 8314 Jmol 'K™' X In ——————
P; 1.19 X 10*Pa
AHvaporization = = 1 1 == 1 1
(Tf - T) (353.24 K 273.15K + 20.0 K)
= 30.7 kJ mol !

A[_Ivaporization 30.7 X 103 JIIlOl_1
b. ASvaporization Tb = 353.24 K

Www.Ebook777.com
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c. At the triple point, the vapor pressures of the solid and liquid are equal:

liauid o
P tlgm Pflqmd AH vaporization [ 1 1
In 5 = In 5 - R T - W
P P t T;
p i
solid solid
1 Pt!’ - P; - AH gupiimation [ 1 . 1
n P’ n P’ R T solid
ip i
In Pfiq“id I P;mlid . AHsublimation A[-Ivaporization

PO PO RT;Olld RTflquld

AHvuporization - AI-Isublimation
RT

tp

A Hvaporization - AI-Isublimaz‘ion

Tl =
P liquid solid o
R(ln Pilqm 1 Pl?o ' _ AHsublimulian AHU“PO”Z‘I”O”)

po 0 P RT0lid R liauid
13 l
—9.95 X 10° J mol ™!
1.19X 10* Pa . 137Pa  (30.7X 10> +9.95 X 10%) J mol !
I _ _

n
10° Pa 10° Pa 8.314 JK 'mol ™! X 228.9K
30.7 X 10°mol !
8314 JK 'mol ! X 293.15K

8314 JK 'mol ' x

=277K

We calculate the triple point pressure using the Clapeyron equation:

Pf AHvaporization ( 1 1 )

In—=———t

P; R Ty T,
| Py 30.7 X 10° Jmol™! ( 1 1 )
n = —_— —
101,325 8314 Jmol 'K! 278 K 353.24K
P,
In — = 8.70483
P
P,, = 6.03 X 10°Pa I

8 The Vapor Pressure of a Pure Substance
. / Depends on the Applied Pressure

Consider the piston and cylinder assembly containing water at 25°C shown in Figure 8.16.
The equilibrium vapor pressure of water at this temperature is P =316 X 10 Pa, or
0.0316 bar. Therefore, if the weightless piston is loaded with a mass sufficient to generate
a pressure of 1 bar, the system is in the single—phase liquid region of the phase diagram in
Figure 8.4. This state of the system is shown in Figure 8.16a. The mass is reduced so that
the pressure is exactly equal to the vapor pressure of water. The system now lies in the
two-phase liquid—gas region of the phase diagram described by the liquid—gas coexistence
curve. The piston can be pulled outward or pushed inward while maintaining this pressure.
This action leads to a larger or smaller volume for the gas phase, but the pressure will
remain constant at 3.16 X 103 Pa as long as the temperature of the system remains con-
stant. This state of the system is shown in Figure 8.16b.
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Keeping the temperature constant, enough argon gas is introduced into the cylinder
such that the sum of the argon and H,O partial pressures is 1 bar. This state of the sys-
tem is shown in Figure 8.16¢c. What is the vapor pressure of water in this case, and does
it differ from that for the system shown in Figure 8.16b? The vapor pressure P is used
to denote the partial pressure of water in the gas phase, and P is used to denote the sum
of the argon and water partial pressures.

To calculate the partial pressure of water in the argon-water mixture, the following
equilibrium condition holds:

/J“liquid(T’ P) = Mgas(T’ P) (8.21)
Differentiating this expression with respect to P, we obtain
(3M1iquid(T, P)) _ (3Mgas(T, P)) (aP) 822)
P T oP T\oP /
Because du = —S,,dT + V,,dP, (du/dP); =V, and the previous equation becomes
o oP OP Vliquid
Vltqmd — Vgas<> <> __m 8.23
" m\ap )y O \ap ) T vew (8.23)

This equation shows that the vapor pressure P increases if the total pressure P
increases. However, the rate of increase is small because the ratio V44id jy8as < 1 1t
is reasonable to replace V& with the ideal gas value RT/P in Equation (8.23). This
leads to the equation

P P

RT o dP’ ioui

W ar = Viquid gp or RT / > = Vi / dP’ (8.24)
P P

*

Integrating Equation (8.24) gives

P .
RT In (P*> = Vliqudp _ px) (8.25)

For the specific case of water, P* = 0.0316 bar, P = 1bar, and Vfﬁ,q“id =
1.81 X 107 m? mol™":

VZ[I“"[’(P - P*)
P
In () =

p* RT

~1.81 X 10 m’mol ™! X (1 — 0.0316) X 10° Pa
8.314 Jmol 'K™! X 298 K

=7.04 X 107*

P = 1.0007 P* = 0.0316 bar

For an external pressure of 1 bar, the effect is negligible. However, for P = 100. bar,
P = 0.0339 bar, amounting to an increase in the vapor pressure of 7%.

88 Surface Tension

In discussing the liquid phase, the effect of the boundary surface on the properties of
the liquid has been neglected. In the absence of a gravitational field, a liquid droplet
will assume a spherical shape, because in this geometry the maximum number of
molecules is surrounded by neighboring molecules. Because the interaction between
molecules in a liquid is attractive, minimizing the surface-to-volume ratio minimizes
the energy. How does the energy of the droplet depend on its surface area? Starting
with the equilibrium spherical shape, assume that the droplet is distorted to create more
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(a)

P externar = 1.00 bar

(c)

FIGURE 8.16

A piston and cylinder assembly at 298 K
is shown with the contents being pure
water (a) at a pressure greater than the
vapor pressure, (b) at a pressure equal to
the vapor pressure, and (c) at 1 bar for a
mixture of argon and water.
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\il/
/T\

The forces acting on a spherical droplet
that arise from surface tension.

Airflow

FIGURE 8.18

Two bubbles with unequal radii R; and R,
make contact (top). Because the pressure
within a bubble varies inversely with the
bubble radius, air flows from the smaller
into the larger bubble until a single large
bubble remains (bottom).

area while keeping the volume constant. The work associated with the creation of
additional surface area at constant V and 7'is

dA = ydo (8.26)

where A is the Helmholtz energy, vy is the surface tension, and o is the unit element of
area. The surface tension has the units of energy/area or J m 2, which is equivalent to
N m™! (Newtons per meter). Equation (8.26) predicts that a liquid, a bubble, or a liquid
film suspended in a wire frame will tend to minimize its surface area because dA < 0
for a spontaneous process at constant V and 7.

Consider the spherical droplet depicted in Figure 8.17. There must be a force acting
on the droplet in the radially inward direction for the liquid to assume a spherical
shape. An expression for the force can be generated as follows. If the radius of the
droplet is increased from r to r + dr, the area increases by do.

o =4mr* so do = 8mwrdr (8.27)

From Equation (8.26), the work done in the expansion of the droplet is 87yr dr. The force,
which is normal to the surface of the droplet, is the work divided by the distance or

F = 8myr (8.28)

The net effect of this force is to generate a pressure differential across the droplet sur-
face. At equilibrium, there is a balance between the inward and outward acting forces.
The inward acting force is the sum of the force exerted by the external pressure and the
force arising from the surface tension, whereas the outward acting force arises solely
from the pressure in the liquid:

47Tr2P,,,”er + 8myr = 47Tr2P,-nner or

2y
Pinner = Pouter + 7 (8'29)

Note that P;er — Pouser — 0 as r — 00, Therefore, the pressure differential exists
only for a curved surface. From the geometry in Figure 8.17, it is apparent that the
higher pressure is always on the concave side of the interface. Values for the surface
tension for a number of liquids are listed in Table 8.5.

Equation (8.29) has interesting implications for the relative stabilities of bubbles
with different curvatures 1/r. Consider two air-filled bubbles of a liquid with the
same surface tension vy, one with a large radius R, and one with a smaller radius R,.
Assume there is a uniform pressure outside both bubbles. From Equation (8.29) we
obtain the difference between the pressures P, and P, within each bubble:

2y 2y 1 1
PL—Py=———"—= 2y<Rl — R2> (8.30)

Now suppose the two bubbles come into contact as shown at the top of Figure 8.18.
Because R; > R,, from Equation (8.30) the pressure P, inside bubble 2 (with respect

TABLE 8.5 Surface Tension of Selected Liquids at 298 K

Formula Name y(mNm') Formula Name (mN m")

Br, Bromine 40.95 CS, Carbon 31.58
disulfide

H,O Water 71.99 C,HsOH Ethanol 21.97

Hg Mercury 485.5 Cg¢HsN  Pyridine 36.56

CCly Carbon tetrachloride ~ 26.43 C¢Hg Benzene 28.22

CH;0H Methanol 22.07 CgHg Octane 21.14

Source: Data from Lide, D. R., ed. Handbook of Chemistry and Physics. 83rd ed. Boca Raton,
FL: CRC Press, 2002.
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to some common exterior pressure) is greater than the pressure P in bubble 1, so air
will flow from bubble 2 to bubble 1 until the smaller bubble disappears entirely as
shown at the bottom of Figure 8.18. In foams this process is called “coarsening” and in
crystals it is called “Ostwald ripening.”

A biologically relevant issue that follows from Equations (8.29) and (8.30) is the
stability of lung tissue. Lung tissue is composed of small water-lined, air-filled cham-
bers called alveoli. According to Equation (8.29), the pressure difference across the
surface of a spherical air-filled cavity is proportional to the surface tension and
inversely proportional to the radius of the cavity. Therefore, if two air-filled alveoli,
approximated as spheres with radii r and R and for which r < R are interconnected,
the smaller alveolus will collapse and the larger alveolus will expand because the pres-
sure within the smaller alveolus is greater than the pressure within the larger alveolus.
In theory, due to the surface tension of water that lines the alveoli, these cavities will
“coarsen” as smaller alveoli collapse, leaving an ever diminishing number of alveoli of
increasing size. Coarsening of the alveoli according to Equations (8.29) will result
eventually in the collapse of the lungs.

In the alveoli, a lipid surfactant called phosphatidylcholine lowers the surface ten-
sion of the water lining the alveoli, thus stabilizing the lungs. But in persons lacking
sufficient surfactant in the lining of their lungs, such as prematurely born infants and
heavy smokers, the surface tension of the water in the alveoli is not lowered, and as a
consequence lung tissue is destabilized by coarsening.

Another consequence of the pressure differential across a curved surface is that
the vapor pressure of a droplet depends on its radius. By substituting numbers in
Equation (8.29) and using Equation (8.25) to calculate the vapor pressure, we find
that the vapor pressure of a 107’ m water droplet is increased by 1%, that of a 108
m droplet is increased by 11%, and that of a 10~ m droplet is increased by 270%.
[At such a small diameter, the application of Equation (8.29) is questionable
because the size of an individual water molecule is comparable to the droplet diam-
eter. Therefore, a microscopic theory is needed to describe the forces within the
droplet.] This effect plays a role in the formation of liquid droplets in a condensing
gas such as fog. Small droplets evaporate more rapidly than large droplets, and the
vapor condenses on the larger droplets, allowing them to grow at the expense of
small droplets.

Capillary rise and capillary depression are other consequences of the pressure
differential across a curved surface. Assume that a capillary of radius r is partially
immersed in a liquid. When the liquid comes in contact with a solid surface, there is a
natural tendency to minimize the energy of the system. If the surface tension of the
liquid is lower than that of the solid, the liquid will wet the surface, as shown in
Figure 8.19a. However, if the surface tension of the liquid is higher than that of the
solid, the liquid will avoid the surface, as shown in Figure 8.19b. In either case, there is
a pressure differential in the capillary across the gas—liquid interface because the inter-
face is curved. If we assume that the liquid—gas interface is tangent to the interior wall
of the capillary at the solid-liquid interface, the radius of curvature of the interface is
equal to the capillary radius.

The difference in the pressure across the curved interface 27y/r is balanced by the
weight of the column in the gravitational field pgh. Therefore, 2y/r = pgh and the
capillary rise or depression is given by

2
h="2 (8.31)
pgr

In the preceding discussion, it was assumed that either (1) the liquid completely
wets the interior surface of the capillary, in which case the liquid coats the capillary
walls but does not fill the core, or (2) the liquid is completely nonwetting, in
which case the liquid does not coat the capillary walls but fills the core. In a more
realistic model, the interaction is intermediate between these two extremes. In
this case, the liquid—surface is characterized by the contact angle 6, as shown
in Figure 8.20.
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Pouter

Pinner + pgh

(@)
Pouter
Pouter
iy, |
Pouter + pgh
(b)
FIGURE 8.19

(a) If the liquid wets the interior wall of
the capillary, a capillary rise is observed.
The combination Pyrex—water exhibits
this behavior. (b) If the liquid does not
wet the capillary surface, a capillary
depression is observed. The combination
Pyrex—mercury exhibits this behavior.
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FIGURE 8.20

For cases intermediate between wetting
and nonwetting, the contact angle 6 lies in
the range 0° < § < = 180°.

Complete wetting corresponds to 6 = 0°, and complete nonwetting corresponds
to & = 180°. For intermediate cases,

2y cos 6 2y cos 6
Pinner = Pouter + f and h = Tgr (8.32)

The measurement of the contact angle is one of the main experimental methods used to
measure the difference in surface tension at the solid-liquid interface.

| EXAMPLE PROBLEM 8.3

The six-legged water strider supports itself on the surface of a pond on four of its
legs. Each of these legs causes a depression to be formed in the pond surface. Assume
that each depression can be approximated as a hemisphere of radius 1.2 X 1074 m
and that 0 (as in Figure 8.20) is 0°. Calculate the force that one of the insect’s legs
exerts on the pond.

Solution

2y cos 8 2 X 71.99 X 10°Nm™!

AP = =120 X 10° Pa

r 12 X 10 *m
F=PA=PXar’=120X 10°Pa X (1.2 X 10 *m)> = 5.4 X 107°N I

| EXAMPLE PROBLEM 8.4

Water is transported upward in trees through channels in the trunk called xylem.
Although the diameter of the xylem channels varies from species to species, a typical
value is 2.0 X 107> m. Is capillary rise sufficient to transport water to the top of a
redwood tree that is 100 m high? Assume complete wetting of the xylem channels.

Solution
From Equation (8.31),

P 2 X 71.99 X 10°Nm™!
pgrcos 997 kgm > X 9.81 ms 2 X 2.0 X 10°m X 1

=0.74m

No, capillary rise is not sufficient to account for water supply to the top of a redwood tree. I

As Example Problem 8.4 shows, capillary rise is insufficient to account for water
transport to the leaves in all but the smallest plants. The property of water that accounts
for water supply to the top of a redwood is its high tensile strength. Imagine pulling on
a piston and cylinder containing only liquid water to create a negative pressure. How
hard can a person pull on the water without “breaking” the water column? The answer to
this question depends on whether bubbles are nucleated in the liquid. This phenomenon
is called cavitation. If cavitation occurs, the bubbles will grow rapidly as the piston is
pulled outward. The bubble pressure is given by Equations (8.31), where P,z 1S the
vapor pressure of water. The height of the water column in this case is limited to about
9.7 m. However, bubble nucleation is a kinetic phenomenon initiated at certain sites at
the wall surrounding the water, and under the conditions present in xylem tubes it is
largely suppressed. In the absence of bubble nucleation, theoretical calculations predict
that negative pressure in excess of 1000 atm can be generated. The pressure is negative
because the water is under tension rather than compression. Experiments on water inclu-
sions in very small cracks in natural rocks have verified these estimates. However, bub-
ble nucleation occurs at much lower negative pressures in capillaries similar in diameter
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8.9 CHEMISTRY IN SUPERCRITICAL FLUIDS

to xylem tubes. Even in these capillaries, negative pressures of more than 50 atm have
been observed.

How does the high tensile strength of water explain the transport of water to the top
of a redwood? If one cuts into a tree near its base, the sap oozes rather than spurts out,
showing that the pressure in the xylem tubes is ~ 1 atm at the base of a tree, whereas
the pressure at the base of a tall water column would be much greater than
1 atm. Imagine the redwood in its infancy as a seedling. Capillary rise is sufficient to
fill the xylem tubes to the top of the plant. As the tree grows higher, the water is pulled
upward because of its high tensile strength. As the height of the tree increases, the pres-
sure at the top becomes increasingly negative. As long as cavitation does not occur, the
water column remains intact. As water evaporates from the leaves, it is resupplied from
the roots through the pressure gradient in the xylem tubes that arises from the weight of
the column. If the tree (and each xylem tube) grows to a height of ~ 100 m, and P = 1
atm at the base, the pressure at the top must be ~—9 atm, from AP = pgh. We again
encounter a negative pressure because the water is under tension. If water did not have
a sufficiently high tensile strength, gas bubbles would form in the xylem tubes. This
would disrupt the flow of sap, and tall trees could not exist.

89 Chemistry in Supercritical Fluids

Chemical reactions can take place in the gas phase, in solution (homogeneous reactions)
or on the surfaces of solids (heterogeneous reactions). Solvents with suitable properties
can influence both the yield and the selectivity of reactions in solution. It has been found
that the use of supercritical fluids as solvents increases the number of parameters that
chemists have at their disposal to tune a reaction system to meet their needs.

Superecritical fluids (SCFs) near the critical point with reduced temperature and pres-
sures in the range 7, ~ 1.0—1.1 and P, ~ 1-2 have a density that is an appreciable frac-
tion of the liquid—phase density. They are unique in that they exhibit favorable properties
of liquids and gases. Because the density is high, the solubility of solid substances is
quite high, but the diffusion of solutes in the fluid is higher than in the normal liquid.
This is the case because the density of the SCF is lower than that in normal liquids. For
similar reasons, the viscosity of SCFs is lower than that in normal liquids. As a result,
mass transfer is faster, and the overall reaction rate can be increased. Because an SCF is
more gas-like than a liquid, the solubility of gases can be much higher in the SCF. This
property is of particular usefulness in enhancing the reactivity of reactions in which one
of the reactants is a gas, such as oxidation or hydrogenation. For example, hydrogen
generally has a low solubility in organic solvents but is quite soluble in organic SCFs.

Carbon dioxide and water exhibit the unusual properties of SCFs. Because the values
for the critical pressure and temperature of CO, (P, = 73.74 bar and 7, = 304 K) are
easily attainable, it is possible to use chemically inert supercritical CO, to replace toxic
organic solvents in the dry cleaning industry. Although supercritical CO, is a good solvent
for nonpolar molecules, it must be mixed with other substances to achieve a required min-
imum solubility for polar substances. This can be done without increasing the toxicity of
the process greatly. Supercritical CO, is also used in the decaffeination of coffee and tea.

The critical constants of H,O are considerably higher (P. = 220.64 bar and
T. = 647 K), so the demands on the vessel used to contain the supercritical fluid are
higher than for CO,. However, as supercritical H,O is formed, many of the hydrogen
bonds in the normal liquid are broken. As a result, the dielectric constant can be varied
between the normal value for the liquid of 80 and 5. At the lower end of this range,
supercritical water acts like a nonpolar solvent, and is effective in dissolving organic
materials. Supercritical water has considerable potential for use at the high tempera-
tures at which organic solvents begin to decompose. For example, it can be used to
destroy toxic substances through oxidation in the decontamination of contaminated
groundwater. One challenge in using supercritical water is that it is highly corrosive,
placing demands on the materials used to construct a practical facility.
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FIGURE 8.21
Liquid crystals are generally formed

from polar organic molecules with a
rod-like shape.

FIGURE 8.23

In a twisted nematic phase, the direction
of preferential orientation of the rod-like
molecules increases in a well-defined
manner from one plane to the next.

SUPPLEMENTAL

81 O Liquid Crystal Displays

Liquid crystals are an exception to the general statement (superfluid He is another)
that there are three equilibrium states of matter, namely solids, liquids, and gases.
Glasses are liquids of such high viscosity that they cannot achieve equilibrium on the
timescale of a human lifetime. Glasses are a commonly encountered nonequilibrium
state of matter. An example is SiO, in the form of window glass. The properties of
liquid crystals are intermediate between liquids and solids. Molecules that form lig-
uid crystals typically contain rod-shaped structural elements. Several such molecules
are shown in Figure 8.21.

How do liquid crystals differ from the other states of matter? The ordering in solid,
liquid, and liquid crystal phases of such molecules is shown schematically in Figure 8.22.
Whereas the crystalline solid phase is perfectly ordered and the liquid phase has no resid-
ual order, the liquid crystal phase retains some order. The axes of all molecules deviate
only by a small amount from their value in the liquid crystal structure shown.

The twisted nematic phase shown in Figure 8.23 is of particular importance
because liquid crystals with this structure are the basis of the multibillion-dollar liquid
crystal display (LCD) industry and also the basis for sensor strips that change color
with temperature. The twisted nematic phase consists of parallel planes in which the
angle of the preferred orientation direction increases in a well-defined manner as the
number of layers increases. If light is incident on such a crystal, it is partially reflected
and partially transmitted from a number of layers. A maximum in the reflection occurs
if the angle of incidence and the spacing between layers is such that constructive inter-
ference occurs in the light reflected from successive layers. Because this occurs only in
a narrow range of wavelengths, the film appears colored, with the color determined by
the wavelength. As the temperature increases or decreases, the layer spacing and, there-
fore, the color of the reflected light changes. For this reason, the color of the liquid
crystal film changes with temperature.

The way in which an LCD display functions is illustrated in Figure 8.24. A twisted
nematic liquid crystal film is sandwiched between two transparent conducting elec-
trodes. The thickness of the film is such that the orientational direction rotates by a total
of 90° from the bottom to the top of the film. Ambient light is incident on an upper
polarizing filter that allows only one direction of polarization to pass. The rod-like mol-
ecules act as a waveguide and rotate the plane of polarization as the light passes
through the liquid crystal film. Therefore, the light passes through the lower polarizer,
which is rotated by 90° with respect to the first.

If an electric field is applied to the electrodes, the rotation of the orientational direc-
tion from plane to plane no longer occurs, because the polar molecules align along the

(a) (b)

FIGURE 8.22
Solid (a) liquid (b) and liquid crystal (c¢) phases are shown.
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FIGURE 8.24

An LCD consists of a twisted nematic
liquid film enclosed between parallel
transparent conducting electrodes.
Polarizers whose transmission direction
is rotated 90° with respect to one another
are mounted on the electrodes. (a) Light
passing through the first polarizer is
transmitted by the second polarizer
because the plane of polarization of the
light is rotated by the crystal. (b) The ori-
entational ordering of the twisted nematic
phase is destroyed by application of the
electric field. No light is passed. (¢)
Arrangement of electrodes in an LCD
alphanumeric display.

()

electric field. Therefore, the plane of polarization of the light transmitted by the upper
polarizer is not rotated as it passes through the film. As a result, the light is not able to
pass through the second polarizer. Now imagine the lower electrode to be in the form of
a mirror. In the absence of the electric field (Figure 8.24a), the display will appear
bright because the plane of polarization of the light reflected from the mirror is again
rotated 90° as it passes back through the film. Consequently, it passes through the upper
polarizer. By contrast, no light is reflected if the field is on (Figure 8.24b), and the dis-
play appears dark. Now imagine each of the electrodes to be patterned as shown in
Figure 8.24c, and it will be clear why in a liquid crystal watch display dark numbers are

observed on a light background.

Vocabulary

boiling point elevation freezing point elevation
capillary depression glass

capillary rise LCD display
Clapeyron equation liquid crystals
Clausius-Clapeyron equation nonwetting

coexistence curve
contact angle phase
critical point phase diagram
degrees of freedom phase rule
freeze drying P-T phase diagram

freezing point depression P-V phase diagram

normal boiling temperature

P-V-T phase diagram
standard boiling temperature
sublimation temperature
supercritical fluids
surface tension

tensile strength

triple point

Trouton’s rule

twisted nematic phase
vapor pressure

wetting

Conceptual Problems

Q8.1 Why is it reasonable to show the u versus 7 segments
for the three phases as straight lines as is done in Figure 8.1?
More realistic curves would have some curvature. Is the
curvature upward or downward on a u versus T plot? Explain
your answer.

Q8.2 Why do the temperature versus heat curves in the solid,
liquid, and gas regions of Figure 8.7 have different slopes?

Q8.3 Figure 8.7 is not drawn to scale. What would be the
relative lengths on the gp axis of the liquid + solid, liquid,

and liquid + gas segments for water if the drawing were to
scale and the system consisted of H,O?

Q8.4 Show the pathsn — 0 — p — ganda —
b — ¢ — d — e — fofthe P-V-T phase diagram of
Figure 8.15 in the P—T phase diagram of Figure 8.4.
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Q8.5 At a given temperature, a liquid can coexist with its
gas at a single value of the pressure. However, you can sense
the presence of H,O(g) above the surface of a lake by the
humidity, and it is still there if the barometric pressure rises or
falls at constant temperature. How is this possible?

Q8.6 Why are the triple point temperature and the normal
freezing point very close in temperature for most substances?

Q8.7 Give a molecular level explanation as to why the
surface tension of Hg(/) is not zero.

Q8.8 A vessel containing a liquid is opened inside an
evacuated chamber. Will you see a liquid—gas interface if
the volume of the initially evacuated chamber is (a) less
than the critical volume, (b) a factor of 10 larger than the
critical volume, and (c) a factor of 1.05 larger than the criti-
cal volume?

Q8.9 Why are there no points in the phase diagram for sul-
fur in Figure 8.11 that show rhombic and monoclinic solid
phases in equilibrium with liquid and gaseous sulfur?

Q8.10 What is the physical origin of the pressure difference
across a curved liquid—gas interface?
Q8.11 A triple point refers to a point in a phase diagram

for which three phases are in equilibrium. Do all triple points
correspond to a gas—liquid—solid equilibrium?

CHAPTER 8 Phase Diagrams and the Relative Stability of Solids, Liquids, and Gases

Q8.12 Why does the liquid—gas coexistence curve ina P—T
phase diagram end at the critical point?

Q8.13 How can you get a P—T phase diagram from a
P—V—T phase diagram?

Q8.14 Why does the triple point in a P—T diagram become
a triple line in a P—V diagram?

Q8.15 Why does water have several different solid phases
but only one liquid and one gaseous phase?

Q8.16 As the pressure is increased at —45°C, ice I is con-
verted to ice II. Which of these phases has the lower density?

Q8°17 Wh)’ is A[_Isublimation = AI_Ifusion + AHvaporization?

Q8.18 What can you say about the density of liquid and
gaseous water as the pressure approaches the critical value
from lower values? Assume that the temperature is constant
at the critical value.

Q8.19 What can you say about AH vy 0rizarion Of @ liquid as
the temperature approaches the critical temperature?

Q8.20 Is the following statement correct? Because dry ice
sublimes at 298 K, carbon dioxide has no liquid phase.
Explain your answer.

Q8.21 Redraw Figure 8.13 indicating the four-step process
d (blue arrows) in Figure 8.4.

Numerical Problems

Problem numbers in red indicate that the solution to the
problem is given in the Student’s Solutions Manual.

P8.1 Use the vapor pressures of tetrachloromethane
given in the following table to calculate the enthalpy of
vaporization using a graphical method or a least squares
fitting routine.

T (K) P (Pa) T (K) P (Pa)
280. 6440. 320. 37130.
290. 10540. 330. 53250.
300. 16580. 340. 74520.
310. 25190.

P8.2  The vapor pressure of a liquid can be written in the
empirical form known as the Antoine equation, where A(1),
A(2), and A(3) are constants determined from measurements:

P(T) AQ2)

T vac
x A0

In = A1) —

Starting with this equation, derive an equation giving
AH,4porization @s @ function of temperature.

P8.3 In Section 8.8, it is stated that the maximum height of
a water column in which cavitation does not occur is 9.7 m.
Show that this is the case at 298 K.

P8.4 Use the vapor pressures for tetrachloromethane given
in the following table to estimate the temperature and pressure
of the triple point and also the enthalpies of fusion, vaporiza-
tion, and sublimation.

Phase T (K) P (Pa)
Solid 230. 225.7
Solid 250. 905
Liquid 280. 6440.
Liquid 340. 62501

P8.5 Within what range can you restrict the values of P and
T if the following information is known about CO,? Use
Figure 8.12 to answer this question.

a. As the temperature is increased, the solid is first converted
to the liquid and subsequently to the gaseous state.

b. An interface delineating liquid and gaseous phases is
observed throughout the pressure range between 6 and
65 atm.

¢. Solid, liquid, and gas phases coexist at equilibrium.

d. Only a liquid phase is observed in the pressure range from
10. to 50. atm.

e. An increase in temperature from —80.° to 20.°C converts a
solid to a gas with no intermediate liquid phase.
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P8.6 A P-T phase diagram for potassium is shown next.

16 —
POTASSIUM

1o fee (1)

P/GPa
oo
|

0 200 400 600 800
TIK

Source: Phase Diagrams of the Elements by David A. Young.
© 1991 Regents of the University of California. Published by
the University of California Press.

a. Which phase has the higher density, the fcc or the bce
phase? Explain your answer.

b. Indicate the range of P and T in the phase diagram for
which fcc and liquid potassium are in equilibrium. Does
fce potassium float on or sink in liquid potassium? Explain
your answer.

c. Redraw this diagram for a different pressure range and
indicate where you expect to find the vapor phase.
Explain how you chose the slope of your liquid—vapor
coexistence line.

P8.7 A cell is roughly spherical with a radius of

20.0 X 10~® m. Calculate the work required to expand the
cell surface against the surface tension of the surroundings if
the radius increases by a factor of three. Assume the cell is
surrounded by pure water and that 7 = 298.15 K.

P8.8 It has been suggested that the surface melting of ice
plays a role in enabling speed skaters to achieve peak per-
formance. Carry out the following calculation to test this
hypothesis. At 1 atm pressure, ice melts at 273.15 K,

AH 4500 = 6010. T mol ™", the density of ice is 920. kg m™>,
and the density of liquid water is 997. kg m .

a. What pressure is required to lower the melting temperature
by 4.0°C?

b. Assume that the width of the skate in contact with the
ice has been reduced by sharpening to 19 X 1073 cm,
and that the length of the contact area is 18 cm. If a
skater of mass 78 kg is balanced on one skate, what
pressure is exerted at the interface of the skate and
the ice?

¢. What is the melting point of ice under this pressure?

d. If the temperature of the ice is —4.0°C, do you expect
melting of the ice at the ice-skate interface to occur?

P8.9 Answer the following questions using the P—T phase
diagram for carbon shown next.

NUMERICAL PROBLEMS 205

Diamond

Graphite

Vapor

Y

T

a. Which substance is more dense, graphite or diamond?
Explain your answer.

b. Which phase is more dense, graphite or liquid carbon?
Explain your answer.

c. Why does the phase diagram have two triple points?
Explain your answer.

P8.10  You have a compound dissolved in chloroform and
need to remove the solvent by distillation. Because the com-
pound is heat sensitive, you hesitate to raise the temperature
above 5.00°C and decide on vacuum distillation. What is the
maximum pressure at which the distillation takes place?

P8.11 Use the vapor pressures for hexane given in the fol-
lowing table to estimate the temperature and pressure of the
triple point and also the enthalpies of fusion, vaporization,
and sublimation.

Phase T (K) P (Pa)

Solid 168 0.1296
Solid 178 1.111
Liquid 290. 1.400 x 10*
Liquid 320. 4.822 % 10*

P8.12 Are the following two P—T phase diagrams likely to
be observed for a pure substance? If not, explain all features
of the diagram that will not be observed.

(a) (b)

P8.13  Autoclaves that are used to sterilize surgical tools
require a temperature of 120.°C to kill some bacteria. If
water is used for this purpose, at what pressure must the
autoclave operate?
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P8.14 You have collected a tissue specimen that you
would like to preserve by freeze drying. To ensure the
integrity of the specimen, the temperature should not exceed
—5.00 °C. The vapor pressure of ice at 273.16 K is 624 Pa.
What is the maximum pressure at which the freeze drying
can be carried out?

P8.15 The phase diagram of NH; can be characterized by
the following information. The normal melting and boiling
temperatures are 195.2 and 239.82 K, respectively, and the
triple point pressure and temperature are 6077 Pa and
195.41 K, respectively. The critical point parameters are
112.8 X 10° Pa and 405.5 K. Make a sketch of the P—T
phase diagram (not necessarily to scale) for NH3. Place a
point in the phase diagram for the following conditions.
State which and how many phases are present.

a. 19541 K, 9506 Pa

b. 195.41 K, 6077 Pa

c. 24545 K, 101,325 Pa

d. 415K, 105 X 10° Pa

e. 185.5K, 6077 Pa

P8.16 Use the vapor pressures of ice given here to calculate

the enthalpy of sublimation using a graphical method or a
least squares fitting routine.

T (K) P (Torr)
200. 0.1676
210. 0.7233
220. 2.732
230. 9.195
240. 27.97
250. 77.82
260. 200.2

P8.17 Calculate the vapor pressure for a mist of

spherical water droplets of radius (a) 1.95 X 108 m and

(b) 2.25 X 107® m surrounded by water vapor at 298 K. The
vapor pressure of water at this temperature is 25.2 Torr.

P8.18 The vapor pressure of ethanol(/) is given by

P 3.6745 X 10°
In{—)=2358 - — "~
Pa T
— — 46.702
K

a. Calculate the standard boiling temperature.

b. Calculate AH yqporizarion at 298 K and at the standard
boiling temperature.

P8.19 Use the following vapor pressures of propane given
here to calculate the enthalpy of vaporization using a graphi-
cal method or a least squares fitting routine.

P8.20 The vapor pressure of liquid benzene is 20170 Pa at
298.15 K, and AH yaporization = 30.72 kI mol ' at 1 atm

CHAPTER 8 Phase Diagrams and the Relative Stability of Solids, Liquids, and Gases

T (K) P (Pa)
100. 0.01114
120. 2.317

140. 73.91

160. 838.0

180. 5054

200. 2.016 x 10*
220. 6.046 X 10*

pressure. Calculate the normal and standard boiling points.
Does your result for the normal boiling point agree with that
in Table 8.3? If not, suggest a possible cause.

P8.21 Benzene (/) has a vapor pressure of 0.1269 bar at
298.15 K and an enthalpy of vaporization of 30.72 kJ mol .
The Cp,, of the vapor and liquid phases at that temperature
are 82.4 and 136.0 J K ' mol !, respectively. Calculate the
vapor pressure of CgHg(/) at 340.0 K assuming

a. that the enthalpy of vaporization does not change with
temperature.

b. that the enthalpy of vaporization at temperature 7 can be
calculated from the equation AH 4 p0rization (T)=
AI_Ivaporization (To) + ACp(T — Ty) assuming that ACp
does not change with temperature.

P8.22  Use the values for AG} (CCly, ) and AG} (CCly, g)
from Appendix B to calculate the vapor pressure of CCly at
298.15 K.

P8.23 Calculate the vapor pressure of water droplets of
radius 1.00 X 107 m at 360. K in equilibrium with water
vapor. Use the tabulated value of the density and the surface
tension at 298 K from Appendix B for this problem. (Hint:
You need to calculate the vapor pressure of water at this tem-
perature.)

P8.24 The vapor pressure of an unknown solid is given by
In(P/Torr) = 22.413 — 2035(K/T), and the vapor pressure
of the liquid phase of the same substance is approximately
given by In(P/Torr) = 18.352 — 1736(K/T).

a. Calculate A Hvaporizatian and A Hsublimation-

b. Calculate AH fi0-

c. Calculate the triple point temperature and pressure.

P8.25  For water, AH yqporizarion i 40.656 kJ mol ', and the
normal boiling point is 373.12 K. Calculate the boiling point

for water on the top of Mt. Everest (elevation 8848 m), where
the barometric pressure is 253 Torr.

P8.26 Calculate the difference in pressure across the
liquid—air interface for a (a) mercury and (b) methanol
droplet of radius 125 nm.

P8.27 Calculate the vapor pressure of CH;OH(!) at
298.15 K if He is added to the gas phase at a partial pressure
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of 200. bar using the data tables. By what factor does the
vapor pressure change?

P8.28  Use the vapor pressures of SO,(/) given in the follow-
ing table to calculate the enthalpy of vaporization using a
graphical method or a least squares fitting routine.

T(K) P (Pa) T(K) P (Pa)
190. 824.1 240. 3211 x 10*
200. 2050 250. 5.440 x 10*
210. 4591 260.  8.793 x 10*
220. 9421

230. 1.795 x 10*

P8.29 Prove that a substance for which the solid-liquid coex-
istence curve has a negative slope contracts upon melting.

P8.30 Are the following two P—T phase diagrams likely to
be observed for a pure substance? If not, explain all features
of the diagram that will not be observed.

Y

(a) (b)

P8.31 The vapor pressure of methanol(/) is 16.94 X 10° Pa at
298.15 K. Use this value to calculate AG} (CH30H, g) —
AG$% (CH30H, I). Compare your result with those in Table 4.1.

P8.32 Within what range can you restrict the values of P
and/or T if the following information is known about sulfur?
Use Figure 8.11 to answer this problem.

a. Only the rhombic solid phase is observed for P = 1 atm.

b. When the pressure on the vapor is increased, the mono-
clinic solid phase is formed.

c¢. Solid, liquid, and gas phases coexist at equilibrium.

d. As the temperature is increased, the thombic solid phase is
converted to the monoclinic solid phase.

e. As the temperature is increased at 1 atm, the rhombic solid
phase is converted to the liquid directly.

P8.33 The normal melting point of H,O is 273.15 K, and
AH fy50n = 6010.7 mol . Calculate the change in the nor-
mal freezing point at 100. and 500. bar compared to that at

1 bar assuming that the density of the liquid and solid phases
remains constant at 997 and 917 kg m3, respectively. Explain
why your answer is positive (or negative).

NUMERICAL PROBLEMS 207

P8.34 Carbon tetrachloride melts at 250. K. The vapor

pressure of the liquid is 10,539 Pa at 290. K and 74,518 Pa at

340. K. The vapor pressure of the solid is 270. Pa at 232 K

and 1092 Pa at 250. K.

a. Calculate AHvaporization and AI_Isublimation-

b. Calculate AH 750

c. Calculate the normal boiling point and ASporizasion at the
boiling point.

d. Calculate the triple point pressure and temperature.

P8.35 In Equations (8.16), (dP/dT ) yaporization Was calcu-
lated by assuming that V% >> V4uid [n this problem, you
will test the validity of this approximation. For water at its nor-
mal boiling point of 373.12 K, AH y4porization = 40.656 X
10° T mol ™, pyiguia = 958.66 kg m™, and pg, =

0.58958 kg m > . Compare the calculated values for

(dP/dT ) yaporization With and without the approximation of
Equation (8.16). What is the relative error in making the
approximation?

P8.36  The densities of a given solid and liquid of molar
mass 122.5 g mol ! at its normal melting temperature of
427.15 K are 1075 and 1012 kg m3, respectively. If the
pressure is increased to 120. bar, the melting temperature

increases to 429.35 K. Calculate AH 5, and AS%,,, for
this substance.

P8.37 The variation of the vapor pressure of the liquid
and solid forms of a pure substance near the triple point

Psolid _

K
are given by In - 8750? + 34.143 and

Pliquid

Pa
and pressure at the triple point.

K
n = — 4053 T + 21.10. Calculate the temperature

P8.38 Use the vapor pressures of n-butane given in the fol-
lowing table to calculate the enthalpy of vaporization using a
graphical method or a least squares fitting routine.

T (°C) P(Pa) T(°C) P (Pa)
—134.3 1.000 —49.10 1.000 X 10*
-121.0 10.00 —0.800 1.000 X 10°
—-103.9 100.0

—81.10 1000.

P8.39 At298.15K, AG} (HCOOH, g) = —351.0kJ mol !

and AGy (HCOOH, /) = —361.4kJ mol !, Calculate the
vapor pressure of formic acid at this temperature.

P8.40 In this problem, you will calculate the differences in
the chemical potentials of ice and supercooled water and of
steam and superheated water, all at 1 atm pressure shown
schematically in Figure 8.1. For this problem,

Www.Ebook777.com



http://www.ebook777.com

Free ebooks ==> www.Ebook777.com

208

S%,0.s = 48.0Imol ' K™, S%,0; = 70.0 Jmol ' K™', and

S%,0,¢ = 1888 Tmol ' K.

a. By what amount does the chemical potential of water
exceed that of ice at —2.25°C?

b. By what amount does the chemical potential of water
exceed that of steam at 102.25°C?

P8.41 Calculate the vapor pressure of a droplet of benzene of
radius 1.25 X 1078 m at 38.0°C in equilibrium with its vapor.
Use the tabulated value of the density and the surface tension at
298 K from Appendix B for this problem. (Hint: You need to
calculate the vapor pressure of benzene at this temperature.)

P8.42  Solid iodine, I5(s), at 25.0°C has an enthalpy of subli-

mation of 56.30 kJ mol '. The Cpyy, of the vapor and solid

phases at that temperature are 36.9 and 54.4 J K ' mol ™!,
respectively. The sublimation pressure at 25.0°C is

0.30844 Torr. Calculate the sublimation pressure of the

solid at the melting point (113.6°C) assuming

a. that the enthalpy of sublimation does not change with
temperature.

b. that the enthalpy of sublimation at temperature 7 can be
calculated from the equation AH gimation (T) =
AHsublimation (T()) + ACP (T - To) and ACP does not
change with T.

CHAPTER 8 Phase Diagrams and the Relative Stability of Solids, Liquids, and Gases

P8.43 Consider the transition between two forms of solid
tin, Sn (s, gray) — Sn(s, white). The two phases are in equi-
librium at 1 bar and 18°C. The densities for gray and white
tin are 5750 and 7280 kg m >, respectively, and the molar
entropies for gray and white tin are 44.14 and

51.18 T K" mol ™!, respectively. Calculate the temperature at
which the two phases are in equilibrium at 350. bar.

P8.44 A reasonable approximation to the vapor pressure of
krypton is given by log;o(P/Torr) = b — 0.05223(a/T).
For solid krypton, a = 10,065 and b = 7.1770. For liquid
krypton, a = 9377.0 and b = 6.92387. Use these formulas to
estimate the triple point temperature and pressure and also
the enthalpies of vaporization, fusion, and sublimation of
krypton.

P8.45 20.0 g of water is in a container of 20.0 L at
298.15 K. The vapor pressure of water at this temperature is
23.76 Torr.

a. What phases are present?
b. At what volume would only the gas phase be present?

c. At what volume would only the liquid phase be present?
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Ideal and Real
Solutions

n an ideal solution of A and B, the A-B interactions are the same as the
A-A and B-B interactions. In this case, the relationship between the solu-
tion concentration and gas-phase partial pressure is described by Raoult’s
law for each component. In an ideal solution, the vapor over a solution is
enriched in the most volatile component, allowing a separation into its
components through fractional distillation. Nonvolatile solutes lead to a
decrease of the vapor pressure above a solution. Such solutions exhibit a
freezing point depression and a boiling point elevation. These properties
depend only on the concentration and not on the identity of the non-
volatile solutes for an ideal solution. Real solutions are described by a
modification of the ideal dilute solution model. In an ideal dilute solution,
the solvent obeys Raoult’s law, and the solute obeys Henry’s law. This
model is limited in its applicability. To quantify deviations from the ideal
dilute solution model, we introduce the concept of the activity. The activ-
ity of a component of the solution is defined with respect to a standard
state. Knowledge of the activities of the various components of a reactive
mixture is essential in modeling chemical equilibrium. The thermodynamic
equilibrium constant for a reaction in solution is calculated by expressing
the reaction quotient Q in terms of activities rather than concentrations.

91 Defining the Ideal Solution

In an ideal gas, the atoms or molecules do not interact with one another. Clearly, this is
not a good model for a liquid, because without attractive interactions, a gas will not
condense. The attractive interaction in liquids varies greatly, as shown by the large vari-
ation in boiling points among the elements; for instance, helium has a normal boiling
point of 4.2 K, whereas hafnium has a boiling point of 5400 K.

In developing a model for solutions, the vapor phase that is in equilibrium with the
solution must be taken into account. Consider pure liquid benzene in a beaker placed in
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210 CHAPTER 9 Ideal and Real Solutions

FIGURE 9.1

Schematic model of a solution. The white
and black spheres represent solvent and
solute molecules, respectively.

a closed room. Because the liquid is in equilibrium with the vapor phase above it, there
is a nonzero partial pressure of benzene in the air surrounding the beaker. This pressure
is called the vapor pressure of benzene at the temperature of the liquid. What happens
when toluene is added to the beaker? It is observed that the partial pressure of benzene
is reduced, and the vapor phase now contains both benzene and toluene. For this partic-
ular mixture, the partial pressure of each component (i) above the liquid is given by

Pi=xP; i=12 9.1)

where x; is the mole fraction of that component in the liquid. This equation states that
the partial pressure of each of the two components is directly proportional to the vapor
pressure of the corresponding pure substance P; and that the proportionality constant is
x;. Equation (9.1) is known as Raoult’s law and is the definition of an ideal solution.
Raoult’s law holds for each substance in an ideal solution over the range from
0 = x; = 1. In binary solutions, one refers to the component that has the higher value
of x; as the solvent and the component that has the lower value of x; as the solute.

Few solutions satisfy Raoult’s law. However, it is useful to study the thermodynam-
ics of ideal solutions and to introduce departures from ideal behavior later. Why is
Raoult’s law not generally obeyed over the whole concentration range of a binary solu-
tion consisting of molecules A and B? Equation (9.1) is only obeyed if the A—A, B-B,
and A-B interactions are all equally strong. This criterion is satisfied for a mixture of
benzene and toluene because the two molecules are very similar in size, shape, and
chemical properties. However, it is not satisfied for arbitrary molecules. Raoult’s law is
an example of a limiting law; the solvent in a real solution obeys Raoult’s law as the
solution becomes highly dilute.

Raoult’s law is derived in Example Problem 9.1 and can be rationalized using the
model depicted in Figure 9.1. In the solution, molecules of solute are distributed in the
solvent. The solution is in equilibrium with the gas phase, and the gas-phase composi-
tion is determined by a dynamic balance between evaporation from the solution and
condensation from the gas phase, as indicated for one solvent and one solute molecule
in Figure 9.1.

| EXAMPLE PROBLEM 9.1

Assume that the rates of evaporation R,,, and condensation R, of the solvent from
the surface of pure liquid solvent are given by the expressions

Revap = Akevap

*
Rcond = AkcondPsolvent

where A is the surface area of the liquid and k,,,,, and k., are the rate constants for
evaporation and condensation, respectively. Derive a relationship between the vapor
pressure of the solvent above a solution and above the pure solvent.

Solution
For the pure solvent, the equilibrium vapor pressure is found by setting the rates of
evaporation and condensation equal:
Revap = Rcond
*
Akevap = Akcond Psolvent

* kevap

P solvent —

k cond

Next, consider the ideal solution. In this case, the rate of evaporation is reduced by the
factor x40, because only that fraction of the surface is available for evaporation of

the solvent.
Revap = Akevapxsolvenr

Rcona’ = Akcundpsolvem
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9.2 THE CHEMICAL POTENTIAL OF A COMPONENT IN THE GAS AND SOLUTION PHASES

and at equilibrium
Revap = Reona
Akevapxsolvem = Akcona’Psalvent

kevap «
Psolvem = k Xsolvent — Psolventxsolvem
cond
The derived relationship is Raoult’s law. I

9 The Chemical Potential of a Component
-Z- in the Gas and Solution Phases

If the liquid and vapor phases are in equilibrium, the following equation holds for each
component of the solution, where w; is the chemical potential of species i:
imlution — Mlpapor 9.2)

Recall from Section 6.3 that the chemical potential of a substance in the gas phase is
related to its partial pressure P; by

Pi
pi = g+ RTIn 9.3)

where w7 is the chemical potential of pure component / in the gas phase at the standard
state pressure P° = 1 bar. Because at equilibrium wf™0" = u b Equation (9.3)
can be written in the form

, P;
Mlgolutton — Mlp + RT 1HF2 (9.4)

For pure liquid i in equilibrium with its vapor, w;(liquid) = w;(vapor) = u;.
Therefore, the chemical potential of the pure liquid is given by

*

o Pi
ui + RT In F 9.5)

*

M

Subtracting Equation (9.5) from (9.4) gives

. " P;
piOm = i + RT In—; (9.6)
P;

For an ideal solution, P; = x,-Pf. Combining Equations (9.6) and (9.1), the central
equation describing ideal solutions is obtained:

,u/;mlution — ,U: + RT In x; 9.7)

This equation relates the chemical potential of a component in an ideal solution to the
chemical potential of the pure liquid form of component i and the mole fraction of that
component in the solution. This equation is most useful in describing the thermodynam-
ics of solutions in which all components are volatile and miscible in all proportions.

Keeping in mind that u; = G; ,,, the form of Equation (9.7) is identical to that
derived for the Gibbs energy of a mixture of gases in Section 6.5. Therefore, one can
derive relations for the thermodynamics of mixing to form ideal solutions as was done
for ideal gases in Section 6.6. These relations are shown in Equation (9.8). Note in par-
ticular that AH ,;ing = AV ixing = 0 for an ideal solution:

AGmixing = nRTE X In X
L

aAGmixing
Asmixing = - < 9T )P o = _HRZ X; In X;
5], 1D
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aAGmixing
AVmixing =\ 5

) =0 and
apP T,ny,ny

AHmi)cing = Asz’)cing + TASmixing

nRTE x;ln x; — T<nRE x; In x,-) =0 9.8)
i i

| EXAMPLE PROBLEM 9.2

An ideal solution is made from 5.00 mol of benzene and 3.25 mol of toluene. Calculate
AG ixing and AS,ying at 298 K and 1 bar pressure. Is mixing a spontaneous process?

Solution

The mole fractions of the components in the solution are xp,;,;¢n. = 0.606 and
Xtoluene = 0.394.

AGmixing = nRTE x,-lnx,-
i

8.25 mol X 8.314J mol ' K™!
X 298K X (0.606 In 0.606 + 0.394 In 0.394)

—13.7 X 10°]
ASmixing = _HRE xilnxi
l

—8.25mol X 8.314Jmol ' K™! X (0.606 In 0.606 + 0.394 In 0.394)
46.0TK!

Mixing is spontaneous because AG i, < 0 for an ideal solution. If two liquids are
miscible, it is always true that AG ;i ine < 0.

9 Applying the Ideal Solution Model to
.-/ Binary Solutions

Although the ideal solution model can be applied to any number of components,
to simplify the mathematics, the focus in this chapter is on binary solutions, which
consist of only two components. Because Raoult’s law holds for both components
of the mixture, P; = x;P; and P, = x,P> = (1 — x;)P5. The total pressure in
the gas phase varies linearly with the mole fraction of each of its components
in the liquid:

Pioat = Py + Py = x\P| + (1 — x;)Py = P5 + (P] — P3)x 9.9)

The individual partial pressures as well as P,,,,; above a benzene—1,2 dichloroethane
(C,H4Cl,) solution are shown in Figure 9.2. Small deviations from Raoult’s law are
seen. Such deviations are typical because few solutions obey Raoult’s law exactly.
Nonideal solutions, which generally exhibit large deviations from Raoult’s law, are dis-
cussed in Section 9.9.

The concentration unit used in Equation (9.9) is the mole fraction of each compo-
nent in the liquid phase. The mole fraction of each component in the gas phase can also
be calculated. Using the definition of the partial pressure and the symbols y; and y, to
denote the gas-phase mole fractions, we can write

P x P}
P Py + (P] — Pyx
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To obtain the pressure in the vapor phase as a function of y; we first solve

Equation (9.10) for x;:

P*
X =2 9.11)
Py + (P, — Py,
and obtain P,y from P,y = P> + (P — P;)xl
_ P\ P}
Piojar = 9.12)

Py + (P, — Py

Equation (9.12) can be rearranged to give an equation for y; in terms of the vapor
pressures of the pure components and the total pressure:

:PTPtotal_PTP;

P - 9.13)
Pioia(P1 — P2)

Y1

The variation of the total pressure with x; and y; is not the same, as is seen in Figure
9.3. In Figure 9.3a, the system consists of a single-phase liquid for pressures above the
curve and of a two-phase vapor—liquid mixture for points lying on the curve in the P—x;
diagram. Only points lying above the curve are meaningful, because points lying below the
curve do not correspond to equilibrium states at which liquid is present. In Figure 9.3b, the
system consists of a single-phase vapor for pressures below the curve and of a two-phase
vapor-liquid mixture for points lying on the curve in the P—y; diagram. Points lying
above the curve do not correspond to equilibrium states at which vapor is present. The
excess vapor would condense to form liquid.

Note that the pressure is plotted as a function of different variables in the two parts of
Figure 9.3. To compare the gas phase and liquid composition at a given total pressure,
both are graphed as a function of Z,,.,.,., Which is called the average compeosition of
benzene in the whole system in Figure 9.4. The average composition Z is defined by

liquid vapor
7 _ benzene + Npenzene Npenzene
benzene ™ liguid vapor liquid vapor
toluene + Noluene + Npenzene + Npenzene Total

In the region labeled “Liquid” in Figure 9.4, the system consists entirely of a liquid phase,
and Zpenzene = Xbenzene- 10 the region labeled “Vapor,” the system consists entirely of a
gaseous phase and Zp,;;ene = Ybenzene 1he area separating the single-phase liquid and
vapor regions corresponds to the two-phase liquid—vapor coexistence region.

We next apply the phase rule to the benzene—toluene ideal solution for which there
are two components (benzene and toluene) and three independent state variables,
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FIGURE 9.2

The vapor pressure of benzene (blue),

1,2 dichloroethane (red), and the total
vapor pressure (purple) above the solution
is shown as a function of the mole fraction
of 1,2 dichloroethane. The symbols are
data points [Zawidski, J. v. Zeitschrift fiir
Physikalische ChePmie 35 (1900): 129].
The solid curves are polynomial fits to the
data. The dashed lines are calculated using
Raoult’s law.
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FIGURE 9.3

The total pressure above a
benzene—toluene ideal solution is shown
for different values of (a) the mole frac-
tion of benzene in the solution and (b) the
mole fraction of benzene in the vapor.
Points on the curves correspond to
vapor—liquid coexistence. Only the curves
and the shaded areas are of physical
significance as explained in text.
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FIGURE 9.4

A P-Z phase diagram is shown for a
benzene-toluene ideal solution. The upper
curve shows the vapor pressure as a func-
tion of xp,pene- The lower curve shows the
vapor pressure as a function of Ype,zene-
Above the two curves, the system is totally
in the liquid phase, and below the two
curves, the system is totally in the vapor
phase. The area intermediate between

the two curves shows the liquid—vapor
coexistence region. The horizontal lines
connecting the curves are called tie lines.
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namely P, T, and Ze,,zene (OF Zypjuene)- Because Zpopzene = 1 — Zyopuenes these two vari-
ables are not independent. For a system containing C components, the phase rule
discussed in Section 8.3 takes the form

F=C-p+2 (9.14)

For the benzene—toluene ideal solution, C = 2 and F' = 4 — p. Therefore, in the single
phase regions labeled liquid and vapor in Figure 9.4, the system has three degrees of free-
dom. One of these degrees of freedom is already fixed because the temperature is held con-
stant in Figure 9.4. Therefore, the two remaining degrees of freedom are P and Z,,,,0,e. In
the two-phase region labeled liquid + vapor, the system has only one degree of freedom.
Once P is fixed, the Z values at the ends of the horizontal line fiX xp,;,ene A0d Ypepzene and
therefore Zp,,,,.,.. We note that the number of components can be less than the number of
chemical species. For example, a solution containing the three species A, B, and C linked
by the chemical equilibrium A + B C contains only two independent components
because only two of the three concentrations are independent variables.

To demonstrate the usefulness of this pressure—-average composition (P-Z) diagram,
consider a constant temperature process in which the pressure of the system is decreased
from the value corresponding to point a in Figure 9.4. Because P > P,,,;, initially the
system is entirely in the liquid phase. As the pressure is decreased at constant composition,
the system remains entirely in the liquid phase until the constant composition line
intersects the P Versus Xxp,,..,. curve. At this point, the system enters the two-phase
vapor-liquid coexistence region. As point b is reached, what are the values for X, and
Ypenzene> the mole fractions of benzene in the liquid and vapor phases? These values can be
determined by constructing a tie line in the two-phase coexistence region.

A tie line (see Figure 9.4) is a horizontal line at the pressure of interest that con-
nects the P Versus Xp,zene and P VErsus Ype,.eqe curves. Note that for all values of the
Pressure, Ypenzene 1S greater than Xpe...., showing that the vapor phase is always
enriched in the more volatile or higher vapor pressure component in comparison with
the liquid phase.

| EXAMPLE PROBLEM 9.3

An ideal solution of 5.00 mol of benzene and 3.25 mol of toluene is placed in a piston
and cylinder assembly. At 298 K, the vapor pressure of the pure substances are
PZenzene = 96.4 Torr and P, ., = 28.9 Torr.

a. The pressure above this solution is reduced from 760. Torr. At what pressure
does the vapor phase first appear?

b. What ig the anpnqitinn of the vapor under these conditions?
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Solution
a. The mole fractions of the components in the solution are xp.,;.n, = 0.606
and X;pjuene = 0.394. The vapor pressure above this solution is
Piotal = Xbenzene P ;;enzene + Xtotuene P :oluene
0.606 X 96.4 Torr + 0.394 X 28.9 Torr
= 69.8 Torr

No vapor will be formed until the pressure has been reduced to this value.

b. The composition of the vapor at a total pressure of 69.8 Torr is given by
£ * £
Pbenzene Ptotal - Pbenzene Ptoluene

* *
Ptotal<Pbenzene - Ptoluene)

~96.4 Torr X 69.8 Torr — 96.4 Torr X 28.9 Torr 0.837
69.8 Torr X (96.4 Torr — 28.9 Torr) '
Yioluene = 1 = Ybenzene = 0.163

Note that the vapor is enriched relative to the liquid in the more volatile compo- I

Ybenzene

nent, which has the higher vapor pressure and lower boiling temperature.

To calculate the relative amount of material in each of the two phases in a coexis-
tence region, we derive the lever rule for a binary solution of the components A and B.
Figure 9.5 shows a magnified portion of Figure 9.4 centered at the tie line that passes
through point b. We derive the lever rule using the following geometrical argument.
The lengths of the line segments /b and by are given by

nlgt

b = ZB — XB T tor T~ ot (9.15)
n lig
n%apor n%ot

bv = YB — ZB = tor T tot (9-16)
Myapor

The superscripts on n indicate whether we are referring to the moles of component B
in the vapor or liquid phases or the total number of moles of B in the system. If
tot tot

Equation (9.15) is multiplied by nj;, Equation (9.16) is multiplied by n5g,,, and the
two equations are subtracted, we find that

tot

tot tot _ "B tot tot li vapor\ — tot tot _
Ib Niig — bv Nyapor = ot (nliq + nvapor) - (an + an ) =ng —ng =0

fot
Niig by

ni)”atp b

We conclude that 9.17)

It is convenient to restate this result as
n;zo(;(ZB - xB) = nl;J(Zpor(yB - ZB) (9.18)

Equation (9.18) is called the lever rule by analogy with the torques acting on a lever of
length [b + bv with the fulcrum positioned at point b. For the specific case shown in

Figure 9.5, njf}/n;,,, = 2.34. Therefore, 70.1% of the total number of moles in the

system is in the liquid phase, and 29.9% is in the vapor phase.

| EXAMPLE PROBLEM 9.4

For the benzene—toluene solution of Example Problem 9.3, calculate
a. the total pressure
b. the liquid composition
c. the vapor composition

when 1.50 mol of the solution has beenconverted to vapor.
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An enlarged region of the two-phase coex-
istence region of Figure 9.4 is shown. The
vertical line through point b indicates a
transition at constant system composition.
The lever rule (see text) is used to deter-
mine what fraction of the system is in the
liquid and vapor phases.
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Solution

The lever rule relates the average composition, Zp,,,.,. = 0.606, and the liquid and
vapor compositions:

tot _ _ tot _
nvapor(y benzene — Z benzene) = Njig (Z benzene xbenzene)

Entering the parameters of the problem, this equation simplifies to
6.75Xpenzene + 1.50Ypenzene = 5.00
The total pressure is given by
Protal = XpenzenePpenzene + (1 = Spenzene) Proluene
= [964xpenzene + 28.9(1 = Xpenzene) | Torr

and the vapor composition is given by

P
. 96.4-101 _ 9786

* *
PbenzenePlotul - PhenzenePtoluene Torr
Ybenzene = * % =
Ptotal(Pbenzene - Ptoluene) 67.5 Ptotal
Torr

These three equations in three unknowns can be solved by using an equation solver

or by eliminating the variables by combining equations. For example, the first equation
can be used to eXpress Ypenzene it terms of Xpeyz0n- This result can be substituted into the
second and third equations to give two equations in terms of Xje,.en, and Pyy,;. The
solution for Xxp..,. obtained from these two equations can be substituted in the first

equation to give Ypenzene- The relevant answers are Xpepzene = 0.561, Ypenzene = 0.810,
and P,,,,; = 66.8 Torr.

9 The Temperature-Composition Diagram
- T and Fractional Distillation

The enrichment of the vapor phase above a solution in the more volatile component is
the basis for fractional distillation, an important separation technique in chemistry
and in the chemical industry. It is more convenient to discuss fractional distillation
using a temperature—composition diagram than using the pressure—composition
diagram discussed in the previous section. The temperature-composition diagram
gives the temperature of the solution as a function of the average system composition
for a predetermined total vapor pressure, P,,,. It is convenient to use the value
P,,.; = 1 atm so the vertical axis is the normal boiling point of the solution. Figure 9.6
shows a boiling temperature—composition diagram for a benzene—toluene solution.
Neither the T) — Xpepzene NOr the T, — Ypenzene curves are linear in a temperature—
composition diagram. Note that because the more volatile component has the lower
boiling point, the vapor and liquid regions are inverted when compared with the
pressure—composition diagram.

The principle of fractional distillation can be illustrated using the sequence of
lines labeled a through k in Figure 9.6. The vapor above the solution at point a is
enriched in benzene. If this vapor is separated from the original solution and condensed
by lowering the temperature, the resulting liquid will have a higher mole fraction of
benzene than the original solution. As for the original solution, the vapor above this
separately collected liquid is enriched in benzene. As this process is repeated, the suc-
cessively collected vapor samples become more enriched in benzene. In the limit of a
very large number of steps, the last condensed samples are essentially pure benzene.
The multistep procedure described earlier is very cumbersome because it requires the
collection and evaporation of many different samples. In practice, the separation into
pure benzene and toluene is accomplished using a distillation column, shown schemat-
ically in Figure 9.7.
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Rather than have the whole system at a uniform temperature, a distillation column
operates with a temperature gradient so that the top part of the column is at a lower
temperature than the solution being boiled off. The horizontal segments ab, cd, ef, and
so on in Figure 9.6 correspond to successively higher (cooler) portions of the column.
Each of these segments corresponds to one of the distillation stages in Figure 9.7.
Because the vapor is moving upward through the condensing liquid, heat and mass
exchange facilitates equilibration between the two phases.

Distillation plays a major role in the separation of crude oil into its various compo-
nents. The lowest boiling liquid is gasoline, followed by kerosene, diesel fuel and heating
oil, and gas oil, which is further broken down into lower molecular weight components
by catalytic cracking. It is important in distillation to keep the temperature of the boiling
liquid as low as possible to avoid the occurrence of thermally induced reactions. A useful
way to reduce the boiling temperature is to distill the liquid under a partial vacuum, which
is done by pumping away the gas phase. The boiling point of a typical liquid mixture can
be reduced by approximately 100°C if the pressure is reduced from 760 to 20 Torr.

Although the principle of fractional distillation is the same for real solutions, it is not
possible to separate a binary solution into its pure components if the nonideality is strong
enough. If the A-B interactions are more attractive than the A—A and B-B interactions,
the boiling point of the solution will go through a maximum at a concentration intermedi-
ate between x, = 0 and x4 = 1. An example of such a case is an acetone—chloroform
mixture. The hydrogen on the chloroform forms a hydrogen bond with the oxygen in ace-
tone as shown in Figure 9.8, leading to stronger A—B than A—A and B-B interactions.

A boiling point diagram for this case is shown in Figure 9.9a. At the maximum
boiling temperature, the liquid and vapor composition lines are tangent to one another.
Fractional distillation of such a solution beginning with an initial value of x, greater
than that corresponding to the maximum boiling point is shown schematically in the
figure. The component with the lowest boiling point will initially emerge at the top of
the distillation column. In this case, it will be pure component A. However, the liquid
left in the heated flask will not be pure component B, but rather the solution
corresponding to the concentration at which the maximum boiling point is reached.
Continued boiling of the solution at this composition will lead to evaporation at
constant composition. Such a mixture is called an azeotrope, and because
Ty, azeotrope = Tb, 45 T, B, it is called a maximum boiling azeotrope. An example for a
maximum boiling azeotrope is a mixture of H,O (7, = 100°C) and HCOOH
(T = 100°C) at xp,0 = 0.427, which boils at 107.2°C. Other commonly occurring
azeotropic mixtures are listed in Table 9.1.
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FIGURE 9.6

The boiling temperature of an ideal
solution of the components benzene and
toluene is plotted versus the average
system composition, Zpen.. The upper
curve shows the boiling temperature as a
function of yp,zene> and the lower curve
shows the boiling temperature as a func-
tion of Xpeyzene- The area intermediate
between the two curves shows the
vapor-liquid coexistence region.

FIGURE 9.7

Schematic of a fractional distillation col-
umn. The solution to be separated into its
components is introduced at the bottom of
the column. The resistive heater provides
the energy needed to vaporize the liquid.
It can be assumed that the liquid and
vapor are at equilibrium at each level of
the column. The equilibrium temperature
decreases from the bottom to the top of
the column.

iy N
/ - 3
H3C

FIGURE 9.8

Hydrogen bond formation between
acetone and chloroform leads to the for-
mation of a maximum boiling azeotrope.
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Vapor

XA

(b)

FIGURE 9.9

A boiling point diagram is shown for
(a) maximum and (b) minimum boiling
point azeotropes. The dashed lines
indicate the initial composition of the
solution and the composition of the
azeotrope. The sequence of horizontal
segments with arrows corresponds to
successively higher (cooler) portions of
the column.

TABLE 9.1 Composition and Boiling Temperatures of Selected Azeotropes

Azeotropic Boiling Mole Fraction Azeotrope
Mixture Temperature of of First Component Boiling

Components (°C) Point (°C)
Water—ethanol 100./78.5 0.096 78.2
Water—trichloromethane 100./61.2 0.160 56.1
Water—benzene 100./80.2 0.295 69.3
Water—toluene 100./111 0.444 84.1
Ethanol-hexane 78.5/68.8 0.332 58.7
Ethanol-benzene 78.5/80.2 0.440 67.9
Ethyl acetate—hexane 78.5/68.8 0.394 65.2
Carbon disulfide—acetone 46.3/56.2 0.608 39.3
Toluene-acetic acid 111/118 0.625 100.7

Source: Lide, D. R., ed. Handbook of Chemistry and Physics. 83rd ed. Boca Raton, FL: CRC Press, 2002.

If the A-B interactions are less attractive than the A—A and B—B interactions, a mini-
mum boiling azeotrope can be formed. A schematic boiling point diagram for such an
azeotrope is also shown in Figure 9.9b. Fractional distillation of such a solution beginning
with an initial value of x4 less than that corresponding to the minimum boiling point leads
to a liquid with the azeotropic composition initially emerging at the top of the distillation
column. An example for a minimum boiling azeotrope is a mixture of CS,
(T} = 46.3°C) and acetone (T, = 56.2°C) at xcg, = 0.608, which boils at 39.3°C.

It is still possible to collect one component of an azeotropic mixture using the prop-
erty that the azeotropic composition is a function of the total pressure as shown in
Figure 9.10. The mixture is first distilled at atmospheric pressure and the volatile distil-
late is collected. This vapor is condensed and subsequently distilled at a reduced pres-
sure for which the azeotrope contains less A (more B). If this mixture is distilled, the
azeotrope evaporates, leaving some pure B behind.

95 The Gibbs-Duhem Equation

In this section, we show that the chemical potentials of the two components in a binary

solution are not independent. This is an important result, because it allows the chemical

potential of a nonvolatile solute such as sucrose in a volatile solvent such as water to be

determined. Such a solute has no measurable vapor pressure; therefore, its chemical

potential cannot be measured directly. As shown later, its chemical potential can be deter-

mined knowing only the chemical potential of the solvent as a function of concentration.
From Chapter 6, the differential form of the Gibbs energy is given by

dG = =S dT + V dP + > wdn; 9.19)
i

For a binary solution at constant 7" and P, this equation reduces to
dG = [.lenl + 12%) di’l2 (9.20)

Imagine starting with an infinitesimally small amount of a solution at constant 7" and P.
The amount is gradually increased at constant composition. Because of this restriction, the
chemical potentials are unchanged as the size of the system is changed. Therefore, the w;
can be taken out of the integral:

G np ny
/dG’ = Ml/dn’l + Mz/dn’z or
0 0 0
G = un + ppny 9.21)
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The primes have been introduced to avoid using the same symbol for the integration
variable and the upper limit. The total differential of the last equation is

dG = ;lenl + /.del”lz + i’lld/l,l + i’lzd/.Lz (9.22)

The previous equation differs from Equation (9.20) because, in general, we have to take
changes of the composition of the solution into account. Therefore, u; and u, must be
regarded as variables. Equating the expressions for dG in Equations (9.20) and (9.22),
one obtains the Gibbs—Duhem equation for a binary solution, which can be written in
either of two forms:

nidu, + nadpy, = 0 or xydpy + xadps = 0 (9.23)

This equation states that the chemical potentials of the components in a binary solution
are not independent. If the change in the chemical potential of the first component is
dpu, the change of the chemical potential of the second component is given by

niduy

dpu, = —— (9.24)
ny

The use of the Gibbs—Duhem equation is illustrated in Example Problem 9.5.

| EXAMPLE PROBLEM 9.5
solution

One component in a solution follows Raoult’s law, wj = /.LT + RT In x; over
the entire range 0 = x; = 1. Using the Gibbs—Duhem equation, show that the second
component must also follow Raoult’s law.

Solution
From Equation (9.24),
xid n " xypdx
dpy = = = P + RTnxy) = —RT L5
X2 n X2 X1
Because x; + xp = 1, then dx, = —dx; and duy, = RT dx,/x,. Integrating this

equation, one obtains w, = RT In x, + C, where C is a constant of integration. This
constant can be evaluated by examining the limit x, — 1. This limit corresponds to the
pure substance 2 for which u, = ,u,; = RT In1 + C. We conclude that C = p,; and,
therefore, u°“" = 15 + RT In x,. _J

96 Colligative Properties

Many solutions consist of nonvolatile solutes that have limited solubility in a volatile
solvent. Examples are solutions of sucrose or sodium chloride in water. Important prop-
erties of these solutions, including boiling point elevation, freezing point depression,
and osmotic pressure are found to depend only on the solute concentration—not on the
nature of the solute. These properties are called colligative properties. In this section,
colligative properties are discussed using the model of the ideal solution. Corrections
for nonideality are made in Section 9.13.

As discussed in Section 9.1, the vapor pressure above a solution containing a solute
is lowered with respect to the pure solvent. Generally, the solute does not crystallize out
with the solvent during freezing because the solute cannot be easily integrated into the
solvent crystal structure. For this case, the change in the solvent chemical potential on
dissolution of a nonvolatile solute can be understood using Figure 9.11a.

Only the liquid chemical potential is affected through formation of the solution.
Although the gas pressure above the solution is lowered by the addition of the solute,
the chemical potential of the gas is unaffected. This is the case because the comparison
in Figure 9.11a is made at constant pressure. The chemical potential of the solid is
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Atmospheric pressure

Tp

FIGURE 9.10

Because the azeotropic composition
depends on the total pressure, pure B can
be recovered from the A—B mixture by
first distilling the mixture under atmos-
pheric pressure and, subsequently, under
a reduced pressure. Note that the boiling
temperature is lowered as the pressure

is reduced.
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FIGURE 9.11

[lustration of the boiling point elevation
and freezing point depression in two dif-
ferent ways: (a) These effects arise
because the chemical potential of the solu-
tion is lowered through addition of the
nonvolatile solute, while the chemical
potential of the vapor and liquid is unaf-
fected at constant pressure. (b) The same
information from part (a) is shown using a
P-T phase diagram.

unaffected because of the assumption that the solute does not crystallize out with the
solvent. As shown in the figure, the melting temperature 7,,, defined as the intersection
of the solid and liquid u versus 7 curves, is lowered. Similarly, the boiling temperature
T}, is raised by dissolution of a nonvolatile solute in the solvent.

The same information is shown in a P-T phase diagram in Figure 9.11b. Because the
vapor pressure above the solution is lowered by the addition of the solute, the liquid—gas
coexistence curve intersects the solid—gas coexistence curve at a lower temperature than
for the pure solvent. This intersection defines the triple point, and it must also be the ori-
gin of the solid-liquid coexistence curve. Therefore, the solid—liquid coexistence curve
is shifted to lower temperatures through the dissolution of the nonvolatile solute. The
overall effect of the shifts in the solid—gas and solid-liquid coexistence curves is a
freezing point depression and a boiling point elevation, both of which arise because of
the lowering of the vapor pressure of the solvent. This effect depends only on the con-
centration, and not on the identity, of the nonvolatile solute. The preceding discussion is
qualitative in nature. In the next two sections, quantitative relationships are developed
between the colligative properties and the concentration of the nonvolatile solute.

9 The Freezing Point Depression
-/ and Boiling Point Elevation

If the solution is in equilibrium with the pure solid solvent, the following relation must
be satisfied:

Msolution = /J':olid (9.25)

Recall that g0, refers to the chemical potential of the solvent in the solution, and
Mjolid refers to the chemical potential of the pure solvent in solid form. From
Equation (9.7), we can express Wy usion in terms of the chemical potential of the pure
solvent and its concentration and rewrite Equation (9.25) in the form

Msolvent + RT In Xsolvent — Msolid (9-26)
This equation can be solved for In X,z

* *
1 — Msolid — Msolvent
N Xsolvent =

9.27)

RT
The difference in chemical potentials ,u,:,,l,-d - pd;,lvem = —AG fysion SO that
—AG Sfusion
In Xsolvent — RT (9-28)

Because we are interested in how the freezing temperature is related to X, at con-
stant pressure, we need the partial derivative (3T/0Xgppen)p- This quantity can be
obtained by differentiating Equation (9.28) with respect to X,ens:

P AGfusion

< dln xsolvent) _ 1 _ _l T ( aT ) (9.29)
X golvent /P Xsolvent R aT P X solvent / P

The first partial derivative on the right side of Equation (9.29) can be simplified using
the Gibbs—Helmholtz equation (see Section 6.3), giving

1 A[{fusion ( oT >
= ) or
Xsolvent RT X sorvent / P
dx AH fusion dT
“lsolvent 1 1 Xsolvent = ﬂj (constant P) (9.30)
Xsolvent R T
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9.7 THE FREEZING POINT DEPRESSION AND BOILING POINT ELEVATION

This equation can be integrated between the limits given by the pure solvent
(Xgotvens = 1) for which the fusion temperature is T}, and an arbitrary small con-
centration of solute for which the fusion temperature is 7*

Xsolvent T

@ B / AI'Ifusion dT’

9.31)

X R T/Z

Tfusion
For Xyens» N0t very different from 1, AH 740, is assumed to be independent of 7,
and Equation (9.31) simplifies to

1 1 N R 1n Xsolvent

T Tfusion AHfusion

9.32)

It is more convenient in discussing solutions to use the molality of the solute
expressed in moles of solute per kg of solvent rather than the mole fraction of the sol-
vent as the concentration unit. For dilute solutions In X,,/pens = IN(Rgorvent/ (Rsorvent +
Myotute M sotvent nsolvent)) = —In (1 + M orvent msolute) and Equation (9.32) can be
rewritten in terms of the molality (m) rather than the mole fraction. The result is

RM solventsz‘"usion
ATf = = AH Msolute = _Kfmsolute (9.33)
fusion

where My,,en, is the molar mass of the solvent. In going from Equation 9.32 to
Equation 9.33 we have made the approximation In(1 + M gypeniMsotuze) = M sorventMsolute
and UT — UT pysi0n = — AT/ sze,mon. Note that Ky depends only on the properties of the
solvent and is primarily determined by the molecular mass and the enthalpy of fusion. For
most solvents, the magnitude of Ky lies between 1.5 and 10 as shown in Table 9.2. However,
K can reach unusually high values, for example 30. (K kg)/mol for carbon tetrachloride
and 40. (K kg)/mol for camphor.

The boiling point elevation can be calculated using the same argument with
AGyaporization Ad AH ygporizarion Substituted for AG g0, and AH g0, The result is

( JoT > _ RMsolvent Tzz)apurization (9'34)
P,m—0

amsolute AI_Ivaporization

TABLE 9.2 Freezing Point Depression and Boiling Point Elevation
Constants

Substance Standard K ¢ (K kg mol ~ Iy Standard K;, (K kg mol ™~ D)
Freezing Boiling
Point (K) Point (K)
Acetic acid 289.6 3.59 391.2 3.08
Benzene 278.6 5.12 353.3 2.53
Camphor 449 40. 482.3 5.95
Carbon disulfide 161 3.8 319.2 2.40
Carbon tetrachloride 250.3 30. 349.8 4.95
Cyclohexane 279.6 20.0 353.9 2.79
Ethanol 158.8 2.0 351.5 1.07
Phenol 314 7.27 455.0 3.04
Water 273.15 1.86 373.15 0.51

Source: Lide, D. R., ed. Handbook of Chemistry and Physics. 83rd ed. Boca Raton, FL: CRC Press, 2002.
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CHAPTER 9 Ideal and Real Solutions

and

2
RMsolvent Tvaporization

AH

AT, = Myotute = KpMyopute 9.35)

vaporization

Because AH yaporization > AH fugions it follows that Ky > K. Typically, K, values range
between 0.5 and 5.0 K/(mol kgfl) as shown in Table 9.2. Note also that, by convention,
both K and Kj, are positive; hence the negative sign in Equation (9.33) is replaced by a
positive sign in Equation (9.35).

| EXAMPLE PROBLEM 9.6

In this example, 4.50 g of a substance dissolved in 125 g of CCl, leads to an elevation
of the boiling point of 0.650 K. Calculate the freezing point depression, the molar mass
of the substance, and the factor by which the vapor pressure of CCly is lowered.

Solution

Ky 30. K/(mol kg 1)
ATy = — |JAT, = — -0 X 0.650K = =39K
K, 4.95 K/(mol kg™ )
To avoid confusion, we use the symbol m for molality and m for mass. We solve for
the molar mass M, using Equation (9.35):

msolute/Mmlute)

ATy = Kpmgonye = Kp X ( m.,
solvent

_ K b Myolyze
M solute — AT
My ipent b

495Kkgmol ! X 450¢ .
M gotute = = 274 g mol
0.125 kg X 0.650 K

We solve for the factor by which the vapor pressure of the solvent is reduced by using
Raoult’s law:

Psolvent . -1 - -1 - Nsolute
® = Xsolvent — Xsolute = +
P orvent Ngolute T Msolvent

450 g
274 g mol ™!

= 0.980

- _< 450 g >+( 125¢ )
l l 274 g mol ™! 153.8 g mol ™! I

98 The Osmotic Pressure

Some membranes allow the passage of small molecules like water, yet do not allow
larger molecules like sucrose to pass through them. Such a semipermeable membrane
is an essential component in medical technologies such as kidney dialysis, which is
described later. If a sac of such a membrane containing a solute that cannot pass
through the membrane is immersed in a beaker containing the pure solvent, then

Solution

FIGURE 9.12 initially the solvent diffuses into the sac. Diffusion ceases when equilibrium is attained,

An osmotic pressure arises if a solution

and at equilibrium the pressure is higher in the sac than in the surrounding solvent. This

containing a solute that cannot pass result is shown schematically in Figure 9.12. The process in which the solvent diffuses
through the membrane boundary is through a membrane and dilutes a solution is known as osmosis. The amount by which
immersed in the pure solvent. the pressure in the solution is raised is known as the osmotic pressure.
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To understand the origin of the osmotic pressure, denoted by 7, the equilibrium
condition is applied to the contents of the sac and the surrounding solvent:

Migl’;}te}gtn(Tv P+ m, -xsolvent) = Msolvent (T, P) (9-36)
Using Raoult’s law to express the concentration dependence of tg,penss
/’Légl'lu)te}r(z)tn(T’ P+ m, xsolvent) - /J'solvenl(T, P+ 77) + RT In Xsolvent 9.37)

Because w for the solvent is lower in the solution than in the pure solvent, only an
increased pressure in the solution can raise its w sufficiently to achieve equilibrium
with the pure solvent. The dependence of w on pressure and temperature is given by
du = dG,, = V,,dP — S,,dT. At constant T we can write

P+m

Mjolvent(Ts P+, xsolvent) - M;kolvent(Ts P) = /V; dp’ (9'38)
P

where V, is the molar volume of the pure solvent and P is the pressure in the solvent
outside the sac. Because a liquid is nearly incompressible, it is reasonable to assume
* .. . . . .
that V,, is independent of P to evaluate the integral in the previous equation. Therefore,
ES * * .
Mesotvent (Ts P+ 7, Xsorvent) = Msotvens (T P) = V7, and Equation (9.37) reduces to

Vi, + RT In Xgppen = 0 (9.39)

For a dilute solution, ng,1penr == Agopuse> and

Nsolute ~ Nolute (9 40)

In Xoppent = ln(l - xsolute) N T Xsolute = T T
Nsolute Nsolvent Nsolvent

Equation (9.39) can be simplified further by recognizing that for a dilute solution,
V 2 NyprpensV - With this substitution, Equation (9.39) becomes

= Nyoture RT (9.41)
14
which is known as the van’t Hoff equation. Note the similarity in form between this
equation and the ideal gas law.

An important application of the selective diffusion of the components of a solu-
tion through a membrane is dialysis. In healthy individuals, the kidneys remove
waste products from the bloodstream, whereas individuals with damaged kidneys use
a dialysis machine for this purpose. Blood from the patient is shunted through tubes
made of a selectively porous membrane surrounded by a flowing sterile solution
made up of water, sugars, and other components. Blood cells and other vital compo-
nents of blood are too large to fit through the pores in the membranes, but urea and
salt flow out of the bloodstream through membranes into the sterile solution and are
removed as waste.

| EXAMPLE PROBLEM 9.7

Calculate the osmotic pressure generated at 298 K if a cell with a total solute concen-
tration of 0.500 mol L™! is immersed in pure water. The cell wall is permeable to water
molecules, but not to the solute molecules.

Solution
RT
= ns% = 0.500 mol L™! X 8.206 X 1072 L atm K™! mol™! X 298 K
= 12.2 atm
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CHAPTER 9 Ideal and Real Solutions

As this calculation shows, the osmotic pressure generated for moderate solute
concentrations can be quite high. Hospital patients have died after pure water has
accidentally been injected into their blood vessels, because the osmotic pressure is
sufficient to burst the walls of blood cells. _J

Plants use osmotic pressure to achieve mechanical stability in the following way.
A plant cell is bounded by a cellulose cell wall that is permeable to most components
of the aqueous solutions that it encounters. A semipermeable cell membrane through
which water, but not solute molecules, can pass is located just inside the cell wall.
When the plant has sufficient water, the cell membrane expands, pushing against the
cell wall, which gives the plant stalk a high rigidity. However, if there is a drought,
the cell membrane is not totally filled with water and it moves away from the cell
wall. As a result, only the cell wall contributes to the rigidity, and plants droop under
these conditions.

Another important application involving osmotic pressure is the desalination of sea-
water using reverse osmosis. Seawater is typically 1.1 molar in NaCl. Equation (9.41)
shows that an osmotic pressure of 27 bar is needed to separate the solvated Na* and C1~
ions from the water. If the seawater side of the membrane is subjected to a pressure greater
than 27 bar, H,O from the seawater will flow through the membrane, resulting in a separa-
tion of pure water from the seawater. This process is called reverse osmosis. The challenge
in carrying out reverse osmosis on the industrial scale needed to provide a coastal city with
potable water is to produce robust membranes that accommodate the necessary flow rates
without getting fouled by algae and also effectively separate the ions from the water. The
mechanism that prevents passage of the ions through suitable membranes is not fully
understood. It is not based on the size of pores within the membrane alone and involves
charged surfaces within the hydrated pores. These membrane-anchored ions repel the
mobile Na*™ and C1~ ions, while allowing the passage of the neutral water molecule.

9 9 Real Solutions Exhibit Deviations
.-/ from Raoult’'s Law

In Sections 9.1 through 9.8, the discussion has been limited to ideal solutions. However, in
general, if two volatile and miscible liquids are combined to form a solution, Raoult’s law
is not obeyed. This is the case because the A—A, B-B, and A-B interactions in a binary
solution of A and B are in general not equal. If the A-B interactions are less (more) attrac-
tive than the A—A and B-B interactions, positive (negative) deviations from Raoult’s law
will be observed. An example of a binary solution with positive deviations from Raoult’s
law is CS,—acetone. Experimental data for this system are shown in Table 9.3 and the
data are plotted in Figure 9.13. How can a thermodynamic framework analogous to that
presented for the ideal solution in Section 9.2 be developed for real solutions? This issue is
addressed throughout the rest of this chapter.

Figure 9.13 shows that the partial and total pressures above a real solution can dif-
fer substantially from the behavior predicted by Raoult’s law. Another way that ideal
and real solutions differ is that the set of equations denoted in Equation (9.8), which
describes the change in volume, entropy, enthalpy, and Gibbs energy that results from
mixing, are not applicable to real solutions. For real solutions, these equations can only
be written in a much less explicit form. Assuming that A and B are miscible,

AG ixing < 0

AS ixing > 0

AVmixmg # 0

AH yizing # 0 9.42)
Whereas AG,jxing < 0and AS,,;yi,e > 0 always hold for miscible liquids, AV ;xing

and AH i, can be positive or negative, depending on the nature of the A-B interac-
tion in the solution.
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TABLE 9.3 Partial and Total Pressures above a CS,-Acetone Solution

Xcs,

0.0624
0.0670
0.0711
0.1212
0.1330
0.1857
0.1991
0.2085
0.2761
0.2869
0.3502
0.3551
0.4058
0.4141
0.4474
0.4530
0.4933

Pcs,
(Torr)
0
110.7
119.7
123.1
191.7
206.5
258.4
271.9
283.9
3233
328.7
358.3
361.3
379.6
382.1
390.4
394.2
403.2
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(Torr)
343.8
331.0
327.8
328.8
3135
308.3
295.4
290.6
283.4
275.2
274.2
263.9
262.1
254.5
253.0
250.2
247.6
242.8

Piotal Xcs, Pcs, Pcetone Piotal
(Torr) (Torr) (Torr) (Torr)
343.8 0.4974 404.1 242.1 646.2
441.7 0.5702 419.4 232.6 652.0
447.5 0.5730 420.3 232.2 652.5
451.9 0.6124 426.9 227.0 653.9
505.2 0.6146 427.7 225.9 653.6
514.8 0.6161 428.1 225.5 653.6
553.8 0.6713 438.0 217.0 655.0
562.5 0.6713 437.3 217.6 654.9
567.3 0.7220 446.9 207.7 654.6
598.5 0.7197 447.5 207.1 654.6
602.9 0.8280 464.9 180.2 645.1
622.2 0.9191 490.7 1234 614.1
623.4 0.9242 490.0 120.3 610.3
634.1 0.9350 491.9 109.4 601.3
635.1 0.9407 492.0 103.5 595.5
640.6 0.9549 496.2 85.9 582.1
641.8 0.9620 500.8 73.4 574.2
646.0 0.9692 502.0 62.0 564.0

1 512.3 0 512.3

Source: Zawidski, J. v. Zeitschrift fiir Physikalische Chemie 35 (1900): 129.

As indicated in Equation (9.42), the volume change upon mixing is not generally 0.

Therefore, the volume of a solution will not be given by

as expected for 1 mol of an ideal solution, where V;:,’ 4 and V;,kq, p are the molar volumes of
the pure substances A and B. Figure 9.14 shows AV, = Vi — yideal gor ap
acetone—chloroform solution as a function of X 4jrfor,- Note that AV, can be positive or
negative for this solution, depending on the value of Xcoofor, The deviations from

ideal
Vin

XAV + (1= x0)Vop (9.43)

ideality are small but are clearly evident.

600

P a
o o
o o

w
o
o

Pressure/Torr

200

100

Xcs,
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The data in Table 9.3 are plotted versus
Xcs,- The dashed lines show the expected
behavior if Raoult’s law were obeyed.
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226 CHAPTER 9 Ideal and Real Solutions
The deviation of the volume from ideal behavior can best be understood by defining
g2 04 06 08 1 e concept of partial molar quantities. This concept is illustrated by discussing the
0 [ partial molar volume. The volume of 1 mol of pure water at 25°C is 18.1 cm?.
0,025 However, if 1 mol of water is added to a large volume of an ethanol—\;vater solution with
Xm0 = 0.75, the volume of the solution increases by only 16 cm”. This is the case
o  —0.050 because the local structure around a water molecule in the solution is more compact
(\E) than in pure water. The partial molar volume of a component in a solution is defined as
é -0.075 the volume by which the solution changes if 1 mol of the component is added to such a
38 large volume that the solution composition can be assumed constant. This statement is
< —0.100 expressed mathematically in the following form:
~0125 VP, T, ny, ny) = <8V) (9.44)
ny/)p.r n
—0.150
With this definition, the volume of a binary solution is given
—0.175 _ _
V=mVi(P,T,ny,ny) + nVo(P, T, ny, ny) 9.45)

FIGURE 9.14

Deviations in the volume from the behav-
ior expected for 1 mol of an ideal solution
[Equation (9.43)] are shown for the
acetone—chloroform system as a function
of the mole fraction of chloroform.

FIGURE 9.15

The partial molar volumes of chloroform
(blue curve) and acetone (red curve) in a
chloroform-—acetone binary solution are
shown as a function of Xex1osform-

Note that because the partial molar volumes depend on the concentration of all compo-
nents, the same is true of the total volume.

One can form partial molar quantities for any extensive property of a system (for
example U, H, G, A, and S). Partial molar quantities (other than the chemical potential,
which is the partial molar Gibbs energy) are usually denoted by the appropriate symbol
topped by a horizontal bar. The partial molar volume is a function of P, T, ny, and n,,
and V; can be greater than or less than the molar volume of the pure component.
Therefore, the volume of a solution of two miscible liquids can be greater than or less
than the sum of the volumes of the pure components of the solution. Figure 9.15 shows
data for the partial volumes of acetone and chloroform in an acetone—chloroform
binary solution at 298 K. Note that the changes in the partial molar volumes with
concentration are small, but not negligible.

In Figure 9.15, we can see that V| increases if V, decreases and vice versa. This is
the case because partial molar volumes are related in the same way as the chemical
potentials are related in the Gibbs—Duhem equation [Equation (9.23)]. In terms of the
partial molar volumes, the Gibbs—Duhem equation takes the form

_ _ _ X
X1 dV1 + X2dV2 =0 or dVl = _71

dv, (9.46)
Therefore, as seen in Figure 9.15, if V, changes by an amount dV, over a small concen-
tration interval, V; will change in the opposite direction. The Gibbs—Duhem equation is
applicable to both ideal and real solutions.
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91 O The Ideal Dilute Solution

Although no simple model exists that describes all real solutions, there is a limiting
law that merits further discussion. In this section, we describe the model of the ideal
dilute solution, which provides a useful basis for describing the properties of real
solutions if they are dilute. Just as for an ideal solution, at equilibrium the chemical
potentials of a component in the gas and solution phase of a real solution are equal. As
for an ideal solution, the chemical potential of a component in a real solution can be
separated into two terms, a standard state chemical potential and a term that depends
on the partial pressure.

solution * Pi
M = My + RT In ) (9.47)
P;
Recall that for a pure substance u; (vapor) = u; (liquid) = u; . Because the solution is
not ideal, P; # x; P;.

First consider only the solvent in a dilute binary solution. To arrive at an equation
for w1 that is similar to Equation (9.7) for an ideal solution, we define the dimen-
sionless activity, agjyene, Of the solvent by

P solvent

Asolvent = = (9-48)
P solvent
Note that ag,pens = Xsomen: for an ideal solution. For a nonideal solution, the activity
and the mole fraction are related through the activity coefficient y,,;..;» defined by

Asol
Ysolvent = et (9-49)

Xsolvent

The activity coefficient quantifies the degree to which the solution is nonideal. The activ-
ity plays the same role for a component of a solution that the fugacity plays for a real gas
in expressing deviations from ideal behavior. In both cases, ideal behavior is observed in
the appropriate limit, namely, P — 0 for the gas, and x,,;,,, — O for the solution. To the
extent that there is no atomic-scale model that tells us how to calculate vy, it should be
regarded as a correction factor that exposes the inadequacy of our model, rather than as a
fundamental quantity. As will be discussed in Chapter 10, there is such an atomic-scale
model for dilute electrolyte solutions.

How is the chemical potential of a component related to its activity? Combining
Equations (9.47) and (9.48), one obtains a relation that holds for all components of a
real solution:

Mlgolution — M; + RT In g; (9.50)

Equation (9.50) is a central equation in describing real solutions. It is the starting point
for the discussion in the rest of this chapter.

The preceding discussion focused on the solvent in a dilute solution. However, the
ideal dilute solution is defined by the conditions x,;,,, — 0 and Xy, — 1. Because
the solvent and solute are considered in different limits, we use different expressions to
relate the mole fraction of a component and the partial pressure of the component
above the solution.

Consider the partial pressure of acetone as a function of xcg, shown in Figure 9.16.
Although Raoult’s law is not obeyed over the whole concentration range, it is obeyed in
the limit that X,ceone — 1 and xcg, — 0. In this limit, the average acetone molecule at
the surface of the solution is surrounded by acetone molecules. Therefore, to a good
approximation, Pueerone = Xacetone P eotone S Xacerone — 1. Because the majority
species is defined to be the solvent, we see that Raoult’s law is obeyed for the solvent in
a dilute solution. This limiting behavior is also observed for CS, in the limit in which it
is the solvent, as seen in Figure 9.13.

Consider the opposite limit in which X,.;0ne — 0. In this case, the average acetone
molecule at the surface of the solution is surrounded by CS, molecules. Therefore, the
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228 CHAPTER 9 Ideal and Real Solutions

FIGURE 9.16

The partial pressure of acetone from
Table 9.3 is plotted as a function of xcg,.
Note that the P,..;yn. follows Raoult’s
law as xcg, — 0, and Henry’s law as
xcs, — 1.

300 Pacetone

200

Pressure/Torr

100

Xcs,

molecule experiences very different interactions with its neighbors than if it were
surrounded by acetone molecules. For this reason, Puceione # Xacetone PZcewne as
Xacetone —> 0. However, it is apparent from Figure 9.16 that P,,;,,. also varies linearly
With X,ce0ne 10 this limit. This behavior is described by the following equation:

— acetone
Pacetone - xacetone kH as xacetone - 0 (9'51)

This relationship is known as Henry’s law, and the constant kg is known as the
Henry’s law constant. The value of the constant depends on the nature of the solute
and solvent and quantifies the degree to which deviations from Raoult’s law occur. As
the solution approaches ideal behavior, kb — P;. For the data shown in Figure 9.13,
k552 = 1750 Torr and k4§°™ = 1950 Torr. Note that these values are substantially
greater than the vapor pressures of the pure substances, which are 512.3 and 343.8 Torr,
respectively. The Henry’s law constants are less than the vapor pressures of the pure
substances if the system exhibits negative deviations from Raoult’s law. Henry’s law

constants for aqueous solutions are listed for a number of solutes in Table 9.4.

Based on these results, the ideal dilute solution is defined. An ideal dilute
solution is a solution in which the solvent is described using Raoult’s law and the
solute is described using Henry’s law. As shown by the data in Figure 9.13, the partial
pressures above the CS,—acetone mixture are consistent with this model in either of
two limits, Xgcerone = 1 01 xcg, — 1. In the first of these limits, we consider acetone to
be the solvent and CS, to be the solute. Acetone is the solute and CS, is the solvent in
the second limit.

TABLE 9.4 Henry's Law Constants for Aqueous Solutions Near 298 K

Substance kg (Torr) kg (bar)

Ar 2.80 X 107 3.72 x 10*
C,Hg 230 X 107 3.06 X 10*
CH,4 3.07 X 107 4.08 x 10*
Cco 4.40 X 10° 584 x 10°
Co, 1.24 x 10° 1.65 X 10°
H,S 427 X 10° 5.68 X 102
He 1.12 x 108 1.49 x 10°
N, 6.80 X 107 9.04 x 10*
0, 3.27 X 107 4.95 x 10*

Source: Alberty, R. A., and Silbey, R. S. Physical Chemistry. New York: John Wiley & Sons, 1992.
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9.11 ACTIVITIES ARE DEFINED WITH RESPECT TO STANDARD STATES

9 'I Activities Are Defined with Respect
. to Standard States

The ideal dilute solution model’s predictions that Raoult’s law is obeyed for the solvent
and Henry’s law is obeyed for the solute are not valid over a wide range of concentration.
The concept of the activity coefficient introduced in Section 9.10 is used to quantify these
deviations. In doing so, it is useful to define the activities in such a way that the solution
approaches ideal behavior in the limit of interest, which is generally x4, — 0, or x4 — 1.
With this choice, the activity approaches the concentration, and it is reasonable to set the
activity coefficient equal to 1. Specifically, a; — x; as x; — 1 for the solvent, and a; — x;
as x; — 0O for the solute. The reason for this choice is that numerical values for activity
coefficients are generally not known. Choosing the standard state as described earlier
ensures that the concentration (divided by the unit concentration to make it dimension-
less), which is easily measured, is a good approximation to the activity.

In Section 9.10 the activity and activity coefficient for the solvent in a dilute solu-
tion (Xgo/mens —> 1) were defined by the relations

_ Pi _ a;
a= oo and y =2 (9.52)

i l

As shown in Figure 9.13, the activity approaches unity as Xy, — 1. We refer to an
activity calculated using Equation (9.52) as being based on a Raoult’s law standard
state. The standard state chemical potential based on Raoult’s 1aw is typjpens» Which is
the chemical potential of the pure solvent.

However, this definition of the activity and choice of a standard state is not optimal for
the solute at a low concentration, because the solute obeys Henry’s law rather than Raoult’s
law and, therefore, the activity coefficient will differ appreciably from one. In this case,

k;?lute Xsolut

solution _  * solute _ *xp

Msolure = Msolure T RT 1I1*7 = Wsolute T RT In Xsolute 48 xsalute_)o (9'53)
solute

The standard state chemical potential is the value of the chemical potential when
x; = 1. We see that the Henry’s law standard state chemical potential is given by

sﬁ)lute
£J24 _ *
Mesolute = Msolute T RT In * (9.54)

solute

The activity and activity coefficient based on Henry’s law are defined, respectively, by

PlH a;
caandy = (9.55)

i i

a; =

We note that Henry’s law is still obeyed for a solute that has such a small vapor pres-
sure that we refer to it as a nonvolatile solute.

The Henry’s law standard state is a state in which the pure solute has a vapor
pressure Kp_soure rather than its actual value Pionue- It is a hypothetical state that does
not exist. Recall that the value kp ¢,y is Obtained by extrapolation from the low
coverage range in which Henry’s law is obeyed. Although this definition may seem
peculiar, only in this way can we ensure that ag,use = Xsomre a0d Vgouze —> 1 as
Xsomze —> 0. We reiterate the reason for this choice. If the preceding conditions are satis-
fied, the concentration (divided by the unit concentration to make it dimensionless) is,
to a good approximation, equal to the activity. Therefore, equilibrium constants for reac-
tions in solution can be calculated without having numerical values for activity coeffi-
cients. We emphasize the difference in the Raoult’s law and Henry’s law standard states
because it is the standard state chemical potentials gy and s, that are used to
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230 CHAPTER 9 Ideal and Real Solutions

CS, activity (RL)

calculate AG®° and the thermodynamic equilibrium constant K. Different choices for
standard states will result in different numerical values for K. The standard chemical
potential Mjﬁute refers to the hypothetical standard state in which x,,;,,. = 1, and each
solute species is in an environment characteristic of the infinitely dilute solution.

We now consider a less well-defined situation. For solutions in which the compo-
nents are miscible in all proportions, such as the CS,—acetone system, either a Raoult’s
law or a Henry’s law standard state can be defined, as we show with sample calcula-
tions in Example Problems 9.8 and 9.9. This is the case because there is no unique
choice for the standard state over the entire concentration range in such a system.
Numerical values for the activities and activity coefficients will differ, depending on
whether the Raoult’s law or the Henry’s law standard state is used.

| EXAMPLE PROBLEM 9.8

Calculate the activity and activity coefficient for CS, at x¢g, = 0.3502 using data from
Table 9.3. Assume a Raoult’s law standard state.

Solution

Pcs,  358.3 Torr
PZSZ 512.3 Torr

R
acs 0.6994
R _ 2 _ _
= = = 1.997 I
Ve T s, T 03502

The activity and activity coefficients for CS, are concentration dependent. Results
calculated as in Example Problem 9.8 using a Raoult’s law standard state are shown in
Figure 9.17 as a function of xcg,. For this solution, ygsz > 1 for all values of the
concentration for which xcg, < 1. Note that y(’§32—>1 as xcg,— 1 as the model
requires. The activity and activity coefficients for CS, using a Henry’s law standard
state are shown in Figure 9.18 as a function of xcg,. For this solution, ygsz < 1 for all
values of the concentration for which xcg, > 0. Note that 'ygsz — 1 as xcg, = 0 as the
model requires. Which of these two possible standard states should be chosen? There is

ads, = = 0.6994

TT T[T T T[T T T[T T [TTTI]

0 02 04 06

Xcs,

Activity coefficient CS, (RL)

0.8 1 @agoodanswer to this question only in the limits xcg, — 0 or xcg, — 1. For intermedi-
ate concentrations, either standard state can be used.

| EXAMPLE PROBLEM 9.9

Calculate the activity and activity coefficient for CS, at x¢g, = 0.3502 using data from
Table 9.3. Assume a Henry’s law standard state.

Solution

" Pcg, 3583 Torr
a = =
2" kycs, 1750 Torr

= acs, 0204 _ 0584
27 xes, 03502 I

The Henry’s law standard state just discussed is defined with respect to concentra-

= 0.204

TTTTTTTIT I T OOTO T tion measured in units of the mole fraction. This is not a particularly convenient scale,

0 02 04 06
Xcs,

FIGURE 9.17

08 1 andeither the molarity or molality concentration scales are generally used in laboratory

experiments. The mole fraction of the solute can be converted to the molality scale by
dividing the first expression in Equation (9.56) by 14 Morvent:

The activity and activity coefficient for

CS, in a CS,—acetone solution based on a Xgolute = solute = solute (9.56)
Raoult’s law standard state are shown as a Nsolvent T Msolute # + my,

. t
function of Xcs, M o1vent sotute
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9.11 ACTIVITIES ARE DEFINED WITH RESPECT TO STANDARD STATES 231

where my,,,;. s the molality of the solute, and M., is the molar mass of the solvent in 0.25 -
kg mol~!. We see that m,,,,, — Xsotute] M sorvent @8 Xsomze —> 0. Using molality as the ]
concentration unit, the activity and activity coefficient of the solute are defined by

0.20
. P . — -
molality _ solute . molalit - ]
solute © = molality with  dighuse” = Mgoure 8 Myopre =0 and  (9.57) Iz 4
ki > 0.15
mzl)lulily é £
i 1 . i J
Victire” = — 25— with i =1 as mygpe =0 ©9.58) & 3
Molute o' 0.10

(@]

The Henry’s law constants and activity coefficients determined on the mole fraction scale ]
must be recalculated to describe a solution characterized by its molality or molarity. 0.05
Example Problem 9.10 shows the conversion from mole fraction to molarity; similar con- ]
versions can be made if the concentration of the solution is expressed in terms of molality. L
What is the standard state if concentrations rather than mole fractions are used? The 0 02 04 06 08 1
standard state in this case is the hypothetical state in which Henry’s law is obeyed by a Xcs,
solution that is 1.0 molar (or 1.0 molal) in the solute concentration. It is a hypothetical
state because at this concentration, substantial deviations from Henry’s law will be
observed. Although this definition may seem peculiar at first reading, only in this way
can we ensure that the activity becomes equal to the molarity (or molality), and the
activity coefficient approaches 1, as the solute concentration approaches 0.

| EXAMPLE PROBLEM 9.10

a. Derive a general equation, valid for dilute solutions, relating the Henry’s law
constants for the solute on the mole fraction and molarity scales.

Activity coefficent CS, (HL)

b. Determine the Henry’s law constants for acetone on the molarity scale. Use
the results for the Henry’s law constants on the mole fraction scale cited in
Section 9.10. The density of acetone is 789.9 g L

1

111

llllllllllllllllllll

Solution 0 02 04 06 08 1

a. We use the symbol ¢, to designate the solute molarity, and c° to indicate Xcs

a 1 molar concentration. FIGURE 9.18

dpP _dP dXgopue The activity and activity coefficient for
Csol T dx Csol CS, in a CS,—acetone solution based on a
d <S00m) solute g (SO;”E) Henry’s law standard state are shown as a
c c

function of xcg,.
To evaluate this equation, we must determine

d-xmlute
d(csol:te>
C
_ Nyolute - Ngolute NsotuteM sotvent _ M sorvent
Xsolute = + ~ - v = Csolute
Nsolute Nsolvent Ngolvent solution Psolution Psolution
Therefore,
dP _ COMsolvent dP
Csolute Psolution dxsolute
d o
C
dP 1 mol L™ X 58.08 g mol ™!
b. = = X 1950 Torr = 143.4 Torr
Csolute 789.9 g L
d o
C

The colligative properties discussed for an ideal solution in Sections 9.7 and 9.8
refer to the properties of the solvent in a dilute solution. The Raoult’s law standard state
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CHAPTER 9 Ideal and Real Solutions

applies to this case and in an ideal dilute solution, Equations (9.33), (9.35) and (9.41)
can be used with activities replacing concentrations:

ATf = _Kf YMsolute
ATy = Kpymgouze
™ = ycsoluteRT (9-59)

The activity coefficients are defined with respect to molality for the boiling point
elevation AT, and freezing point depression AT ;, and with respect to molarity for the
osmotic pressure 7. Equations (9.59) provide a useful way to determine activity
coefficients as shown in Example Problem 9.11.

| EXAMPLE PROBLEM 9.11

In 500. g of water, 24.0 g of a nonvolatile solute of molecular weight 241 g mol ™ is
dissolved. The observed freezing point depression is 0.359°C. Calculate the activity
coefficient of the solute.

Solution
A ATf

T,=—K;ym ; = -

f f YMsolutes 7Y Kf Moute

0.359 K
y = 240 = 0.969
1.86 K kg mol ! X ——————mol kg™
241 X 0.500

9 'I Henry’s Law and the Solubility
. of Gases in a Solvent

The ideal dilute solution model can be applied to the solubility of gases in liquid sol-
vents. An example for this type of solution equilibrium is the amount of N, absorbed by
water at sea level, which is considered in Example Problem 9.12. In this case, one of
the components of the solution is a liquid and the other is a gas. The equilibrium of
interest between the solution and the vapor phase is

_

N,(aqueous) N,(vapor) (9.60)

The chemical potential of the dissolved N, is given by

solution _
2

M}kvlj(vapor) + RT In Asolute (9.61)

In this case, a Henry’s law standard state is the appropriate choice because the nitrogen
is sparingly soluble in water. The mole fraction of N in solution, xy,, is given by

N, N,
Xy, = ~ (9.62)
ny, ¥ ig,o  NH,0

The amount of dissolved gas is given by

Py,

—= (9.63)
k2

nNy, = NH,0XN, = 'H,0

Example Problem 9.12 shows how Equation (9.63) is used to model the dissolution of a
gas in a liquid.
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9.13 CHEMICAL EQUILIBRIUM IN SOLUTIONS

| EXAMPLE PROBLEM 9.12

The average human with a body weight of 70. kg has a blood volume of 5.00 L. The
Henry’s law constant for the solubility of N in H,O is 9.04 X 10* bar at 298 K.
Assume that this is also the value of the Henry’s law constant for blood and that the
density of blood is 1.00 kg L™".

a. Calculate the number of moles of nitrogen absorbed in this amount of blood in
air of composition 80.% N, at sea level, where the pressure is 1 bar, and at a
pressure of 50. bar.

b. Assume that a diver accustomed to breathing compressed air at a pressure of
50. bar is suddenly brought to sea level. What volume of N, gas is released as
bubbles in the diver’s bloodstream?

Solution

j— PN2
nN, = ng,o k??

50 X 10%g o 080 bar
1802 gmol™"  9.04 X 10* bar

2.5 X 1073 mol at 1 bar total pressure

At 50. bar, ny, = 50. X 2.5 X 10 mol = 0.13 mol.

nRT
b. V=
P
~ (0.13mol — 2.5 X 1072 mol) X 8.314 X 102 L bar mol ' K™! x 300. K
- 1.00 bar
=32L

The symptoms induced by the release of air into the bloodstream are known to divers
as the bends. The volume of N, just calculated is far more than is needed to cause the
formation of arterial blocks due to gas-bubble embolisms.

91 3 Chemical Equilibrium in Solutions

The concept of activity can be used to express the thermodynamic equilibrium constant
in terms of activities for real solutions. Consider a reaction between solutes in a solu-
tion. At equilibrium, the following relation must hold:

( S j(solution)> =0 (9.64)
7

equilibrium

where the subscript states that the individual chemical potentials must be evaluated under
equilibrium conditions. Each of the chemical potentials in Equation (9.64) can be expressed
in terms of a standard state chemical potential and a concentration-dependent term. Assume
a Henry’s law standard state for each solute. Equation (9.64) then takes the form

> vju;(solution) + RT > In(af?)"i = 0 (9.65)
J J

Using the relation between the Gibbs energy and the chemical potential, the previous
equation can be written in the form

AGS,action = —RT 2 In(af9)’ = —RT In K (9.66)

wWw.Ebook777.com

233


http://www.ebook777.com

234

Free ebooks ==> www.Ebook777.com

CHAPTER 9 Ideal and Real Solutions

The equilibrium constant in terms of activities is given by

CaNYj
K = ](af?)" = H(qu)”f(c’o> (9.67)

; c
where the symbol IT indicates that the terms following the symbol are multiplied with
one another. It can be viewed as a generalization of Kp, defined in Equation (6.60) and
can be applied to equilibria involving gases, liquids, dissolved species, and solids. For
gases, the fugacities divided by f° (see Section 7.5) are the activities.

To obtain a numerical value for K, the standard state Gibbs reaction energy AG% must
be known. As for gas-phase reactions, the AG% must be determined experimentally. This
can be done by measuring the individual activities of the species in solution and calculat-
ing K from these results. After a series of AG} for different reactions has been deter-
mined, they can be combined to calculate the AG% for other reactions, as discussed for
reaction enthalpies in Chapter 4. Because of the significant interactions between the
solutes and the solvent, K values depend on the nature of the solvent, and for electrolyte
solutions to be discussed in Chapter 10, they additionally depend on the ionic strength.

An equilibrium constant in terms of molarities or molalities can also be defined start-
ing from Equation (9.67) and setting all activity coefficients equal to 1. This is most
appropriate for a dilute solution of a nonelectrolyte, using a Henry’s law standard state:

c¢1\Vij cieq vj
K = Ty () ~ H( ) (9.68)

1
c’ S\ c
| EXAMPLE PROBLEM 9.13

a. Write the equilibrium constant for the reaction N»(ag, m) =—— Nj(g, P) in
terms of activities at 25°C, where m is the molality of Ny(aq).

b. By making suitable approximations, convert the equilibrium constant of part (a)
into one in terms of pressure and molality only.

Solution

VNz,gP
oy U5)
< ) B YNy,aq ™M

a. K = H(af‘i)”f = H(,y;?q)vj

1 1

()
‘YNz,g PO

YNsag (m)
mO
b. Using a Henry’s law standard state for dissolved Ny, yy, o4 = 1, because the

concentration is very low. Similarly, because N, behaves like an ideal gas up to
quite high pressures at 25°C, yy, o = 1. Therefore,

(%)
()

Note that in this case, the equilibrium constant is simply the Henry’s law constant in I

CO

K =~

terms of molality.

The numerical values for the dimensionless thermodynamic equilibrium constant
depend on the choice of the standard states for the components involved in the reaction.
The same is true for AG% . Therefore, it is essential to know which standard state has
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9.13 CHEMICAL EQUILIBRIUM IN SOLUTIONS 235

been assumed before an equilibrium constant is used. The activity coefficients of most
neutral solutes are close to 1 with the appropriate choice of standard state. Therefore,
example calculations of chemical equilibrium using activities will be deferred until
electrolyte solutions are discussed in Chapter 10. For such solutions, vy, differs sub-
stantially from 1, even for dilute solutions.

An important example of equilibrium processes in solution is the physical
interaction of a molecule with a binding site. Such binding equilibria processes are
ubiquitous in chemistry, being central to the function of oxygen transport proteins such
as hemoglobin or myoglobin, the action of enzymes, and the adsorption of molecules to
surfaces. All of these processes involve an equilibrium between the free molecule (R)
and the molecule absorbed or “bound” to another species (protein, solid, etc.) contain-
ing a binding site (M). In the limit where there is a single binding site per species, the
equilibrium can be written as

R+ M — RM 9.69)

The equilibrium constant for this reaction in terms of the concentrations of the species
of interest is

K= RM__ (9.70)
CR X CM

(It is common in biochemistry that K is expressed in terms of concentrations, and there-
fore has units.) Assuming that there is a single binding site for the molecule, then the
average number of bound molecules per species (V) is given by

y= CRM__ 9.71)

Cym + CRM

Expressing this fraction in terms of the equilibrium constant yields

_ _ CRm (1/(CRCM)> _ K _ Keg ©.72)
v eyt crm \1/(crem) l/cR + K 1+ Kcp ’
This expression demonstrates that ¥ depends on both the molecular concentration and
the value of the equilibrium constant. The variation of v with cg for different values of
K are presented in Figure 9.19. With an increase in K (consistent with the bound form
of the molecule being lower in Gibbs energy relative to the free form), the average
number of bound molecules per species approaches unity (that is, the binding sites are
completely occupied) even at low values of cg.

The previous development was limited to the existence of a single molecular
binding site; however, what species absorbing the molecules has more than one
binding site? Two issues must be considered to address this case. First, binding to
one site may have an effect on binding at other sites, and this effect is important in
the binding of oxygen to hemoglobin. However, in this development we restrict our-
selves to independent site binding where the binding at one site has no effect on
binding to other sites. In this case the average number of molecules bound to a spe-
cific site (i) is

_ Kicg
Vi =

= 9.73
1+ KiCR ( )

If there are N binding sites, then the average number of molecules adsorbed per species
is simply the sum of the average values for each specific binding site:

N Kicg

N
= S35 =3 DR (9.74)
121 A+ Kieg
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FIGURE 9.19

The average number of bound molecules
per species v is plotted against the concen-
tration of free species cg for K values of 5,
10, 30, and 100.
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500 -

400 —

300 —

NG

200 —

100 —

FIGURE 9.20

Scatchard plot of independent binding for
K =100 and N = 4. Note that the y
intercept is K X N = 400, the slope is
—K = —100, and the x intercept is 4.

The second issue to address is the equivalency of the binding sites. Assuming that all of
the binding sites are equivalent v becomes

N

-3

i=1

KicR o NKCR
1+ KiCR 1+ KCR

9.75)

This expression is almost identical to our previous expression for v for a single binding
site, but with the addition of a factor of N. Therefore, at large values of cy the average
number of bound molecules per species will approach N instead of 1. To determine K
and N for specific binding equilibrium, the expression for v is recast in a linear form
referred to as the Scatchard equation:

. NKCR

Y 1+ KCR

v _
— = —Kv + NK 9.76)
CR

The Scatchard equation demonstrates that a plot of v/cg versus v should yield a straight
line having a slope of —K and a y-intercept of NK from which N can be readily deter-
mined. A Scatchard plot for K = 100 and N = 4 is presented in Figure 9.20.
Deviations from linear behavior in a Scatchard plot can occur if the binding is not
independent or if the binding sites are not equivalent.

| EXAMPLE PROBLEM 9.14

A variety of molecules physically bind to DNA by intercalation or insertion between the
base pairs. The intercalation of chlorobenzylidine (CB) to calf thymus DNA was studied
by circular dichroism spectroscopy [Zhong, W., Yu, J.-S., Liang, Y., Fan, K., and Lai, L.,
Spectrochimica Acta, Part A, 60A (2004): 2985]. Using the following representative bind-
ing data, determine the binding constant (K) and the number of binding sites per base (V).

1.0 2.0 3.0 5.0 10.0

ccp (X10% M)

0.006 0.012 0.018  0.028 0.052

v

Solution

A plot of v/ccp versus v. using binding data provided allows for a determination of
K and N. Using the data, the following Scatchard plot is constructed:

6500

6000

V/Cgg (M~

5500

RN NN EEENE AN AN FE N

5000 T T T T T T T T T T T T
0 0.02
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9.14 SOLUTIONS FORMED FROM PARTIALLY MISCIBLE LIQUIDS

A best fit to a straight line results in a slope of —26,000 M~! and y-intercept
of 6500. Comparison to the Scatchard equation reveals that the slope is equal to
—K so that K = 26,000 M !, In addition, the y-intercept is equal to the product
of N and K; therefore, N = 0.25. This value of N is consistent with a binding site
consisting of four bases, or two base pairs consistent with intercalation between
base pairs. _J

9.1

Two liquids need not be miscible in all proportions. Over a limited range of relative
concentration, a homogeneous solution can be formed, and outside of this range, two
liquid phases separated by a phase boundary can be observed. An example is the water-
phenol system for which a 7—x phase diagram is shown in Figure 9.21. The pressure is
assumed to be sufficiently high that no gas phase is present.

As the phenol concentration increases from 0 at the temperature T, a single liquid
phase of variable composition is formed. However, at x;, the appearance of a second
liquid phase is observed, separated from the first phase by a horizontal boundary with
the denser phase below the less dense phase. If we start with pure phenol and add water
at Ty, separation into two phases is observed at x3. In the phenol-water system, the sol-
ubility increases with temperature so that the extent in x of the two-phase region
decreases with increasing 7, and phase separation is observed only at a single composi-
tion at the upper consolate temperature 7,,.. For T > T ., phenol and water are com-
pletely miscible.

The composition of the two phases in equilibrium at a given temperature is given by
the x values at the ends of the tie line /,/,, and the relative amount of the two phases
present is given by the lever rule:

Solutions Formed from Partially
Miscible Liquids

moles L1 Cll2 X3 — Xp

= 9.77
molesL, al; x; — x ( )

Although less common, liquid-liquid systems are known in which the solubility
decreases as the temperature increases. In this case, a lower consolate temperature is
observed below which the two liquids are completely miscible. An example is the tri-
ethylamine—water system shown in Figure 9.22. The water—nicotine system has both a
lower and upper consolate temperature, and phase separation is only observed between
61°C and 210°C as shown in Figure 9.23.

We next consider solutions of partially miscible liquids at pressures for which a
vapor phase is in equilibrium with one or more liquid phases. The composition of the
vapor for a given value of the average composition of the liquid depends on the relative
values of the upper consolate temperature and the minimum boiling temperature for the
azeotrope. For the system shown in Figure 9.24a, the vapor phase is only present above
the upper consolate temperature. In this case, the vapor and liquid composition is the
same as that described in Section 9.4 for minimum boiling point azeotropes. However,
if the upper consolate temperature lies above the boiling temperature of the minimum
boiling azeotrope, the 7—x diagram shows new features as illustrated for the water—butanol
system in Figure 9.24b.

First, consider the system at point a in the phase diagram corresponding to a single
liquid phase enriched in butanol. If the temperature is increased to 7}, the gas-phase
composition is given by point b. If the vapor of this composition is removed from the
system and cooled to the original temperature 7, it is at point ¢ in the phase diagram,
which corresponds to two liquid phases of composition d and e in equilibrium with the
vapor phase. This system consists of two components and, therefore, FF = 4 — p.

Next, consider heating the liquid described by point f in the two-liquid-phase
region in a piston and cylinder assembly at constant pressure. Vapor first appears
when the temperature is increased to 94°C and has the composition given by point i,
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Tye=
65.85°C

Xphenol

FIGURE 9.21

A T—x phase diagram is shown for the
partially miscible liquids water and phe-
nol. The pressure is held constant at 1 bar.

Loccoooad)my

T°C
m\

18.5

Xtriethylamine

FIGURE 9.22

A T-x phase diagram showing a lower con-
solate temperature is shown for the partially
miscible liquids water and triethylamine.
The pressure is held constant at 1 bar.

210

%
=
61
0 1
Xnicotine
FIGURE 9.23

A T—x phase diagram showing an upper

and lower consolate temperature is shown for
the partially miscible liquids water and nico-
tine. The pressure is held constant at 1 bar.


http://www.ebook777.com

Free ebooks ==> www.Ebook777.com

238 CHAPTER 9 Ideal and Real Solutions

FIGURE 9.24

T—x composition phase diagrams are
shown for partially miscible liquids.

(a) The upper consolate temperature is
lower in temperature than the low boiling
azeotrope. (b) The upper consolate tem-
perature is higher in temperature than the
minimum boiling azeotrope. The pressure
is held constant at 1 bar.

(a)

(b)

FIGURE 9.25

T—x phase diagrams showing solid-liquid
equilibria in a two-component system.
The pressure is held constant at 1 bar.

0 Zg 1
(a) (b) Zhutanol

corresponding to a minimum boiling point azeotrope. The vapor is in equilibrium
with two liquid phases that have the composition given by points g and /. Because
the pressure is constant in Figure 9.24b and p = 3 at point i, the system has zero
degrees of freedom. Distillation of the homogeneous solution results in two separate
liquid phases of fixed composition g and /. As more heat is put into the system, lig-
uid is converted to vapor, but the composition of the two liquid phases and the vapor
phase remains constant as described by points g, &, and i. Because the vapor is
enriched in butanol with respect to the liquid, the butanol-rich phase L, is converted
to vapor before the water-rich phase L;. At the point when the L, phase disappears,
the temperature increases beyond 94°C and the vapor composition changes along the
i-j curve. As the vapor approaches the composition corresponding to j, the entire sys-
tem is converted to vapor and the last drop of Ly, which disappears at 7}, has the com-
position given by point k. Further heat input results in an increase in the temperature
of the vapor with no change in its composition.

Summarizing these changes, heating increases the amount of material in the vapor
phase. As long as the two phases of composition g and % are present, the temperature is
constant and the amount of vapor increases, but its composition is fixed at i. After the
last drop of L, of composition £ boils off, the vapor composition continuously changes
along the curve i-j. As the last drop of L, of composition k evaporates, the vapor com-
position approaches the average composition of the system given by f, j, and [.

91 5 The Solid-Solution Equilibrium

If a dilute liquid solution of B in A is cooled sufficiently, pure solvent A will crystallize
out in a solid phase as discussed in Section 9.7 in connection with the freezing point
depression. Point a in Figure 9.25a represents a solution of composition b in equilib-
rium with pure solid A (point ¢). The relative number of moles of solution and solid can
be found using the lever rule. The temperature 7 at which freezing occurs is given by

1 1 . R1n Xsolvent

T - Tfusion AI_Ifusion

9.78)

where Tj5i0, and AHj,,, are the freezing temperature and enthalpy of fusion of the
pure solvent. 7" is shown schematically as a function of xp in Figure 9.25a, and the
dashed range indicates the region beyond which Equation (9.78) is unlikely to be valid.

The same argument holds for a dilute solution of A in B whereby we have inter-
changed the solvent and solute roles. Therefore, the appropriate phase diagram for all
values of Z, and Zp is that shown in Figure 9.25b. We use the variables Z, and Zp rather
than x4 and xp because the solid is not homogeneous. In Figure 9.25b point a represents
solid B in equilibrium with a solution of composition b, and point ¢ represents pure solid
A in equilibrium with the solution of composition d. Point fis a special point called the
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eutectic point that is the minimum melting point observed in the A—B system. The tem-
perature 7, is called the eutectic temperature (from the Greek, easily melted).

Because the tie line at T, extends across the entire phase diagram, a solution at 7, is
in equilibrium with both pure A (point ¢) and pure B (point g). As more heat is put into
the system, the volume of the solution phase increases but its composition remains con-
stant at Zp until one of the pure solids is completely melted because F = 0.

Eutectic materials are widely used in making plumbing and electrical connections
using a solder. Until the 1980s, copper plumbing components were connected using Pb—Sn
solders but as even small amounts of lead present a health hazard, Pb—Sn solders have
been replaced by lead-free solders which may contain tin, copper, silver, indium, zinc,
antimony, or bismuth. Another important application of eutectic materials is making elec-
trical connections to silicon chips in the microelectronics industry. Gold is deposited onto
the Si surface using masks to establish an appropriate pattern. Subsequently, the chip is
heated to near 400°C. As the temperature increases, gold atoms diffuse rapidly into the
silicon, and a very thin liquid film forms at the interface once enough gold has diffused to
reach the eutectic composition. As more heat is put into the chip, a larger volume of
eutectic alloy is produced, which is ultimately the electrical connection. The Au—Si phase
diagram is shown in Figure 9.26, and it is seen that the eutectic temperature is approxi-
mately 700°C and 950°C below the melting point of pure gold and Si, respectively.

The eutectic mixture is useful in bonding gold to silicon to form an electrical con-
nection. Imagine that gold wire is placed in contact with a Si chip on which Au has
been deposited. If the chip is heated, the eutectic liquid will form before the Si or the
Au melts. Therefore, the eutectic will connect the gold wire to the chip without melting
the Au or the Si.
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The T—x phase diagram is shown for the
gold-silicon system. Note that the eutectic
melting point is much lower than the melt-
ing points of the pure substances Au and
Si. The pressure is constant at 1 bar.

Vocabulary
activity Henry’s law standard state
activity coefficient ideal dilute solution
average composition ideal solution
binding equilibria independent site binding
boiling point elevation lever rule
colligative properties limiting law
eutectic temperature lower and upper consolate temperature
fractional distillation 0smosis
freezing point depression osmotic pressure
Gibbs—Duhem equation partial molar quantities
Henry’s law partial molar volume

Henry’s law constant

pressure—average composition diagram
Raoult’s law

Raoult’s law standard state

Scatchard equation

Scatchard plot

semipermeable membrane

solute

solvent

temperature—composition diagram

tie line

van’t Hoff equation

Conceptual Problems

Q9.1 Why is the magnitude of the boiling point elevation
less than that of the freezing point depression?

Q9.2 Fractional distillation of a particular binary liquid
mixture leaves behind a liquid consisting of both components
in which the composition does not change as the liquid is
boiled off. Is this behavior characteristic of a maximum or a
minimum boiling point azeotrope?

Q9.3 In the description of Figure 9.24b, the following sen-
tence appears: “At the point when the L, phase disappears,
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the temperature increases beyond 94°C and the vapor compo-
sition changes along the i-j curve.” Why does the vapor com-
position change along the i-j curve?

Q9.4 Explain why chemists doing quantitative work using
liquid solutions prefer to express concentration in terms of
molality rather than molarity.

Q9.5 Explain the usefulness of a tie line on a P—Z phase
diagram such as that of Figure 9.4.
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Q9.6 For a pure substance, the liquid and gaseous phases
can only coexist for a single value of the pressure at a given
temperature. Is this also the case for an ideal solution of two
volatile liquids?

Q9.7 Using the differential form of G, dG = V dP — S dT,
show that if AG,jyjne = nRT 2 ;X; In x;, then

AI-Imixing = AVmixing = 0.

Q9.8 What information can be obtained from a tie line in a
P-Z phase diagram?

Q9.9 You boil an ethanol-benzene mixture with X450

= 0.35. What is the composition of the vapor phase that first
appears? What is the composition of the last liquid

left in the vessel?

Q9.10 What can you say about the composition of the solid
below the eutectic temperature in Figure 9.26 on a micro-
scopic scale?

Q9.11 Is a whale likely to get the bends when it dives deep
into the ocean and resurfaces? Answer this question by
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considering the likelihood of a scuba diver getting the bends if
he or she dives and resurfaces on one lung full of air as opposed
to breathing air for a long time at the deepest point of the dive.

Q9.12 Why is the preferred standard state for the solvent in an
ideal dilute solution the Raoult’s law standard state? Why is the
preferred standard state for the solute in an ideal dilute solution
the Henry’s law standard state? Is there a preferred standard
state for the solution in which X/penr = Xsomre = 0.5?

Q9.13 The entropy of two liquids is increased if they mix.
How can immiscibility be explained in terms of thermody-
namic state functions?

Q9.14 Explain why colligative properties depend only on
the concentration and not on the identity of the molecule.
Q9.15 The statement “The boiling point of a typical liquid
mixture can be reduced by approximately 100°C if the pres-
sure is reduced from 760 to 20 Torr” is found in Section 9.4.
What figure(s) in Chapter 9 can you identify to support this
statement in a qualitative sense?

Numerical Problems

Problem numbers in red indicate that the solution to the prob-
lem is given in the Student’s Solutions Manual.

P9.1 Ratcliffe and Chao [Canadian Journal of Chemical
Engineering 47 (1969): 148] obtained the following tabu-
lated results for the variation of the total pressure above a
solution of isopropanol (P} = 1008 Torr) and n-decane

(P> = 483 Torr) as a function of the mole fraction of the
n-decane in the solution and vapor phases. Using these data,
calculate the activity coefficients for both components using
a Raoult’s law standard state.

P (Torr) X 2
942.6 0.1312 0.0243
909.6 0.2040 0.0300
883.3 0.2714 0.0342
868.4 0.3360 0.0362
830.2 0.4425 0.0411
786.8 0.5578 0.0451
758.7 0.6036 0.0489

P9.2 At a given temperature, a nonideal solution of the
volatile components A and B has a vapor pressure of 795 Torr.
For this solution, y4 = 0.375. In addition, x, = 0.310,

P’y = 610 Torr, and Py = 495 Torr. Calculate the activity
and activity coefficient of A and B.

P9.3 Two liquids, A and B, are immiscible for 7 < 75.0°C
and for T > 45.0°C and are completely miscible outside of
this temperature range. Sketch the phase diagram, showing as
much information as you can from these observations.

P9.4 At 350. K, pure toluene and hexane have vapor pres-

sures of 3.57 X 10* Pa and 1.30 X 10° Pa, respectively.

a. Calculate the mole fraction of hexane in the liquid mixture
that boils at 350. K at a pressure of 1 atm.

b. Calculate the mole fraction of hexane in the vapor that is
in equilibrium with the liquid of part (a).

P9.5 The partial molar volumes of water and ethanol in a

solution with xg,0 = 0.45 at 25°C are 17.0 and

57.5 cm® mol ™!, respectively. Calculate the volume change

upon mixing sufficient ethanol with 3.75 mol of water to give

this concentration. The densities of water and ethanol are 0.997

and 0.7893 g cm ™3, respectively, at this temperature.

P9.6 A solution is made up of 222.9 g of ethanol and 130.8 g

of H,0. If the volume of the solution is 403.4 cm® and the

partial molar volume of H,O is 17.0 cm®, what is the partial

molar volume of ethanol under these conditions?

P9.7 The osmotic pressure of an unknown substance is

measured at 298 K. Determine the molecular weight if the

concentration of this substance is 31.2 kg m ™~ and the

osmotic pressure is 5.30 X 10* Pa. The density of the solution

is 997 kg m™>.

P9.8 At 303. K, the vapor pressure of benzene is 120. Torr

and that of hexane is 189 Torr. Calculate the vapor pressure of

a solution for which X0 = 0.28 assuming ideal behavior.

P9.9 An ideal solution is made up of the volatile liquids A

and B, for which P; = 165 Torr and Py = 85.1 Torr. As the

pressure is reduced, the first vapor is observed at a total pres-

sure of 110. Torr. Calculate x4 _

P9.10 At high altitudes, mountain climbers are unable to

absorb a sufficient amount of O, into their bloodstreams to

maintain a high activity level. At a pressure of 1 bar, blood is
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typically 95% saturated with O, but near 18,000 feet where
the pressure is 0.50 bar, the corresponding degree of satura-
tion is 71%. Assuming that the Henry’s law constant for
blood is the same as for water, calculate the amount of O, dis-
solved in 1.00 L of blood for pressures of 1 bar and 0.500 bar.
Air contains 20.99% O, by volume. Assume that the density
of blood is 998 kg m™>.

P9.11 At —47.0°C, the vapor pressure of ethyl bromide is

10.0 Torr and that of ethyl chloride is 40.0 Torr. Assume that

the solution is ideal. Assume there is only a trace of liquid

present and the mole fraction of ethyl chloride in the vapor is

0.80 and answer these questions:

a. What is the total pressure and the mole fraction of ethyl
chloride in the liquid?

b. If there are 5.00 mol of liquid and 3.00 mol of vapor pres-
ent at the same pressure as in part (a), what is the overall
composition of the system?

P9.12 A and B form an ideal solution at 298 K, with

x4 = 0320, P}, = 84.3 Torr, and P = 41.2 Torr.

a. Calculate the partial pressures of A and B in the gas phase.

b. A portion of the gas phase is removed and condensed in a
separate container. Calculate the partial pressures of A and
B in equilibrium with this liquid sample at 298 K.

P9.13 Describe what you would observe if you heated the

liquid mixture at the composition corresponding to point i in

Figure 9.24b from a temperature below 7, to 118°C.

P9.14 The heat of fusion of water is 6.008 X 10° J mol ! at

its normal melting point of 273.15 K. Calculate the freezing

point depression constant Kp.

P9.15 At 39.9°C, a solution of ethanol (x; = 0.9006, PT =
130.4 Torr) and isooctane (P; = 43.9 Torr) forms a vapor
phase with y; = 0.6667 at a total pressure of 185.9 Torr.
a. Calculate the activity and activity coefficient of each
component.
b. Calculate the total pressure that the solution would have if
it were ideal.
P9.16 Calculate the solubility of H,S in 1 L of water if its
pressure above the solution is 2.75 bar. The density of water
at this temperature is 997 kg m .
P9.17 The binding of NADH to human liver mitochondrial
isozyme was studied [Biochemistry 28 (1989): 5367] and it
was determined that only a single binding site is present with
K = 2.0 X 10’ M"!. What concentration of NADH is
required to occupy 10% of the binding sites?
P9.18 Given the vapor pressures of the pure liquids and the
overall composition of the system, what are the upper and
lower limits of pressure between which liquid and vapor
coexist in an ideal solution?
P9.19 A and B form an ideal solution. At a total pressure of
0.720 bar, y4, = 0.510 and x4 = 0.420. Using this informa-
tion, calculate the vapor pressure of pure A and of pure B.
P9.20 The partial pressures of Br, above a solution containing
CCly as the solvent at 25°C are found to have the values listed in
the following table as a function of the mole fraction of Br, in
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the solution [Lewis G. N., and Storch, H. J. American Chemical
Society 39 (1917): 2544]. Use these data and a graphical method
to determine the Henry’s law constant for Br, in CCly at 25°C.

XBr, P (Torr) XBr, P (Torr)
0.00394 1.52 0.0130 543
0.00420 1.60 0.0236 9.57
0.00599 2.39 0.0238 9.83
0.0102 4.27 0.0250 10.27

P9.21 The data from Problem P9.20 can be expressed in
terms of the molality rather than the mole fraction of Br,. Use
the data from the following table and a graphical method to
determine the Henry’s law constant for Br, in CCly at 25°C in
terms of molality.

mp,., P (Torr) mp,., P (Torr)
0.026 1.52 0.086 543
0.028 1.60 0.157 9.57
0.039 2.39 0.158 9.83
0.067 4.27 0.167 10.27

P9.22 The densities of pure water and ethanol are 997

and 789 kg m, respectively. For X,/54,01 = 0.35, the

partial molar volumes of ethanol and water are 55.2 and

17.8 X 1073 L mol !, respectively. Calculate the change in
volume relative to the pure components when 2.50 L of a
solution with X,;54n0 = 0.35 is prepared.

P9.23 Two liquids, A and B, are immiscible for x4 = xp

= 0.5, for T < 75.0°C and completely miscible for

T > 75.0°C. Sketch the phase diagram, showing as much
information as you can from these observations.

P9.24  An ideal solution is formed by mixing liquids A and
B at 298 K. The vapor pressure of pure A is 151 Torr and that
of pure B is 84.3 Torr. If the mole fraction of A in the vapor is
0.610, what is the mole fraction of A in the solution?

P9.25 A solution is prepared by dissolving 45.2 g of a non-
volatile solute in 119 g of water. The vapor pressure above the
solution is 22.51 Torr and the vapor pressure of pure water is
23.76 Torr at this temperature. What is the molecular weight
of the solute?

P9.26 A sample of glucose (C¢H|,Og) of mass 13.2 g is
placed in a test tube of radius 1.25 cm. The bottom of the test
tube is a membrane that is semipermeable to water. The tube
is partially immersed in a beaker of water at 298 K so that the
bottom of the test tube is only slightly below the level of the
water in the beaker. The density of water at this temperature
is 997 kg m™>. After equilibrium is reached, how high is the
water level of the water in the tube above that in the beaker?
What is the value of the osmotic pressure? You may find the
approximation In (1/(1 + x)) ~ —x useful.
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P9.27 A volume of 5.50 L of air is bubbled through liquid
toluene at 298 K, thus reducing the mass of toluene in the
beaker by 2.38 g. Assuming that the air emerging from the
beaker is saturated with toluene, determine the vapor pressure
of toluene at this temperature.

P9.28  The vapor pressures of 1-bromobutane and
1-chlorobutane can be expressed in the form

P 1584.8
In 22" — 17,076 —
Pa T
= 11188
K
and
P 2688.1
ln$ = 20612 — ———
= 55725
K

Assuming ideal solution behavior, calculate x;,,,,, and Yp,omo
at 305 K and a total pressure of 9750. Pa.

P9.29 In an ideal solution of A and B, 3.00 mol are in the
liquid phase and 5.00 mol are in the gaseous phase. The
overall composition of the system is Z, = 0.375 and

x4 = 0.250. Calculate yg.

P9.30 Assume that 1-bromobutane and 1-chlorobutane form
an ideal solution. At 273 K, Ppyoro = 3790 Pa and

Plromo = 1394 Pa. When only a trace of liquid is present at
273 K, Yenioro = 0.750.

a. Calculate the total pressure above the solution.
b. Calculate the mole fraction of 1-chlorobutane in the solution.

c. What value would Z_,,,, have in order for there to be
4.86 mol of liquid and 3.21 mol of gas at a total pressure
equal to that in part (a)? [Note: This composition is dif-
ferent from that of part (a).]

P9.31 DNA is capable of forming complex helical structures.

An unusual triple-helix structure of poly(dA).2poly(dT) DNA

was studied by P. V. Scaria and R. H. Shafer [Journal of

Biological Chemistry 266 (1991): 5417] where the intercalation

of ethidium bromide was studied using UV absorption and

circular dichroism spectroscopy. The following representative
data were obtained using the results of this study:

cgn (M) 063 17 50 100 147
v 0.00683 0.01675 0.0388 0.0590 0.0705

Using the data, determine K and N for the binding of ethidium
bromide to the DNA triple-helical structure.
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P9.32 Calculate the activity and activity coefficient for CS,
at xcg, = 0.722 using the data in Table 9.3 for both a Raoult’s
law and a Henry’s law standard state.

P9.33  The dissolution of 7.75 g of a substance in 825 g of
benzene at 298 K raises the boiling point by 0.575°C. Note
that K; = 512 K kg mol !, K;, = 2.53 K kg mol ', and the

density of benzene is 876.6 kg m3. Calculate the freezing
point depression, the ratio of the vapor pressure above the
solution to that of the pure solvent, the osmotic pressure,
and the molecular weight of the solute. Pzenzene = 103 Torr
at 298 K.

P9.34 Describe what you would observe if you heated the
solid at the composition 40. atomic percent Si in Figure 9.26
from 300.°C to 1300.°C.

P9.35 An ideal dilute solution is formed by dissolving the
solute A in the solvent B. Write expressions equivalent to
Equations (9.9) through (9.13) for this case.

P9.36 Describe the changes you would observe as the
temperature of a mixture of phenol and water at point a in
Figure 9.21 is increased until the system is at point a’. How
does the relative amount of separate phases of phenol and
water change along this path?

P9.37 Describe the changes you would observe as the tem-
perature of a mixture of triethylamine and water at point a in
Figure 9.22 is increased until the system is at point a". How
does the relative amount of separate phases of triethylamine
and water change along this path?

P9.38 Describe the changes in a beaker containing

water and butanol that you would observe along the

path @ — b — ¢ in Figure 19.24b. How would you calcu-
late the relative amounts of different phases present along
the path?

P9.39 Describe the changes in a beaker containing water
and butanol that you would observe along the path f — j —i
in Figure 19.24b. How would you calculate the relative
amounts of different phases present along the path?

P9.40 Describe the changes in a beaker containing water
and butanol that you would observe along the path

f — j— k in Figure 19.24b. How would you calculate

the relative amounts of different phases present along

the path?

P9.41 Describe the system at points « and ¢ in Figure 19.25b.
How would you calculate the relative amounts of different
phases present at these points?
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Electrolyte Solutions

E lectrolyte solutions are quite different from the ideal and real solu-
tions of neutral solutes discussed in Chapter 9. The fundamental reason
for this difference is that solutes in electrolyte solutions exist as solvated
positive and negative ions. In Chapter 4, the formation enthalpy and
Gibbs energy of a pure element in its standard state at 1 bar of pressure
were set equal to zero. These assumptions allow the formation enthalpies
and Gibbs energies of compounds to be calculated using the results of
thermochemical experiments. In electrolyte solutions, an additional
assumption, AG¢(H*, aq) = 0, is made to allow the formation enthalpies,
Gibbs energies, and entropies of individual ions to be determined. Why
are electrolyte and nonelectrolyte solutions so different? The Coulomb
interactions between ions in an electrolyte solution are of much longer
range than the interactions between neutral solutes. For this reason, elec-
trolyte solutions deviate from ideal behavior at much lower concentra-
tions than do solutions of neutral solutes. Although a formula unit of an
electrolyte dissociates into positive and negative ions, only the mean
activity and activity coefficient of the ions produced is accessible through
experiments. The Debye-Hiickel limiting law provides a useful way to cal-

culate activity coefficients for dilute electrolyte solutions.

10.

In this chapter, substances called electrolytes, which dissociate into positively and neg-
atively charged mobile solvated ions when dissolved in an appropriate solvent, are dis-
cussed. Consider the following overall reaction in water:

1/2 Hy(g) + 1/2Cly(g) = H(ag) + Cl (agq)

The Enthalpy, Entropy, and Gibbs
Energy of lon Formation in Solutions

(10.1)

in which H* (ag) and Cl™ (aq) represent mobile solvated ions. Although similar in
structure, Equation (10.1) represents a reaction that is quite different than the gas-phase
dissociation of an HCI molecule to give H+(g) and C1™ (g). For the reaction in solution,
AHRis—-167.2kJ mol~!. The shorthand notation H (ag) and C1~ (aq) refers to positive
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CHAPTER 10 Electrolyte Solutions

and negative ions as well as their associated hydration shell. The solvation shell is
essential in lowering the energy of the ions, thereby making the previous reaction
spontaneous. Although energy flow into the system is required to dissociate and ionize
hydrogen and chlorine, even more energy is gained in the reorientation of the dipolar
water molecules around the ions in the solvation shell. Therefore, the reaction is
exothermic.

The standard state enthalpy for this reaction can be written in terms of forma-
tion enthalpies:

AH% = AHY¥H",aq) + AH}(Cl™,aq) (10.2)

There is no contribution of Hy(g) and Cly(g) to AH} in Equation (10.2) because AH%
for a pure element in its standard state is zero.

Unfortunately, no direct calorimetric experiment can measure only the heat of for-
mation of the solvated anion or cation. This is the case because the solution remains
electrically neutral; any dissociation reaction of a neutral solute must produce both
anions and cations. As we have seen in Chapter 4, tabulated values of formation
enthalpies, entropies, and Gibbs energies for various chemical species are very useful.
How can this information be obtained for individual solvated cations and anions?

The discussion in the rest of this chapter is restricted to aqueous solutions, for which
water is the solvent, but can be generalized to other solvents. Values of thermodynamic
functions for anions and cations in aqueous solutions can be obtained by making an
appropriate choice for the zero of AH%, AG§, and S7,. By convention, the formation
Gibbs energy for H" (aq) at unit activity is set equal to zero at all temperatures:

AG}H",aq) = 0 forall T (10.3)
With this choice,
IAGH(H",aq)
S¥(H",aq) = —( =0 and
#( ) pre )
AH$(H",aq) = AG}(H",aq) + TS;(H",aq) = 0 (10.4)

Using the convention of Equation (10.3), which has the consequences shown in
Equation (10.4), the values of AH%, AGY%, and Sj, for an individual ion can be assigned
numerical values, as shown next.

As discussed earlier, AH% for the reaction 1/2Hy(g) + 1/2 Cly(g) —
H"(ag) + Cl (ag) can be directly measured. The value of AG% can be determined

from AG% = —RT In K by measuring the degree of dissociation in the reaction, using
the solution conductivity, and AS% can be determined from the relation
AH%—AG%
ASp ===

Using the conventions stated in Equations (10.3) and (10.4) together with the con-
ventions regarding AH% and AG? for pure elements, AHz = AH}(Cl™,aq),
AG{ = AG#(Cl™,aq) and

_ I . |
ASk = $3(CI7,aq) = - S3(H, 8) = - S3(Clag)

for the reaction of Equation (10.1). In this way, the numerical values AH ((Cl™,aq) =
—167.2kI mol ™!, S5,(C17,aq) = 56.5J K ' mol™!, and AG}(Cl™,aq) =—131.2kJ
mol ! can be obtained.

These values can be used to determine the formation functions of other ions. To
illustrate how this is done, consider the following reaction:

NaCl(s) — Na™(aq) + Cl™ (aq) (10.5)
for which AH$ is found to be +3.90 kJ mol~!. For this reaction,

AH} = AHH(CI™,ag)+ AH}(Na™, aq) ~ AH}(NaCl,s) (10.6)
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We use the tabulated value of AH$(NaCl,s) = —411.2 kJ mol™ ! and the value for
AH%(CI™, aq) just determined to obtain a value for AHf(Na ,aq) = —240.1 kJ mol L,

Proceeding to other reactions that involve either Na™(ag) or C1” (aq), the enthalpies of for-
mation of the counter ions can be determined. This procedure can be extended to include

other ions. Values for AG} and S, can be determined in a similar fashion. Values for A H },
AG#%, and S3, for aqueous ionic species are tabulated in Table 10.1. These thermodynamic

quantities are called conventional formation enthalpies, conventional Gibbs energies
of formation, and conventional formation entropies because of the convention
described earlier.

Note that AH}, AG}, and S}, for ions are defined relative to H+(aq). Negative val-
ues for AH 7 indicate that the formation of the solvated ion is more exothermic than the
formation of H" (ag). A similar statement can be made for AG}. Generally speaking,
AH§ for multiply charged ions is more negative than that of singly charged ions, and
AH? for a given charge is more negative for smaller ions because of the stronger elec-
trostatic attraction between the multiply charged or smaller ion and the water in the sol-
vation shell.

Recall from Section 5.8 that the entropy of an atom or molecule was shown to be
always positive. This is not the case for solvated ions because the entropy is measured
relative to H' (ag). The entropy decreases as the hydration shell is formed because liq-
uid water molecules are converted to relatively immobile molecules. Ions with a nega-
tive value for the conventional standard entropy such as Mg>*(ag), Zn>"(aq), and
PO; (aq) have a larger charge-to-size ratio than H™ (aq). For this reason, the solvation
shell is more tightly bound. Conversely, ions with a positive value for the standard
entropy such as Na™(ag), Cs*(ag), and NO3 (ag) have a smaller charge-to-size ratio
than H" (ag) and a less tightly bound solvation shell.

TABLE 10.1 Conventional Formation Enthalpies, Gibbs Energies, and

Entropies of Selected Aqueous Anions and Cations

Ton AHj (k) mol ') AG} (kJ mol 1) Sy K "mol ™)
Ag*(aq) 105.6 77.1 72.7
Br ™ (aq) -121.6 -104.0 82.4
Ca’>*(aq) -542.8 -553.6 -53.1
Cl (aq) -167.2 -131.2 56.5
Cs™(aq) -258.3 -292.0 133.1
Cu™(aq) 71.7 50.0 40.6
Cu’*(agq) 64.8 65.5 —-99.6
F (aq) -332.6 -278.8 -13.8
H*(aq) 0 0 0

1 (aq) -55.2 -51.6 111.3
K*(aq) —252.4 -283.3 102.5
Li*(aq) -278.5 -293.3 13.4
Mg?*(aq) —466.9 —454.8 -138.1
NOj3 (aq) -207.4 ~111.3 146.4
Na™(aq) -240.1 -261.9 59.0
OH ™ (aq) -230.0 -157.2 -10.9
PO3 (aq) -1277.4 -1018.7 -220.5
SOF (aq) -909.3 —744.5 20.1
Zn’**(ag) -153.9 -147.1 -112.1

Source: Lide, D. R., ed. Handbook of Chemistry and Physics. 83rd ed. Boca Raton, FL: CRC Press 2002.
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246 CHAPTER 10 Electrolyte Solutions

FIGURE 10.1

AG® is shown pictorially for two differ-
ent paths starting with 1/2 Hy(g)

and 1/2 Cly(g) and ending with

H*(aq) + Cl (aq). The units for the
numbers are kJ mol™'. Because AG is the
same for both paths, AGS,parion(H",aq)
can be expressed in terms of gas-phase
dissociation and ionization energies.

'I O Understanding the Thermodynamics of
-£_ lon Formation and Solvation

As discussed in the preceding section, A H }’», AG}, and S}, can be determined for a formula
unit but not for an individual ion in a calorimetric experiment. However, as seen next, values
for thermodynamic functions associated with individual ions can be calculated with a rea-
sonable level of confidence using a thermodynamic model. This result allows the conven-
tional values of AH‘}, AG}, and S, to be converted to absolute values for individual ions.
In the following discussion, the focus is on AG}.

We first discuss the individual contributions to AG%, and do so by analyzing the fol-
lowing sequence of steps that describe the formation of H+(aq) and Cl™ (aq):

1/2 Hy(g) = H(g) AG® = 203.3kJ mol ™!

1/2 Cly(g) — Cl(g) AG® = 105.7 kJ mol ™!
H(g) > H"(g) + e~ AG® = 1312 kJ mol !
Cl(g) + e —Cl (g) AG°® = —349 kJ mol !

Cl" (g) = Cl (aq) AG° = AGSparion(Cl™,aq)
H'(g) = H'(ag) AG® = AGSnarion(H' ,aq)
1/2 Hy(g) + 1/2 Cly(g) = H*(ag) + Cl (ag) AG% = —131.2 kJ mol ™!

This pathway is shown pictorially in Figure 10.1. Because G is a state function, both
the black and red paths must have the same AG value. The first two reactions in this
sequence are the dissociation of the molecules in the gas phase, and the second two
reactions are the formation of gas phase ions from the neutral gas phase atoms. AG®
can be determined experimentally for these four reactions. Substituting the known val-
ues for AG® for these four reactions in AG® for the overall process,

AG% = AGS1uion(Cl7,aq) + AGSpaion(H ,ag) + 1272kI mol ™! (10.7)

Equation 10.7 allows us to relate the AGS,;,4i0n of the H™ and C1™ ions with AG$% for
the overall reaction.

As Equation (10.7) shows, AG§,parion Plays a critical role in the determination of
the Gibbs energies of ion formation. Although AGS,;,ui0n Of an individual cation or
anion cannot be determined experimentally, it can be estimated using a model devel-
oped by Max Born. In this model, the solvent is treated as a uniform fluid with the
appropriate dielectric constant, and the ion is treated as a charged sphere. How can
AG3,jpasion De calculated with these assumptions? At constant 7 and P, the nonexpan-
sion work for a reversible process equals AG for the process. Therefore, if the
reversible work associated with solvation can be calculated, AG for the process is
known. Imagine a process in which a neutral atom A gains the charge Q, first in a vac-
uum and secondly in a uniform dielectric medium. The value of AGS,jyusion Of an ion
with a charge ¢ is the reversible work for the process (A(g) — A%(aq)) sorvarion MinUS
that for the reversible process (A(g) = A%(g))vacuum-

Infinite separation
e ey

% Hy(g) + %Cly(g) —131.2 Cl @) + Hag)
105.7 AGSopation(Cl™,aq)
2038 AG;olvation(H_*—xaCI)
—349 !
Cl(9) Cl™(9)
H(g) 1312 H*(g)
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10.2 UNDERSTANDING THE THERMODYNAMICS OF ION FORMATION AND SOLVATION

The electrical potential around a sphere of radius r with the charge Q' is given by
¢ = Q'/4mer. From electrostatics, the work in charging the sphere by the additional
amount dQ is ¢ dQ. Therefore, the work in charging a neutral sphere in vacuum to the
charge Q is

Todo 1 o’
= = ,d ! =
v / dregr  4daregr / Qde 8meyr
0 0

where g is the permittivity of free space. The work of the same process in a solvent is
Q2/ 8mege,r, where g, is the relative permittivity (dielectric constant) of the solvent.
Consequently, AG 5, parion for an ion of charge Q = ze is given by

2.2
o e NA 1
AGS()[?)u[iOl’l = —-—1
8megr \ &,

(10.8)

(10.9)

Because &, > 1, AG,parion < 0, showing that solvation is a spontaneous process.
Values for g, for a number of solvents are listed in Table 10.2 (see Appendix B,
Data Tables).

To test the Born model, we need to compare absolute values of AG§,,uzion fOr ions
of different radii with the functional form proposed in Equation (10.9). However, this
comparison requires knowledge of AGg,parion( H *,aq) to convert experimentally
determined values of AGS,,si0n referenced to H' (ag) to absolute values. It turns out
that AG;)olvation(HJr’ aq)’ and AH?olvation(H+’ aq)’ and S?Dl’UatiOil(H+’ aQ) can be calcu-
lated. Because the calculation is involved, the results are simply stated here.

AHaion(H',ag) ~ —1090kJ mol ™!
AG S iarion(H,ag) ~ —1050kJ mol !

Ssotvation(H",ag) ~ —130J mol 'K~ (10.10)

The values listed in Equation (10.10) can be used to calculate absolute values of
AHS parions AGsomations a4 Ssorpasion for other ions from the conventional values refer-
enced to H+(aq). These calculated absolute values can be used to test the validity of the
Born model. If the model is valid, a plot of AG§,pasion VErsus 22/ r will give a straight
line as shown by Equation (10.9), and the data points for individual ions should lie on
the line. The results are shown in Figure 10.2, where r is the ionic radius obtained from
crystal structure determinations.

The first and second clusters of data points in Figure 10.2 are for singly and doubly
charged ions, respectively. The data are compared with the result predicted by
Equation (10.9) in Figure 10.2a. As can be seen from the figure, the trends are repro-
duced, but there is no quantitative agreement. The agreement can be considerably
improved by using an effective radius for the solvated ion rather than the ionic radius
from crystal structure determinations. The effective radius is defined as the distance
from the center of the ion to the center of charge in the dipolar water molecule in the sol-
vation shell. Latimer, Pitzer, and Slansky [J. Chemical Physics, 7 (1939) 109] found the
best agreement with the Born equation by adding 0.085 nm to the crystal radius of posi-
tive ions, and 0.100 nm to the crystal radius for negative ions to account for the fact that
the H,O molecule is not a point dipole. This difference is explained by the fact that the
center of charge in the water molecule is closer to positive ions than to negative ions.
Figure 10.2b shows that the agreement obtained between the predictions of Equation
(10.9) and experimental values is very good if this correction to the ionic radii is made.

Figure 10.2 shows good agreement between the predictions of the Born model and cal-
culated values for AGS,purions and justifies the approach used to calculate absolute
enthalpies, Gibbs energies and entropies for solvated ions. However, because of uncertain-
ties about the numerical values of the ionic radii and for the dielectric constant of the
immobilized water in the solvation shell of an ion, the uncertainty is =50kJ mol ™! for the
absolute solvation enthalpy and Gibbs energy and £10J K~ ! mol ™! for the absolute sol-
vation entropy. Because these uncertainties are large compared to the uncertainty of the
thermodynamic functions using the convention described in Equations (10.3) and (10.4),
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(a) The solvation energy calculated using
the Born model is shown as a function of
zz/ r. (b) The same results are shown as a
function of zz/ T (See text.) The dashed
line shows the behavior predicted by
Equation (10.9).
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CHAPTER 10 Electrolyte Solutions

conventional rather than absolute values of AH.", AG.", and §;, for solvated ions in
aqueous solutions are generally used by chemists.

'I O Activities and Activity Coefficients for
.-/ Electrolyte Solutions

The ideal dilute solution model presented for the activity and activity coefficient of
components of real solutions in Chapter 9 is not valid for electrolyte solutions. This is
the case because solute—solute interactions are dominated by the long-range electro-
static forces present between ions in electrolyte solutions. For example, the reaction
that occurs when NaCl is dissolved in water is

NaCl(s) + H,O(/) = Na*(aq) + Cl™ (aq) (10.11)

In dilute solutions, NaCl is completely dissociated. Therefore, all solute—solute interac-
tions are electrostatic in nature.

Although the concepts of activity and activity coefficients introduced in Chapter 9
are applicable to electrolytes, these concepts must be formulated differently for elec-
trolytes to include the Coulomb interactions among ions. We next discuss a model for
electrolyte solutions that is stated in terms of the chemical potentials, activities, and
activity coefficients of the individual ionic species. However, only mean activities and
activity coefficients (to be defined later) can be determined through experiments.

Consider the Gibbs energy of the solution, which can be written as

G = Nsolvent solvent + Nsolute Msolute (10-12)

For the general electrolyte A, B, that dissociates completely, one can also write an
equivalent expression for G:

G = Nsolvent solvent + ny + n—p— = Ngolvent Msolvent + nsolute(v+ﬁ"+ + V_/.L_)
(10.13)

where v and v_ are the stoichiometric coefficients of the cations and anions, respec-
tively, produced upon dissociation of the electrolyte. In shorthand notation, an elec-
trolyte is called a 1-1 electrolyte if v = 1 and v_ = 1. Similarly, for a 2-3 electrolyte,
vy = 2 and v— = 3. Because Equations (10.12) and (10.13) describe the same solution,
they are equivalent. Therefore,

Msolute = VMt T V_ph— (10.14)

Although this equation is formally correct for a strong electrolyte, one can never make
a solution of either cations or anions alone, because any solution is electrically neutral.
Therefore, it is useful to define a mean ionic chemical potential w . for the solute

_ Psolute _ V+H+ e (10.15)

12 v

Mt

where v = v; + v_. The reason for doing so is that p4 can be determined experimen-
tally, whereas w4+ and p_ are not accessible through experiments.

The next task is to relate the chemical potentials of the solute and its individual ions
to the activities of these species. For the individual ions,

pi = p% + RTInay and u_ = p° + RTIna_ (10.16)

where the standard chemical potentials of the ions, u% and w2, are based on a Henry’s
law standard state. Substituting Equation (10.16) in (10.15), an equation for the mean
ionic chemical potential is obtained that is similar in structure to the expressions that
we derived for the ideal dilute solution:

pme = pi + RTInay (10.17)
The mean ionic activity a, is related to the individual ion activities by
ai = ayta’- oray = (aa"")V (10.18)
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10.3 ACTIVITIES AND ACTIVITY COEFFICIENTS FOR ELECTROLYTE SOLUTIONS

| EXAMPLE PROBLEM 10.1

Write the mean ionic activities of NaCl, K,SOy4, and H3PO, in terms of the ionic
activities of the individual anions and cations. Assume complete dissociation.

Solution

2 _ N

AaNaCl = dNatdc)  Or AaNaCl = aNna™ dacrt

3 _ 2 _ 2 1/3
ag,so, = Ag*asp}~ Or ag,so, = (ak+asopr-) /

4 _ 3 _ 3 1/4 I
appo, = Autapo}~ Or appo, = (ap+apo}-) /

If the ionic activities are referenced to the concentration units of molality, then

ar = Xy and a. ==y (10.19)
m m

where my = vym and m_ = v_m. Because the activity is unitless, the molality must
be referenced to a standard state concentration chosen to be m° = 1mol kg~ !. As in
Chapter 9, a hypothetical standard state based on molality is defined. In this standard
state, Henry’s law, which is valid in the limit m — 0, is obeyed up to a concentration of
m = 1 molal. Substitution of Equation (10.19) in Equation (10.18) shows that

m Vel m_ \V-
al = <m+> <m> Yyt (10.20)

To simplify this notation, we define the mean ionic molality 7, and mean ionic
activity coefficient y, by

mYy, = mym’-

my = (Vv )m  and
Y = YEYS
ye = (V)" (10.21)

With these definitions, the mean ionic activity is related to the mean ionic activity coef-
ficient and mean ionic molality as follows:

v mi ! vV mi
ay = | — vy or ay =|—|ys+ (10.22)
m m

Equations (10.19) through (10.22) relate the activities, activity coefficients, and
molalities of the individual ionic species to mean ionic quantities and measurable prop-
erties of the system such as the molality and activity of the solute. With these defini-
tions, Equation (10.17) defines the chemical potential of the electrolyte solute in terms
of its activity:

Msolute = l*"?olute + RTIn ag: (10.23)

Equations (10.20) and (10.21) can be used to express the chemical potential of the
solute in terms of measurable or easily accessible quantities:

Wsolute = M+ = [V,uf’i + RTln(vYﬁvv:)} + vRTln(Z()) + vRTIn vy, (10.24)

The first term in the square bracket is defined by the “normal” standard state, which is
usually taken to be a Henry’s law standard state. The second term is obtained from the
chemical formula for the solute. These two terms can be combined to create a new stan-
dard state u%° defined by the terms in the square brackets in Equation (10.24):

Boiure = fp = p + vRTln<mo> + VRTIn v, (10.25)
m

The first two terms in Equation (10.25) correspond to the “ideal” ionic solution, which
is associated with y, = 1.
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CHAPTER 10 Electrolyte Solutions

The last term in Equation (10.25), which is the most important term in this
discussion, contains the deviations from ideal behavior. The mean activity coefficient
v+ can be obtained through experiment. For example, the activity coefficient of the
solvent can be determined by measuring the boiling point elevation, the freezing
point depression, or the lowering of the vapor pressure above the solution upon solu-
tion formation. The activity of the solute is obtained from that of the solvent using
the Gibbs—Duhem equation. As shown in Section 11.8, y4 can also be determined
through measurements on electrochemical cells. In addition, a very useful theoretical
model allows vy to be calculated for dilute electrolytic solutions. This model is dis-
cussed in the next section.

'I O Calculating v, Using the Debye-Hiickel
- I Theory

There is no model that adequately explains the deviations from ideality for the solu-
tions of neutral solutes discussed in Sections 9.1 through 9.4. This is the case because
the deviations arise through A—A, B-B, and A-B interactions that are specific to com-
ponents A and B. This precludes a general model that holds for arbitrary A and B.
However, the situation for solutions of electrolytes is different.

Deviations from ideal solution behavior occur at a much lower concentration for
electrolytes than for nonelectrolytes, because the dominant interaction between the ions
in an electrolyte is a long-range electrostatic Coulomb interaction rather than a short-
range van der Waals or chemical interaction. Because of its long range, the Coulomb
interaction among the ions cannot be neglected even for very dilute solutions of elec-
trolytes. The Coulomb interaction allows a model of electrolyte solutions to be formu-
lated independent of the identity of the solute for the following reason. The attractive or
repulsive interaction of two ions depends only on their charge and separation, and not
on their chemical identity. Therefore, the solute—solute interactions can be modeled
knowing only the charge on the ions, and the model becomes independent of the iden-
tity of the solute species.

Measurements of activity coefficients in electrolyte solutions show that y, — 1 for
dilute solutions in the limit m — 0. Because y, < 1, the chemical potential of the
solute in a dilute solution is lower than that for a solution of uncharged solute species.
Why is this the case? The lowering of ;.. arises because the net electrostatic interac-
tion among the ions surrounding an arbitrarily chosen central ion is attractive rather
than repulsive. The model that describes the lowering of the energy of electrolytic solu-
tions is due to Peter Debye and Erich Hiickel. Rather than derive their results, we
describe the essential features of their model next.

The solute ions in the solvent give rise to a spatially dependent electrostatic poten-
tial, ¢, which can be calculated if the spatial distribution of ions is known. In dilute
electrolyte solutions, the energy increase or decrease experienced by an ion of charge
+ze if the potential ¢ could be turned on suddenly is small compared to the thermal
energy. This condition can be expressed in the form

|+zedp| << kpT (10.26)

In Equation (10.26), e is the charge on a proton, and & is Boltzmann’s constant. In this
limit, the dependence of ¢ on the spatial coordinates and the spatial distribution of the
ions around an arbitrary central ion can be calculated. In contrast to the potential
around an isolated ion in a dielectric medium, which is described by

+ze

(;bimlated ion (r) = 4 (10.27)
TEEGF
the potential in the dilute electrolyte solution has the form
tze
¢solution(r) = 4 CXP(_KF) (10.28)
TEEN
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10.4 CALCULATING . USING THE DEBYE-HUCKEL THEORY 251
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FIGURE 10.3

The ratio of the falloff in the electrostatic potential in the electrolyte solution to that for an iso-
lated ion is shown as a function of the radial distance for three different molarities of a 1-1 elec-
trolyte such as NaCl.

In Equations (10.27) and (10.28), & and &, are the permittivity of free space and the
relative permittivity (dielectric constant) of the dielectric medium or solvent, respec-
tively. Because of the exponential term, ¢;j,,si0,(7) falls off much more rapidly with r
than ¢;gpiared ion (r). We say that an individual ion experiences a screened potential
from the other ions.

The Debye—Hiickel theory shows that k is related to the individual charges on the
ions and to the solute molality m by

2 2
K2 = &N, (1000 L m~3) m <W> Deotvent (10.29)
goe,kgT
From this formula, we can see that screening becomes more effective as the concentra-
tion of the ionic species increases. Screening is also more effective for multiply charged
ions and for larger values of v and v_.
The ratio

¢solution ( r )

= oK +
d)isolated ion (l’)

is plotted in Figure 10.3 for different values of m for an aqueous solution of a 1-1 elec- y

trolyte. Note that the potential falls off much more rapidly with the radial distance r in . H &)

the electrolyte solution than in the uniform dielectric medium. Note also that the poten- e

tial falls off more rapidly with increasing concentration of the electrolyte. The origin of & o

this effect is that ions of sign opposite to the central ion are more likely to be found close

to the central ion. These surrounding ions form a diffuse ion cloud around the central e

ion, as shown pictorially in Figure 10.4. If a spherical surface is drawn centered at the 5

central ion, the net charge within the surface can be calculated. The results show that the - ) e

net charge has the same sign as the central charge, falls off rapidly with distance, and is

close to zero for kr ~ 8. For larger values of «r, the central ion is completely screened

by the diffuse ion cloud, meaning that the net charge in the sphere around the central ion EF|GURE 10.4

is zero. The net effect of the diffuse ion cloud is to screen the central ion from the rest of  Pictorial rendering of the arrangement of

the solution, and the quantity 1/« is known as the Debye—Hiickel screening length. ions about an arbitrary ion in an elec-

Larger values of k correspond to a smaller diffuse cloud, and a more effective screening.  trolyte solution. The central ion is more
It is convenient to combine the concentration-dependent terms that contribute to k  likely to have oppositely charged ions as

in the ionic strength /, which is defined by neighbors. The large circle represents a
| sphere of radius r ~ 8/«. From a point
m ide of this sphere, the charge on the
I =— VisZih tvi_zh) == miszre + mi_zi- 10.30) °us! phere, g
2 Z (Vi 2 i~7i-) 2 Z (i 2% i~7i-) ( ) central ion is essentially totally screened.
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FIGURE 10.5

The decrease in the Debye—Hiickel mean
activity coefficient with the square root of
the ionic strength is shown for a 1-1, a
1-2, and a 1-3 electrolyte, all of the same
molality in the solute.

| EXAMPLE PROBLEM 10.2

Calculate / for (a) a 0.050 molal solution of NaCl and for (b) a Na,SO, solution of the

same molality.

Solution

0.050molkg ™!
2

m 0.050molkg ™! B
b.  Iyaso, = E(V+Z%r +v_z2) = fg X (2 + 4) = 0.15molkg ! I

a.  Ingo = %(1421 + szzf) = X (1 +1)=0.050 molkg ™!

Using the definition of the ionic strength, Equation (10.29) can be written in the form

262 1
K= SOkBT (IOOOL m ) ;r Psolvent

I/mOI kgil Psolvent  _
g kg L~!

=291 x 108 I at 298 K (10.31)

The first factor in this equation contains only fundamental constants that are inde-
pendent of the solvent and solute as well as the temperature. The second factor contains
the ionic strength of the solution and the unitless relative permittivity of the solvent. For
the more conventional units of mol L‘l, and for water, for which g, = 78.5,
Kk =329 X 10°V1 m™" at 298 K.

By calculating the charge distribution of the ions around the central ion and the
work needed to charge these ions up to their charges z. and z_ from an initially neutral
state, Debye and Hiickel were able to obtain an expression for the mean ionic activity
coefficient. It is given by

Iny, = G 10.32

ny: = —lz4z-| Smooe koT (10.32)
This equation is known as the Debye-Hiickel limiting law. It is called a limiting law
because Equation (10.32) is only obeyed for small values of the ionic strength. Note
that because of the negative sign in Equation (10.32), v, < 1. From the concentration
dependence of k shown in Equation (10.31), the model predicts that In v, decreases
with the ionic strength as V1. This dependence is shown in Figure 10.5. Although all
three solutions have the same solute concentration, they have different values for z*
and z . For this reason, the three lines have a different slope.

Equation (10.32) can be simplified for a particular choice of solvent and tempera-
ture. For aqueous solutions at 298.15 K, the result is

logy, = —0.5092z,z_| VT or Inyy = —1.173|z2_|VI  (10.33)

How well does the Debye—Hiickel limiting law agree with experimental data?
Figure 10.6 shows a comparison of the model with data for aqueous solutions of
AgNOj3 and CaCl,. In each case, In 7y, is plotted versus \V/I. The Debye—Hiickel
limiting law predicts that the data will fall on the line indicated in each figure.
The data points deviate from the predicted behavior above VI =01 for
AgNO; (m = 0.01), and above VI = 0.006 for CaCl, (m = 0.004). In the limit
that 7 — 0, the limiting law is obeyed. However, the deviations are significant at a
concentration for which a neutral solute would exhibit ideal behavior.

The deviations continue to increase with increasing ionic strength. Figure 10.7
shows experimental data for ZnBr, out to Vi = 5.5, corresponding to m = 10. Note
that, although the Debye—Hiickel limiting law is obeyed as I — 0, In y, goes through a
minimum and begins to increase with increasing ionic strength. At the highest value of
the ionic strength, vy, = 2.32, which is significantly greater than one. Although the
deviations from ideal behavior are less pronounced in Figure 10.6, the trend is the same
for all the solutes. The mean ionic activity coefficient vy, falls off more slowly with the
ionic strength than predicted by the Debye—Hiickel limiting law. The behavior shown in
Tgure 107 15 Typical for most elcur?[es after papsing through a minimum, vy, rises
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10.4 CALCULATING . USING THE DEBYE-HUCKEL THEORY

with increasing ionic strength, and for high values of /, y, > 1. Experimental values
for vy, for a number of solutes at different concentrations in aqueous solution are listed
in Table 10.3 (see Appendix B, Data Tables).

There are a number of reasons why the experimental values of vy, differ at high ionic
strength from those calculated from the Debye—Hiickel limiting law. They mainly involve
the assumptions made in the model. It has been assumed that the ions can be treated as
point charges with zero volume, whereas ions and their associated solvation shells occupy
a finite volume. As a result, there is an increase in the repulsive interaction among ions in
an electrolyte over that predicted for point charges, which becomes more important as the
concentration increases. Repulsive interactions raise the energy of the solution and, there-
fore, increase y.. The Debye—Hiickel model also assumes that the solvent can be treated
as a structureless dielectric medium. However, the ion is surrounded by a relatively
ordered primary solvation shell, as well as by more loosely bound water molecules. The
atomic level structure of the solvation shell is not adequately represented by using the
dielectric strength of bulk solvent. Another factor that has not been taken into account is
that as the concentration increases, some ion pairing occurs such that the concentration of
ionic species is less than would be calculated assuming complete dissociation.

Additionally, consider the fact that the water molecules in the solvation shell have
effectively been removed from the solvent. For example, in an aqueous solution of HSOy,
approximately nine H,O molecules are tightly bound per dissolved H,SO,4 formula unit.
Therefore, the number of moles of H,O as solvent in 1 L of a one molar H,SO, solution
is reduced from 55 for pure H,O to 46 in the solution. Consequently, the actual solute
molarity is larger than that calculated by assuming that all the H,O is in the form of sol-
vent. Because the activity increases linearly with the actual molarity, . increases as the
solute concentration increases. If there were no change in the enthalpy of solvation with
concentration, all the H,O molecules would be removed from the solvent at a concentra-
tion of six molar H,SOy. Clearly, this assumption is unreasonable. What actually happens
is that solvation becomes energetically less favorable as the H,SO, concentration
increases. This corresponds to a less negative value of In y., or equivalently to an
increase in y.. Summing up, many factors explain why the Debye—Hiickel limiting law is
only valid for small concentrations. Because of the complexity of these different factors,
there is no simple formula based on theory that can replace the Debye—Hiickel limiting
law. However, the main trends exhibited in Figures 10.6 and 10.7 are reproduced in more
sophisticated theories of electrolyte solutions.

Because none of the usual models are valid at high concentrations, empirical
models that “improve” on the Debye—Hiickel model by predicting an increase in 7y,
for high concentrations are in widespread use. An empirical modification of the
Debye-Hiickel limiting law that has the form

7 \1/2
m° I
ﬁ - 0.30 " (10.34)
1+ ()
m

logioy+ = —0.51‘z+z_‘
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FIGURE 10.6

The experimentally determined activity
coefficients for AgNOj and CaCl, are
shown as a function of the square root of
the ionic strength. The solid lines are the
prediction of the Debye—Hiickel theory.

FIGURE 10.7

Experimentally determined values for the
mean activity coefficient for ZnBr, are
shown as a function of the square root of
the ionic strength. The solid line is the
prediction of the Debye—Hiickel theory.
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FIGURE 10.8

Comparison between the predictions of
the Debye—Hiickel limiting law (dashed
lines) and the Davies equation (solid
curves) for 1-1 (red), 1-2 (purple), and
1-3 (blue) electrolytes.

is known as the Davies equation. As seen in Figure 10.8, this equation for v shows
the correct limiting behavior for low / values, and the trend at higher values of [ is in
better agreement with the experimental results shown in Figures 10.6 and 10.7.
However, unlike the Debye—Hiickel limiting law, there is no theoretical basis for the
Davies equation.

'I O Chemical Equilibrium in Electrolyte
-/ Solutions

As discussed in Section 9.13, the equilibrium constant in terms of activities is given by
Equation (9.66):

K = [ (as?)"i (10.35)
i
It is convenient to define the activity of a species relative to its molarity. In this case,
a; = Yi o (10.36)
c

where v; is the activity coefficient of species i. We next specifically consider chemi-
cal equilibrium in electrolyte solutions, illustrating that activities rather than concen-
trations must be taken into account to accurately model equilibrium concentrations.
We first restrict our considerations to the range of ionic strengths for which the
Debye—Hiickel limiting law is valid. As an example, we calculate the degree of disso-
ciation of MgF, in water. The equilibrium constant in terms of molarities for ionic
salts is usually given the symbol Kj,,, where the subscript refers to the solubility prod-
uct. The equilibrium constant K, is unitless and has the value of 6.4 X 10~ for the
reaction shown in Equation (10.37). Values for K, are generally tabulated for
reduced concentration units of molarity (¢/c°) rather than molality (m/m®), and val-
ues for selected substances are listed in Table 10.4. Because the mass of 1 L of water
is 0.998 kg, the numerical value of the concentration is the same on both scales for
dilute solutions.
We next consider dissociation of MgF, in an aqueous solution:

MgF,(s) = Mg (aq) + 2F (aq) (10.37)
Because the activity of the pure solid can be set equal to one,
Cpro?t Crm 2
Kyp = ayg+ap- = < 2 >(F) yi=64x107° (10.38)
c c
From the stoichiometry of the overall equation, we know that cp- = 2cMg2+, but

Equation (10.38) still contains two unknowns, y. and cz-, that we solve for iteratively
as shown in Example Problem 10.3.

TABLE 10.4 Solubility Product Constants (Molarity Based) for Selected Salts

Salt Ko Salt Ko

AgBr 49 x 1071 CaSOy 49 % 1076
AgCl 18 x 10710 Mg(OH), 56 x 1071
Agl 8.5 x 107" Mn(OH), 1.9 x 10713
Ba(OH), 50 X 1073 PbCl, 1.6 X 1072
BaSO, 1.1 x 10710 Pb SO, 1.8 x 1078
CaCO; 3.4 x 1077 ZnS 1.6 X 10725

Source: Lide, D. R., ed. Handbook of Chemistry and Physics. 83rd ed. Boca Raton, FL: CRC Press 2002.
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10.5 CHEMICAL EQUILIBRIUM IN ELECTROLYTE SOLUTIONS

| EXAMPLE PROBLEM 10.3

Calculate the solubility of MgF, in an aqueous solution. Use the Debye—Hiickel limiting
law to obtain y.. K, = 6.4 X 107°.

Solution

The equilibrium expression is stated in Equation 10.38.

Cpro?t Cr_ 2
K,y = aygray- = < 2 )( i ) yi=64x10"
C

c

First assume that y. = 1, and solve Equation (10.38) for cj¢2+.

Cpo2t Cr_ 2
K,y = aygrap- = < J )(F> = 6.4 X 107°

Cc Cc

CM 2+
43 =64 X107 %x = —— = 117X 10 3mol L' = 1.17 X 103 mol kg !

o]

We next calculate the ionic strength of the solution using the concentrations just obtained.

m 1.17 X 10~ molkg
IMng = E(V+Zi + V,ZZ,) = > X (22 + 2)

=3.51 X 107° molkg ™!

We next calculate vy from the Debye—Hiickel limiting law of Equation (10.33).

Inys = —1.173|z4z-| V1
Iny, = —1173 X 2 X V351 X 1073 = ~0.1390
¥+ = 0870

We use this value of y . in the equilibrium expression and recalculate the solubility.

Cpro?t Cr_ 2
K, = aMg2+a%~— = < i )( FO ) 'y3i =64 %x107°
c c

3 _ 64X 1077 cugt
(0.870)3

jx=——=134 X 10 °mol L™! = 1.34 X 10 >mol kg !
c

A second iteration gives y. = 0.862 and g2+ = 1.36 X 103 mol L™, and a third

iteration gives y; = 0.861 and cp2+ = 1.36 X 1073 mol L™!, showing that the

iteration has converged. These results show that assuming that y, = 1 leads to an

unacceptably large error of 14% in cjzg2+.

Another effect of the ionic strength on solubility is described by the terms salting in
and salting out. The behavior shown in Figure 10.7, in which the activity coefficient first
decreases and subsequently increases with concentration, affects the solubility of a salt in
the following way. For a salt such as MgF,, the product {MgH][Ff]zyi = K, is con-
stant as the concentration varies for constant 7, because the thermodynamic equilibrium
constant K depends only on 7. Therefore, the concentrations [MgH] and [Ff] change in
an opposite way to y. At small values of the ionic strength, vy, < 1, and the solubility
increases as y . decreases with concentration until the minimum in a plot of y, versus / is
reached. This effect is known as salting in. For high values of the ionic strength, y, > 1
and the solubility is less than at low values of /. This effect is known as salting out. Salting
out can be used to purify proteins by selective precipitation from solution. For example, the
blood clotting protein fibrinogen is precipitated in a 0.8 molar ammonium sulfate solution,
whereas a 2.4 molar concentration of ammonium sulfate is required to precipitate albumin.

We next consider equilibria in electrolyte solutions at concentrations where the
Debye—Hiickel limiting law is no longer valid. In this case, activity coefficients must
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256 CHAPTER 10 Electrolyte Solutions

be estimated as there is no theoretical model for calculating them. The Davies
[Equation (10.34)] can be used in such a case. An example is a buffer solution that
consists of a weak acid and its conjugate base.

| EXAMPLE PROBLEM 10.4

Calculate the pH of a buffer solution that is 0.100 molar in CH;COOH and 0.100 molar
in CH3COONa. The molality based equilibrium constant K for the dissociation of
acetic acid is 1.75 X 107°. Compare your value with what you would have calculated
assuming y, = 1.

Solution

We write the equilibrium constant in the form

y4m(H;0™ )y.m(CH;CO0™ )

m(CH;COOH)
(y4)*x X (0.100 + x)
1.75 X 1075 = ~ 2
(0.100 — x) (v4)"x
1.75 X 107>
m(H;0") = ————

(72)
pH = log {m(H3O+>}

To calculate v, from the Davies equation, we must first calculate the ionic strength of the
solution. The small value of K tells us that the degree of ionization of the acetic acid is small
so that the ionic strength can be calculated from the concentration of CH3COONa alone.

m 0.100mol kg ™!
I = *(\qzi + v,zz,) = fg

2
7 \1/2
mO

I
logipy+ = _0-51’Z+Z—‘ ﬁ — 0.30<m0>
1+ ( )

X (1 + 1) = 0.100 mol kg~

Using the Davies equation

o

m

0.100)"/2
—0.51[ ( )

"~ 030 X 0.100} = —0.1270
1+ (0.100)"

. = 0.746
1.75 X 1077
m(H;0") = —————— = 314 X 10 > molkg "
(0.746)

pH = —log {3.14 X 107} = 4.50
If we had assumed y, = 1

1.75 X 1073
m(H3O+) =——5 =1I5X 1073
(v+)
This value for m(H3O+) gives a pH value of 4.76, which is significantly different
from the value calculated earlier.
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NUMERICAL PROBLEMS 257

Vocabulary

conventional formation enthalpies electrolyte

conventional formation entropies ionic strength
conventional Gibbs energies of formation mean ionic activity
Davies equation

Debye-Hiickel limiting law

Debye—Hiickel screening length

mean ionic activity coefficient

mean ionic chemical potential

mean ionic molality
salting in

salting out

screened potential

solvation shell

Conceptual Problems

Q10.1 Discuss how the Debye—Hiickel screening length
changes as the (a) temperature, (b) dielectric constant, and
(c) ionic strength of an electrolyte solution are increased.

Q10.2 Why is it not possible to measure the Gibbs energy
of solvation of CI™ directly?

Q10.3 Why are activity coefficients calculated using the
Debye—Hiickel limiting law always less than one?

Q10.4 How is the mean ionic chemical potential of a solute
related to the chemical potentials of the anion and cation pro-
duced when the solute is dissolved in water?

Q10.5 How is the chemical potential of a solute related to
its activity?

Q10.6 Tabulated values of standard entropies of some aque-
ous ionic species are negative. Why is this statement not
inconsistent with the third law of thermodynamics?

Q10.7 Why is it not possible to measure the activity coeffi-
cient of Na™(aq)?
Q10.8 Why is it possible to formulate a general theory for

the activity coefficient for electrolyte solutions, but not for
nonelectrolyte solutions?

Q10.9 Why does an increase in the ionic strength in the
range where the Debye—Hiickel law is valid lead to an
increase in the solubility of a weakly soluble salt?

Q10.10 What is the correct order of the following inert
electrolytes in their ability to increase the degree of dissocia-
tion of acetic acid?

a. 0.001 m NaCl

b. 0.001 m KBr
¢. 0.10 m CuCl,
Q10.11

Q10.12 Why is it not appropriate to use ionic radii from
crystal structures to calculate AG 5, pasion Of i0ns using the
Born model?

How does salting in affect solubility?

Q10.13 Why do deviations from ideal behavior occur at
lower concentrations for electrolyte solutions than for solu-
tions in which the solute species are uncharged?

Q10.14 Why is the value for the dielectric constant for water
in the solvation shell around ions less than that for bulk water?

Q10.15 What can you conclude about the interaction
between ions in an electrolyte solution if the mean ionic
activity coefficient is greater than one?

Q10.16 Why is the inequality vy, < 1 always satisfied in
dilute electrolyte solutions?

Q10.17 Under what conditions does y, — 1 for electrolyte
solutions?

Q10.18 How do you expect S;, for an ion in solution to
change as the ionic radius increases at constant charge?

Q10.19 How do you expect S}, for an ion in solution to
change as the charge increases at constant ionic radius?

Q10.20 It takes considerable energy to dissociate NaCl in
the gas phase. Why does this process occur spontaneously in
an aqueous solution? Why does it not occur spontaneously
in CCly?

Numerical Problems

Problem numbers in red indicate that the solution to the prob-
lem is given in the Student’s Solutions Manual.

P10.1 Calculate ASy, .0 for the reaction

Ba(NO3),(agq) + 2KCl(ag) — BaCl,(s) + 2KNO;3(ag).
P10.2 Calculate AS},,.si0n for the reaction

AgNOs(agq) + KCl(ag) — AgCl(s) + KNOs(aq).

P10.3 Using the Debye—Hiickel limiting law, calculate the
value of y, in(a)a 7.2 X 1073 m solution of NaBr, (b) a

7.50 X 10~* m solution of SrCl,, and (c) a 2.25 X 10 3m
solution of CaHPO,. Assume complete dissociation.

P10.4 Calculate the mean ionic molality m . in 0.0750 m
solutions of (a) Ca(NO3),, (b) NaOH, (c) MgSOy, and

(d) AlICl;.

P10.5 A weak acid has a dissociation constant of

K, =250 X 1072, (a) Calculate the degree of dissociation
for a 0.093 m solution of this acid using the Debye-Hiickel
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limiting law. (b) Calculate the degree of dissociation for a
0.093 m solution of this acid that is also 0.200 m in KCI
from the Debye—Hiickel limiting law using an iterative cal-
culation until the answer is constant in the second decimal
place. (c) Repeat the calculation in (b) using the mean activ-
ity coefficient for KCl in Table 10.3. Is the use of the
Debye—Hiickel limiting law advisable at the given KCI con-
centration? Do you need to repeat the iterative calculation of
(a) to solve (b) and (c¢)?

P10.6 Calculate the mean ionic activity of a 0.0350 m NazPOy,
solution for which the mean activity coefficient is 0.685.

P10.7 At 25°C, the equilibrium constant for the dissociation
of acetic acid K, is 1.75 X 107°. Using the Debye—Hiickel
limiting law, calculate the degree of dissociation in 0.150 m
and 1.50 m solutions using an iterative calculation until the
answer is constant to within +/—2 in the second decimal
place. Compare these values with what you would obtain if
the ionic interactions had been ignored. Compare your results
with the degree of dissociation of the acid assuming y, = 1.

P10.8 From the data in Table 10.3 (see Appendix B, Data
Tables), calculate the activity of the electrolyte in 0.200 m
solutions of

a. KCl

b. H,SO,

c. MgCl,

P10.9 Estimate the degree of dissociation of a 0.200 m solu-
tion of nitrous acid (K, = 4.00 X 10™%) that is also 0.500 m
in the strong electrolyte given in parts (a) through (c). Use the
data tables to obtain vy, as the electrolyte concentration is too
high to use the Debye—Hiickel limiting law.

a. Ba(Cl),

b. KOH

c. AgNO;

Compare your results with the degree of dissociation of the
acid in the absence of other electrolytes.

P10.10 Calculate AH% and AG¥} for the reaction
Ba(NOj),(agq) + 2 KCl(ag) — BaCly(s) + 2KNO3(agq).
P10.11 Express ay in terms of ay and a_ for (a) Li,COs3,
(b) CaCl,, (c) NazPOy, and (d) K4Fe(CN)g. Assume complete
dissociation.

P10.12 Calculate AGg,pasi0n in an aqueous solution for

Rb " (ag) using the Born model. The radius of the Rb™ ion is
161 pm.

P10.13  Calculate the ionic strength in a solution that is 0.0750
m in K,SOy, 0.0085 m in NazPOy, and 0.0150 m in MgCl,.
P10.14 Calculate /, v, and a.. for a 0.0120 m solution of
NazPO, at 298 K. Assume complete dissociation.

P10.15 Express u4 in terms of wy and p_ for (a) NaCl,
(b) MgBr», (c) LisPOy, and (d) Ca(NOj3),. Assume complete
dissociation.

P10.16 In the Debye—Hiickel theory, the counter charge in a
spherical shell of radius r and thickness dr around the central
ion of charge +Q is given by —Qk*re”*"dr. Calculate the
radius at which the counter charge has its maximum value

www.Ebook777.com

T'max- from this expression. Evaluate r,,,, for a 0.090 m solution
of NazPOy at 298 K.

P10.17 Calculate the solubility of

CaCOj; (K, = 3.4 X 10?) (a) in pure H,O and (b) in an
aqueous solution with / = 0.0250 mol kg~ For part (a), do
an iterative calculation of vy and the solubility until the
answer is constant in the second decimal place. Do you need
to repeat this procedure in part (b)?

P10.18 Calculate the probability of finding an ion at a dis-
tance greater than 1/« from the central ion.

P10.19 Express y. in terms of y4 and y_ for (a) SrSOy,
(b) MgBr,, (c) K3POy, and (d) Ca(NO3),. Assume complete
dissociation.

P10.20 Calculate the mean ionic molality and mean ionic
activity of a 0.105 m K3PO, solution for which the mean ionic
activity coefficient is 0.225.

P10.21
(CH3),NH(ag) + HyO(aq) — CH3NH; "(ag) + OH™ (aq)

The base dissociation constant of dimethylamine,

is 5.12 X 10~*. Calculate the extent of hydrolysis for (a) a
0.210 m solution of (CHj;),NH in water using an iterative cal-
culation until the answer is constant to within +/—2 in the
second decimal place. (b) Repeat the calculation for a solu-
tion that is also 0.500 m in NaNOs3. Do you need to use an
iterative calculation in this case?

P10.22 Dichloroacetic acid has a dissociation constant of

K, = 3.32 X 10~2. Calculate the degree of dissociation for a
0.105 m solution of this acid (a) from the Debye—Hiickel limiting
law using an iterative calculation until the answer is constant to
within +/—2 in the second decimal place. (b) Repeat the calcula-
tion assuming that the mean ionic activity coefficient is one.

P10.23  Calculate the Debye—Hiickel screening length 1/k at
298 K in a 0.0075 m solution of K;POy.

P10.24 Calculate 7, vy, and a,. for a 0.0215 m solution of
K,SOy, at 298 K. How confident are you that your calculated
results will agree with experimental results?

P10.25 Calculate 7, y., and a. for a 0.0175 m solution of
NasPO, at 298 K. Assume complete dissociation. How confi-
dent are you that your calculated results will agree with
experimental results?

P10.26 Calculate the ionic strength of each of the solutions
in Problem P10.4.

P10.27 Calculate the value of my in 5.5 X 1073 molal solu-
tions of (a) KCI, (b) Ca(NO3),, and (c) ZnSO,4. Assume com-
plete dissociation.

P10.28 Calculate AH% and AG¥ for the reaction
AgNOs(ag) + KCl(ag) — AgCl(s) + KNO3(ag).

P10.29 Calculate the pH of a buffer solution that is

0.200 molal in CH3;COOH and 0.15 molal in CH;COONa
using the Davies equation to calculate ;. What pH value
would you have calculated if you had assumed that y, = 1?7

P10.30 Use the Davies equation to calculate vy for a
1.00 molar solution of KOH. Compare your answer with the
value in Table 10.3.
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Electrochemical
Cells, Batteries,
and Fuel Cells

f a metal electrode is immersed in an aqueous solution containing cations
of that metal, an equilibrium that leads to negative charge formation on
the electrode is established. This configuration of electrode and solution is
called a half-cell. Two half-cells can be combined to form an electrochemi-
cal cell. The equilibrium condition in an electrochemical cell is that the elec-
trochemical potential, rather than the chemical potential, of a species is the
same in all parts of the cell. The electrochemical potential can be changed
through the application of an electrical potential external to the cell. This
allows the direction of spontaneous change in the cell reaction to be
reversed. Electrochemical cells can be used to determine the equilibrium
constant for the cell reaction and to determine the mean activity coeffi-
cient of a solute. Electrochemical cells can also be used to provide power, in
which case they are called batteries. Electrochemical cells in which the
reactants can be supplied continuously are called fuel cells.

The Effect of an Electrical Potential
on the Chemical Potential of
Charged Species

11.7

If a Zn electrode is partially immersed in an aqueous solution of ZnSQy, an equilibrium
is established between Zn(s) and Zn2+(aq) as a small amount of the Zn goes into solu-
tion as Zn2+(aq) ions as depicted in Figure 11.1. However, the electrons remain on the
Zn electrode. Therefore, a negative charge builds up on the Zn electrode, and a corre-
sponding positive charge builds up in the surrounding solution. This charging leads to a
difference in the electrical potential ¢ between the electrode and the solution, which we
call the half-cell potential. As we will see in Section 11.2, two half-cells are combined
to form an electrochemical cell. The charge separation in the system arises through the
dissociation equilibrium

Zn(s) == Zn*"(aq) + 2¢” (11.1)
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FIGURE 11.1

When a Zn electrode is immersed in an
aqueous solution containing Zn**(aq)
ions, a very small amount of the Zn goes
into solution as Zn’>" (ag), leaving two
electrons behind on the Zn electrode per
ion formed.

The equilibrium position in this reaction lies far toward Zn(s). At equilibrium,
fewer than 1074 mol of the Zn(s) dissolves in 1 liter of solution to form Zn>"(agq)
However, this minuscule amount of charge transfer between the electrode and the solu-
tion is sufficient to create a difference of approximately 1 V in the electrical potential
between the Zn electrode and the electrolyte solution. A similar dissociation equilib-
rium is established for other metal electrodes. Because the value of the equilibrium
constant depends on AG?5 of the solvated metal ion, the equilibrium constant for the
dissociation reaction and ¢ depends on the identity of the metal.

Can ¢ be measured directly? Let us assume that we can carry out the measurement
using two chemically inert Pt wires as probes. One Pt wire is placed on the Zn electrode,
and the second Pt wire is placed in the ZnSOy solution. However, the measured voltage
is the difference in electrical potential between a Pt wire connected to a Zn electrode in a
7ZnSOy solution and a Pt electrode in a ZnSO, solution, which is not what we want. A
difference in electrical potential can only be measured between one phase and a second
phase of identical composition. For example, the difference in electrical potential across
a resistor is measured by contacting the metal wire at each end of the resistor with two
metal probes of identical composition connected to the terminals of a voltmeter.
Although we can not measure the half-cell potential ¢ directly, half-cell potentials can
be determined relative to a reference half-cell as will be shown in Section 11.2.

How are chemical species affected by the electrical potential ¢? To a very good
approximation, the chemical potential of a neutral atom or molecule is not affected if a
small electrical potential is applied to the environment containing the species. However,
this is not the case for a charged species such as an Na™ ion in an electrolyte solution.
The work required to transfer dn moles of charge reversibly from a chemically uniform
phase at an electrical potential ¢b; to a second, otherwise identical phase at an electrical
potential ¢, is equal to the product of the charge and the difference in the electrical
potential between the two locations:

dwrev = (¢2 - ¢1) dQ (11.2)

In this equation, dQ = —z F dn is the charge transferred through the potential, z is the
charge in units of the electron charge (+1, —1, +2, —2, ...), and the Faraday constant
F is the absolute magnitude of the charge associated with 1 mol of a singly charged
species. The Faraday constant has the numerical value F = 96,485 Coulombs mole ™!
(Cmol ™)

Because the work being carried out in this reversible process is nonexpansion work,
Adw,., = dG, which is the difference in the electrochemical potential & of the
charged particle in the two phases:

dG = flhdn — fiydn (11.3)

The electrochemical potential is a generalization of the chemical potential to include
the effect of an electrical potential on a charged particle. It is the sum of the normal
chemical potential p and a term that results from the nonzero value of the electrical
potential:

X =p+ z20F (11.4)

Note that with this definition it — w as ¢ — 0.
Combining Equations (11.2) and (11.4) gives

Py — = + 2(dy — pPF or py =y + 2(dy — $PF (11.5)

Because only the difference in the electrical potential between two points can be meas-
ured, one can set ¢; = 0 in Equation (11.5) to obtain the result

By =y + z¢pF (11.6)

This result shows that charged particles in two otherwise identical phases have different
values for the electrochemical potential if the phases are at different electrical
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11.2 CONVENTIONS AND STANDARD STATES IN ELECTROCHEMISTRY

potentials. Because the particles will flow in a direction that decreases their
electrochemical potential, the flow of negatively charged particles in a conducting
phase is toward a region of more positive electric potential. The opposite is true for pos-
itively charged particles.

Equation (11.6) is the basis for understanding all electrochemical reactions. In an
electrochemical environment, the equilibrium condition is

AGR = 2 VilNLl' = 0, rather than AGR = E Vil = 0 (11.7)
i i

Chemists have a limited ability to change AGy by varying P, T, and concentration.
However, because the electrochemical potential can be varied through the application
of an electrical potential, AGp can be changed easily because z;¢pF can be larger in
magnitude than 2 v;u; and can have either the same or the opposite sign. Because a

]
change in the electrical potential can lead to a change in the sign of AGy, the direction
of spontaneous change in an electrochemical reaction system can be changed simply by
applying suitable electrical potentials within the system. A practical example of chang-
ing the sign of AGp is the recharging of a battery by the application of an external
potential.

’l 'I Conventions and Standard States
-Z_ in Electrochemistry

How can we assign value to u for the individual species in the equilibrium Zn(s) ==
Zn**(aq) + 2e ?Because Zn(s)is in its standard reference state and is uncharged,
B(Zn(s)) = u(Zn(s)) = AG¢(Zn(s)) = 0. We next consider Zn*"(ag) We consider
only the case that the overall chemical reaction in an electrochemical cell takes place in
a single phase, and therefore ¢ has the same value for all solvated ionic reactants and
products. In this case the equilibrium condition becomes

AGg = E Vil = 2 vip; + F@E vz = 2 viw; = 0 (11.7a)
1 1 I l

because E v;z; = 0. We see that the value of ¢ does not influence the equilibrium

1
if the overall reaction takes place in a single phase. Therefore we can set ¢ = 0 and
adopt the convention

; = w; (ions in solution) (11.8)

Adopting this standard state simplifies calculations because u; can be calculated from
the solute concentration at low concentrations using the Debye—Hiickel limiting law dis-
cussed in Section 10.4 or at higher concentrations if the activity coefficients are known.

Next, consider the appropriate standard state for an electron in a metal electrode.
We cannot set ¢ = 0 as we did for the ions in solution because there is a potential
difference between the solution and the electrode. As shown in Equation (11.6), the
electrochemical potential consists of two parts, a chemical component and a compo-
nent that depends on the electrical potential. For an electron in a metal, there is no way
to determine the relative magnitude of the two components. Therefore, it is convenient
to choose the standard state u; (electrons in electrode) = 0 so that

L.~ = — ¢F (electrons in metal electrode) (11.9)

As we discussed earlier, half-cell potentials cannot be measured directly. They are
measured relative to one another rather than absolutely. To understand how this is done,
it is useful to consider an electrochemical cell, which consists of two half-cells, such
as the one shown in Figure 11.2 This particular cell is known as the Daniell cell, after
its inventor. On the left, a Zn electrode is immersed in a solution of ZnSQO,. The solute
is completely dissociated to form Zn®>" (ag) and SO%_(aq) On the right, a Cu electrode
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262 CHAPTER 11 Electrochemical Cells, Batteries, and Fuel Cells

FIGURE 11.2 Digital
Schematic diagram of the Daniell cell. voltmeter
Zn>*/Zn and Cu®*/Cu half-cells are con-
nected through a salt bridge in the internal
circuit. A voltmeter is shown in the external
circuit. The inset shows the atomic level
processes that occur at each electrode.

is immersed in a solution of CuSO,, which is completely dissociated to form Cu?* (aq)
and SO%_(aq) The two half-cells are connected by an ionic conductor known as a salt
bridge. The salt bridge consists of an electrolyte such as KCI suspended in a gel. A salt
bridge allows current to flow between the half-cells while preventing the mixing of the
solutions. A metal wire fastened to each electrode allows the electron current to flow
through the external part of the circuit. Note that because the wire is connected on one
end to a Cu electrode and on the other end to a Zn electrode, the two phases between
which we are measuring the electrical potential are not identical.

Using the experimental setup of Figure 11.2, the electrical potential difference between
two half-cells can be measured, rather than the absolute electrical potential of each half-
cell. However, we need potentials of individual half-cells. Therefore, it is convenient to
choose one half-cell as a reference and arbitrarily assign an electrical potential of zero to
this half-cell. Once this is done, the electrical potential associated with any other half-cell
can be determined by combining it with the reference half-cell. The measured potential
difference across the cell is associated with the half-cell of interest. It is next shown that the
standard hydrogen electrode fulfills the role of a reference half-cell of zero potential. The
measurement of electrical potentials is discussed using this cell. The reaction in the
standard hydrogen electrode is

H+(aq) + e_—>% H,(g) (11.10)

and the equilibrium in the half-cell is described by

-~ 1
put(aq) + e = S Hyg) (11.11)

Half-cell reactions such as Equation (11.10) are generally written as reduction reac-
tions by convention as is done in Tables 11.1 and 11.2 (see Appendix B, Data Tables)
even though equilibrium is established in the half-cell. It is useful to separate
M, (g) and mp+(aq) into a standard state portion and a portion that depends on the

Www.Ebook777.com



http://www.ebook777.com

Free ebooks ==> www.Ebook777.com

11.2 CONVENTIONS AND STANDARD STATES IN ELECTROCHEMISTRY 263

activity and use Equation (11.9) for the electrochemical potential of the electron. The
preceding equation then takes the form

1 1
—ugy, + —RTIn fp, (11.12)

[.L?.]* + RT 111 agt — F'(bHJF/H2 = B B

where fp, is the fugacity of the hydrogen gas. Solving Equation (11.12) for ¢x+/g,

1
4 — — 2 12
HETT QB e fy)
¢H+/H2 = T - ?IHTH-# (11.13)

For unit activities of all species, the cell has its standard state potential, designated
/1, Because pg, = AGH(Hy, g) = 0,
o Kt
Out/H, = 7 (11.14)
In Section 10.1 the convention that AG}(H+, aq) = py+ = 0 was introduced.
Therefore, we find that

b3, = 0 (11.15)

We have shown that the standard hydrogen electrode is a convenient reference electrode
with zero potential against which the potentials of all other half-cells can be measured. A
schematic drawing of this electrode is shown in Figure 11.3. To achieve equilibrium on a
short timescale, this reaction H (ag) + e~ 1/2 H,(g) is carried out over a Pt cat-
alyst electrode. It is also necessary to establish a standard state for the activity of H* (aq).
It is customary to use a Henry’s law standard state based on molarity. Therefore, a; — ¢;
and y; — 1 as ¢; — 0. The standard state is a (hypothetical) aqueous solution of H+(aq)
that shows ideal solution behavior at a concentration of ¢® = 1 mol L.

The usefulness of the result ¢+, = 0 is that values for the electrical potential can
be assigned to individual half-cells by measuring their potential relative to the H/H, half-
cell. For example, the cell potential of the electrochemical cell in Figure 11.4 is assigned to
the Zn/Zn>" half-cell if the H" (ag) and H(g) activities both have the value 1. Although
not directly measurable, absolute values for half-cell potentials can be determined. In
Supplemental Section 11.16 it is shown that the absolute potential of the standard hydro-
gen electrode is —4.44 £+ 0.02 V. Because only changes in energy rather than absolute
energies can be measured, chemists generally use half-cell potentials relative to the stan-
dard hydrogen electrode assuming that ¢+, = 0.

/A\ Switch MMA Resistor
Z/

O

Ho out

H2 in

X,

Zn Salt bridge

N

Zn* (aq)
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FIGURE 11.3

The standard hydrogen electrode consists
of a solution of an acid such as HCI, H,
gas, and a Pt catalyst electrode that allows
the equilibrium in the half-cell reaction to
be established rapidly. The activities of H,
and H' are equal to one.

FIGURE 11.4

In a cell consisting of a half-cell and the
standard hydrogen electrode, the entire
cell voltage is assigned to the half-cell.
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dc source

-

Vi e

FIGURE 11.5
Schematic diagram showing how the
reversible cell potential is measured.

S

'I 1 Measurement of the Reversible
.- Cell Potential

The cell potential measured under reversible conditions is directly related to the state
functions G, H, and S. The reversible cell potential, also called electromotive force
(emf), is determined in an experiment depicted in Figure 11.5. The dc source provides a
voltage to a potentiometer circuit with a sliding contact. The sliding contact is attached
to the positive cell terminal as shown, and the slider is adjusted until the current-
sensing device labeled 7 shows a null current. At this position of the potentiometer, the
voltage applied through the potentiometer exactly opposes the cell potential. The volt-
age measured in this way is the reversible cell potential. If the sliding contact is moved
to a position slightly to the left of this position, the electron current will flow through
the external circuit in one direction. However, if the sliding contact is moved to a posi-
tion slightly to the right of this position, the electron current will flow through the
external circuit in the opposite direction, showing that the direction of the cell reaction
has been reversed. Because a small variation of the applied voltage can reverse the
direction of spontaneous change, the criterion for reversibility is established. This dis-
cussion also demonstrates that the direction of spontaneous change in the cell can be
reversed by changing the electrochemical potential of the electrons in one of the elec-
trodes relative to that in the other electrode using an external voltage source.

'I 1 Chemical Reactions in Electrochemical
. T Cells and the Nernst Equation

What reactions occur in the Daniell cell shown in Figure 11.2? If the half-cells are

connected through the external circuit, Zn atoms leave the Zn electrode to form Zn*" in

solution, and Cu”" ions are deposited as Cu atoms on the Cu electrode. In the external

circuit, it is observed that electrons flow through the wires and the resistor in the direc-

tion from the Zn electrode to the Cu electrode. These observations are consistent with
the following electrochemical reactions:

Left half-cell: Zn(s) = Zn**(aq) + 2¢~ (11.16)
Right half-cell: Cu®*(aq) + 2~ — Cu(s) (11.17)
Overall: Zn(s) + Cu**(aq) == Zn>"(aq) + Cu(s) (11.18)

In the left half-cell, Zn is being oxidized to Zn2+, and in the right half-cell, Cu?" is
being reduced to Cu. By convention, the electrode at which oxidation occurs is called
the anode, and the electrode at which reduction occurs is called the cathode. Each
half-cell in an electrochemical cell must contain a species that can exist in an oxidized
and a reduced form. For a general redox reaction, the reactions at the anode and cath-
ode and the overall reaction can be written as follows:

Anode: Red, — Ox,"1 + mje” (11.19)
Cathode: Ox, + mye” — Red,"2 (11.20)

Overall: myRed; + n;0x, =— n20x1ﬂ + n Red,™ (11.21)

Note that electrons do not appear in the overall reaction because the electrons produced
at the anode are consumed at the cathode.

How are the cell voltage and AGy, for the overall reaction related? This important
relationship can be determined from the electrochemical potentials of the species
involved in the overall reaction of the Daniell cell:

~ ~ ~ ~ ° ° azp®t
AGr = Wzt + oy = Rt = Bzn = ROzp2t — w2t T RT In
ac,2+
az,2+
= AGy + RT In (11.22)
ac,
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11.4 CHEMICAL REACTIONS IN ELECTROCHEMICAL CELLS AND THE NERNST EQUATION 265

If this reaction is carried out reversibly, the electrical work done is equal to the product
of the charge and the potential difference through which the charge is moved. However,
the reversible work at constant pressure is also equal to AG. Therefore, we can write
the following equation:

AGg = —nFAd (11.23)

In Equation (11.23), A¢ is the measured potential difference generated by the sponta-
neous chemical reaction for particular values of az,2+ and ac,2+, and n is the number of
moles of electrons involved in the redox reaction. The measured cell voltage is directly
proportional to AG. For a reversible reaction, the symbol E is used in place of A¢, and
E is referred to as the electromotive force (emf). Using this definition, we rewrite
Equation (11.23) as follows:

azn2+
aCM2+

—2FE = AG% + RT In (11.24)

For standard state conditions, az,2+ = ac,2+ = 1, and Equation (11.24) takes the form
AGg = —2FE°. This definition of E° allows Equation (11.24) to be rewritten as

RT Az,
In
2F ac,**

(11.25)
For a general overall electrochemical reaction involving the transfer of n moles of electrons,
RT
E=E°——InQ (11.26)
nkF

where Q is the familiar reaction quotient. The preceding equation is known as the
Nernst equation. At 298.15 K, the Nernst equation can be written in the form

_ 0.05916 V

E=E° log;oQ (11.27)

This function is graphed in Figure 11.6. The Nernst equation allows the emf for an electro-
chemical cell to be calculated if the activity is known for each species and if E° is known.

The Nernst equation has been derived on the basis of the overall cell reaction. For a
half-cell, an equation of a similar form can be derived. The equilibrium condition for
the half-cell reaction

Ox"™" + ne” = Red (11.28)
is given by
Moy + n/ze— = MRed (11.29)

Using the convention for the electrochemical potential of an electron in a metal
electrode [Equation (11.9)], Equation (11.29) can be written in the form

oy + RT Inagy — nF¢Ox/Red = MRea T RT Inageq

b _ _/J“?Qed — MOxt _ Eln ARed
Ox/Red nF nF dog
— o RT | QRed
Eox/Red = Edx/Red F lnaox” (11.30)

The last line in Equation (11.30) has the same form as the Nernst equation, but the
activity of the electrons does not appear in Q. An example of the application of
Equation (11.30) to a half-cell reaction is shown in Example Problem 11.1.

| EXAMPLE PROBLEM 11.1

Calculate the potential of the H'/H, half-cell when az+ = 0.770 and f m, = L.13.

Solution
0.05916 V : 0.05916 V. 0.770
E=E° — logj— 2 = ¢ — —— logio = 0.0083 V
Vin, \YARE
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The cell potential E varies linearly

with log Q. The slope of a plot of

(E — E°)/(RT/F) is inversely propor-
tional to the number of electrons trans-
ferred in the redox reaction.
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Combining Standard Electrode
1 1 5 Potentials to Determine the Cell
.-/ Potential

A representative set of standard potentials is listed in Tables 11.1 and 11.2 (see
Appendix B, Data Tables). By convention, half-cell emfs are always tabulated as reduc-
tion potentials. However, whether the reduction or the oxidation reaction is sponta-
neous in a half-cell is determined by the relative emfs of the two half-cells that make up
the electrochemical cell. Because AGr = —nFE®°, and AGy for the oxidation and
reduction reactions are equal in magnitude and opposite in sign,

Ei?eduction = = indation (11.31)

How is the cell potential related to the potentials of the half-cells? The standard
potential of a half-cell is given by E° = —AGg/nF and is an intensive property because
although both AGy and n are extensive quantities, the ratio AG/n is an intensive quan-
tity. In particular, E£° is not changed if all the stoichiometric coefficients are multiplied
by any integer, because both AGy and n are changed by the same factor. Therefore,

E(c)'ell = Ei?ea'uction + E(O)xidarion (11-32)

even if the balanced reaction for the overall cell is multiplied by an arbitrary number. In
Equation (11.32), the standard potentials on the right refer to the half-cells.

| EXAMPLE PROBLEM 11.2

An electrochemical cell is constructed using a half-cell for which the reduction reac-
tion is given by
Fe(OH),(s) + 2¢- —Fe(s) + 2 OH (aq) E° = —0877V
It is combined with a half-cell for which the reduction reaction is given by

a. Al (ag) + 3e” — Al(s) E°=—1.66V

b. AgBr(s) + ¢ — Ag(s) + Br (aq) E° = +0.071V
The activity of all species is one for both reactions. Write the overall reaction for the
cells in the direction of spontaneous change. Is the Fe reduced or oxidized in the spon-
taneous reaction?
Solution

The emf for the cell is the sum of the emfs for the half-cells, one of which is written as
an oxidation reaction, and the other of which is written as a reduction reaction. For the
direction of spontaneous change, E° = E}.quction T Eoxidation = 0. Note that the two
half-cell reactions are combined with the appropriate stoichiometry so that electrons
do not appear in the overall equation. Recall that the half-cell emfs are not changed in
multiplying the overall reactions by the integers necessary to eliminate the electrons in
the overall equation, because E° is an intensive quantity.
a. 3Fe(OH),(s) + 2 Al(s) == 3 Fe(s) + 6 OH (aq) + 2 Al*"(aq)
E° = —-0877V + 1.66 V = +0.783 V
In this cell, Fe is reduced.
b. Fe(s) + 20H (aq) + 2 AgBr(s) == Fe(OH),(s) + 2 Ag(s) + 2 Br (aq)
E°=0.071V + 0877V = +095V I

In this cell, Fe is oxidized.

Because AG is a state function, the cell potential for a third half-cell can be
obtained from the cell potentials of two half-cells if they have an oxidation or reduction
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reaction in common. The procedure is analogous to the use of Hess’s law in Chapter 4
and is illustrated in Example Problem 11.3.

| EXAMPLE PROBLEM 11.3

You are given the following reduction reactions and E° values:
Fe’"(aq) + ¢ — Fe**(aq) E° = +0.771V

Fe’"(aq) + 2~ — Fe(s) E° = —0.447V

Calculate E° for the half-cell reaction Fe*"(ag) + 3¢~ — Fe(s).

Solution

We calculate the desired value of E° by converting the given E° values to AG® values,
and combining these reduction reactions to obtain the desired equation.

Fe’"(aq) + ¢ — Fe**(aq)
AG® = —nFE° = —1 X 96485C mol! X 0.771 V = —74.39 kJ mol !
Fe*(aq) + 2¢~ — Fe(s)
AG® = —nFE° = =2 X 96485C mol ! X (—0.447 V) = 86.26kJ mol !
We next add the two equations as well as their AG® to obtain
Fe**(aq) + 3¢~ — Fe(s)
AG® = —74.39kJ mol™" + 86.26kJ mol ' = 11.87kJ mol ™'
Ejoope = AG® _ —11.87 X 10°) mo_lzl 0041V
nF 3 X 96485 C mol

The E° values cannot be combined directly, because they are intensive rather than
extensive quantities.

The preceding calculation can be generalized as follows. Assume that n; elec-
trons are transferred in the reaction with the potential E7 g, and n; electrons are
transferred in the reaction with the potential Ep/c. If n3 electrons are transferre(iJ
the reaction with the potential E3c, then n3E3,c = mEj/p + nyEpc.

'I 'I Obtaining Reaction Gibbs Energies and
.\.J Reaction Entropies from Cell Potentials

In Section 11.4, we demonstrated that AGr = —nF A¢. Therefore, if the cell potential
is measured under standard conditions,

AG% = —nFE® (11.33)

If E° is known, AG§ can be determined using Equation (11.33). For example, E°
for the Daniell cell is +1.10 V. Therefore, AGg for the reaction Zn(s) +
Cu**(aq) Zn**(aq) + Cu(s) is

AG% = —nFE° = —2 X 96,485Cmol ! X 1.10V = —212kImol”"  (11.34)

The reaction entropy is related to AG% by

IAGS JE°
ASS = —( R) = nF( ) (11.35)
T Jp aT )p

Therefore, a measurement of the temperature dependence of E° can be used to
determine AS$%, as shown in Example Problem 11.4.
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| EXAMPLE PROBLEM 11.4

The standard potential of the cell formed by combining the Cl,(g)/Cl (aq)
half-cell with the standard hydrogen electrode is + 1.36 V, and

(0E°/oT)p = —1.20 X 1073V K. Calculate AS% for the reaction

H>(g) + Cly(g) 2H*(aq) + 2 ClI”(aq). Compare your result with the
value that you obtain by using the values of AS® in the data tables from Appendix B.

Solution
From Equation (11.35),

ssi-(%57), = (55),
2 X 96480C mol™! X (=12 X 10°VK™)
—23 X 10T K ' mol™
From Table 10.1 (see Appendix B, Data Tables),
ASk = 285,(H", ag) + 25,,(C1", aq) — S;(Ha, 8) — Sp(Cl, 8)
=2X0+2X55TK 'mol™" — 130.77 K 'mol™" — 223.1 J K 'mol™!

= —2.408 X 10> J K 'mol™!

The limited precision of the temperature dependence of E° limits the precision in the
determination of AS%.

'I 'I The Relationship between the Cell EMF
- /' and the Equilibrium Constant

If the redox reaction is allowed to proceed until equilibrium is reached, AG = 0, so
that £ = 0. For the equilibrium state, the reaction quotient Q = K. Therefore,

E° = —InkK (11.36)
nF

Equation (11.36) shows that a measurement of the standard state cell potential, for
which a; = 1 for all species in the redox reaction, allows K for the overall reaction to be
determined. Although this statement is true, it is not practical to adjust all activities to
the value 1. The experimental determination of E° is discussed in the next section.
Tabulated half-cell potentials provide a powerful way to determine the equilibrium
constant in an electrochemical cell using Equation (11.36). To determine K, the overall
reaction must be separated into the oxidation and reduction half-reactions, and the
number of electrons transferred must be determined. For example, consider the reaction

2 MnOj(aq) + 6 H'(ag) + SHOOCCOOH(ag) ==
2Mn** (ag) + 8 H,O(I) + 10 CO,(g) (11.37)

The reduction and oxidation half-reactions are
MnOj (aq) + 8 H (ag) + 56" — Mn**(aq) + 4H,0(l) E° = +151V (11.38)
HOOCCOOH(aq) —>2H+(aq) +2COy(g) + 2 E°=+049V (11.39)

To eliminate the electrons in the overall equation, the first equation must be multiplied
by 2, and the second equation must be multiplied by 5; E° is unchanged by doing so.
However, n is affected by the multipliers. In this case n = 10. Therefore,

AG®° = —nFE° = —10 X 96485C mol ! X (151 V + 0.49V)
= —1.93 X 10%> kJ mol !

AG® 1.93 X 10% kJ mol ! 3
RT  8314JK 'mol™ X 298.15K
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11.7 THE RELATIONSHIP BETWEEN THE CELL EMF AND THE EQUILIBRIUM CONSTANT

As this result shows, the equilibrium corresponds to essentially complete conversion
of reactants to products. Example Problem 11.5 shows the same calculation for the
Daniell cell.

| EXAMPLE PROBLEM 11.5

For the Daniell cell E° = 1.10 V. Calculate K for the reaction at 298.15 K
Zn(s) + Cu*"(ag) == Zn**(aq) + Cu(s).

Solution
nF 2 X 96485 Cmol ! X 1.10 V
InK = —E°= = |
RT 8314 J K "mol™! x 298.15K
= 85.63

K

1.55 x 10¥ I

Note that the equilibrium constant calculated in Example Problem 11.5 is so large that
it could not have been measured by determining the activities of az,2+ and ac,2+ by spec-
troscopic methods. This would require a measurement technique that is accurate over
more than 30 orders of magnitude in the activity. By contrast, the equilibrium constant in
an electrochemical cell can be determined with high accuracy using only a voltmeter.

A further example of the use of electrochemical measurements to determine
equilibrium constants is the solubility constant for a weakly soluble salt. If the overall
reaction corresponding to dissolution can be generated by combining half-cell potentials,
then the solubility constant can be calculated from the potentials. For example, the fol-
lowing half-cell reactions can be combined to calculate the solubility product of AgBr.

0.07133V  and
Ag(s) = Ag'(aq) + ¢ E° = —0.7996 V
AgBr(s) == Ag*(aq) + Br (aq) E° = —0.7283V

nE 1 X 96485 C mol™' X (—0.7283 V)
RT 8.314 JK 'mol™! X 298.15K

AgBr(s) + e — Ag(s) + Br (aq) E°

InK,, = = —2835

The value of the solubility constant is K, = 4.88 X 10715,

| EXAMPLE PROBLEM 11.6

A concentration cell consists of two half-cells that are identical except for the activities of
the redox components. Consider two half-cells based on the Ag"(ag) + ¢~ — Ag(s)
reaction. The left half-cell contains AgNOj5 at unit activity, and the right half-cell ini-
tially had the same concentration of AgNOj3, but just enough NaCl(ag) has been added
to precipitate the Ag*(aq) as AgCl. Write an equation for the overall cell reaction. If
the emf of this cell is 0.29 V, what is Ky, for AgCl1?

Solution

The overall reaction is Ag*(ag, a = 1) == Ag"(aq, a) with a concurrent transport
of CI™ in the opposite direction through the salt bridge between the half-cells. In the
right half-cell we have the equilibrium AgCl(s) == Ag*(aq, a.) + Cl (aq, a.), so
that aye+aci- = a; = K.

Because the half-cell reactions are the same, E° = 0 and

0.05916 V ay 0.05916
E = B logjp—/— = — logioV Ky,

] ]
0.05916 V
=TT, logio K,
- 2 2X(029V)
OB10%sr T T 005916 005916V

K., =157 x 10710
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E—0.05916 V log o m/m®

Y

m/me

FIGURE 11.7

The value of E° and the activity coeffi-
cient can be measured by plotting the left-
hand side of Equation (11.42) against the
square root of the molality.

Determination of E° and Activity
1 1 Coefficients Using an
-O Electrochemical Cell

The main problem in determining standard potentials lies in knowing the value of the
activity coefficient vy for a given solute concentration. The best strategy is to carry out
measurements of the cell potential at low concentrations, where vy — 1, rather than near
unit activity, where . differs appreciably from 1. Consider an electrochemical cell consist-

ing of the Ag*/Ag and standard hydrogen electrode half-cells at 208 K. The cell reaction is
Ag*(aq) + 1/2H,(g) Ag(s) + H"(ag) and Q = (aAg+)7l. Because the activ-
ities of Hy(g)and H(ag)are 1, they do not appear in Q. Assume that the Ag" arises
from the dissociation of AgNO3. Recall that the activity of an individual ion cannot be
measured directly. It must be calculated from the measured activity a, and the defini-
tion a% = a4 a’". In this case, a5 = asgtano; and ar = augt = ayop;. Similarly,
Y+ = Yagt = Yno; and mugt = myo; = my = m, and E is given by

) RT ) RT .. RT
E = Ejgt/ag + ?ln apgt = Edgtiag + ?ln(m/m ) + 71n vy (11.41)

At low enough concentrations, the Debye—Hiickel limiting law is valid and
log y+ = —0.5092V m,/m® at 298 K as discussed in Section 10.4. Using this rela-
tion, Equation (11.41) can be rewritten in the form

E — 005916 logo(m/m") = E3g+/ag — 0.05916 X 0.5090\/ (m/m")
= E%g*/ag — 0.03011/(m/m") (11.42)

The left-hand side of this equation can be calculated from measurements and plotted as a
function of V (m/m"). The results will resemble the graph shown in Figure 11.7. An
extrapolation of the line that best fits the data to m = 0 gives E° as the intercept with the
vertical axis. Once E° has been determined, Equation (11.41) can be used to calculate -y .

Electrochemical cells provide a powerful method of determining activity coeffi-
cients because cell potentials can be measured more accurately and more easily than
colligative properties such as freezing point depression or boiling point elevation. Note
that although the Debye—Hiickel limiting law was used to determine E°, it is not neces-
sary to use the limiting law to calculate activity coefficients once E° is known.

'I 'I Cell Nomenclature and Types
.-/ of Electrochemical Cells

It is useful to use an abbreviated notation to describe an electrochemical cell. This nota-
tion includes all species involved in the cell reaction and phase boundaries within the
cell, which are represented by a vertical line. As will be seen later in this section, the
metal electrodes appear at the ends of this notation, the half-cell in which oxidation
occurs is written on the left, and the electrode is called the anode. The half-cell in
which reduction occurs is written on the right, and the electrode is called the cathode.

We briefly discuss an additional small contribution to the cell potential that arises from
the differing diffusion rates of large and small ions in an electrical field. As an electrochem-
ical reaction proceeds, ions that diffuse rapidly across a liquid—liquid junction, such as H,
will travel farther than ions that diffuse slowly, such as CI™, in a given time. At steady state,
a dipole layer is built up across this junction, and the rates of ion transfer through this dipole
layer become equal. This kinetic effect will give rise to a small junction potential between
two liquids of different composition or concentration. Such a junction potential is largely
eliminated by a salt bridge. An interface for which the junction potential has been elimi-
nated is indicated by a pair of vertical lines.The separation of different phases that are in
contact and allow electron transfer is shown by a solid vertical line. A single dashed line is
used to indicate a liquid-liquid interface across which charge transfer can occur.
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11.9 CELL NOMENCLATURE AND TYPES OF ELECTROCHEMICAL CELLS

For example, the abbreviated notation for the Daniell cell containing a salt bridge is
Zn(s)|ZnS04(aq)||CuSO4(aq)|Cu(s) (11.43)

and a cell made up of the Zn/Zn>' half-cell and the standard hydrogen electrode is
described by

Zn(s)|ZnS04(aq)||H" (aq)|Hy(g)|Pt(s) (11.44)

The overall reaction in this cell is Zn(s) + 2 H"(ag) == Zn*(aq) + H,(g).In gen-
eral, in such a cell the solutions are physically separated by a porous membrane to prevent
mixing of the solutions. In this case, the junction potential has not been eliminated.

The half-cell and overall reactions can be determined from the abbreviated notation
in the following way. An electron is transferred from the electrode at the far left of the
abbreviated notation to the electrode on the far right through the external circuit. The
number of electrons is then adjusted to fit the half-cell reaction. This procedure is
illustrated in Example Problem 11.7.

| EXAMPLE PROBLEM 11.7

Determine the half-cell reactions and the overall reaction for the cell designated
Ag(s)|AgCl(s)|CI (ag, ay = 0.0010)|Fe** (ag, ar = 0.50)
Fe*" (agq, a. = 0.10)|Pt(s)
Solution
The anode and cathode reactions are
Ag(s) + CI (aq) — AgCl(s) + e
Fe**(aq) + e — Fe?"(aq)
The overall reaction is
Ag(s) + ClI (aq) + Fe**(aq)

Only after the cell potential is calculated is it clear whether the reaction or the reverse
reaction is spontaneous.

AgCl(s) + Fe*(aq)

We have already discussed several specific half-cells and next discuss different
types of half-cells. The standard hydrogen electrode involves the equilibrium between a
gas and a dissolved species. A second such electrode is the Cl,/Cl™ electrode, for
which the reduction reaction is

Cly(g) + 2" —2Cl (aq) E° = +136V (11.45)

Another type of half-cell that is frequently encountered involves a metal and a metal
ion in solution. Both half-cells in the Daniell cell fall into this category.

Zn*"(aq) + 26 —Zn(s) E° = —0.76 V (11.46)

A number of half-cells consist of a metal, an insoluble salt containing the metal, and an
aqueous solution containing the anion of the salt. Two examples of this type of half-cell
are the Ag—AgCl half-cell for which the reduction reaction is

AgCl(s) + ¢~ — Ag(s) + Cl (aq) E° = +022V (11.47)

and the calomel (mercurous chloride) electrode, which is frequently used as a reference
electrode in electrochemical cells:

Hg,Cly(s) + 2¢” —2Hg(l) + 2CI (ag) E° = +027V  (1148)

In a further type of half-cell, both species are present in solution, and the electrode is an
inert conductor such as Pt, which allows an electrical connection to be made to the
solution. For example, in the Fe’™ / Fe2t half-cell, the reduction reaction is

Fe*t(aq) + ¢ > Fe’t(ag) E° = 0771V (11.49)
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TABLE 11.3
The Electrochemical Series

Most Strongly Reducing
(The metal is least easily oxidized.)

Gold

(most positive reduction potential)
Platinum

Palladium

Silver

Rhodium

Copper

Mercury
(Hydrogen; zero reduction potential
by convention)

Lead

Tin

Nickel

Iron

Zinc
Chromium
Vanadium
Manganese
Magnesium
Sodium
Calcium
Potassium
Rubidium
Cesium
Lithium

(most negative reduction potential)

Least Strongly Reducing
(The metal is most easily oxidized.)

1 1 1 O The Electrochemical Series

Tables 11.1 and 11.2 (see Appendix B, Data Tables) list the reduction potentials of
commonly encountered half-cells. The emf of a cell constructed from two of these half-
cells with standard reduction potentials E7 and E3 is given by

Ecen = EY — E3 (11.50)

The potential Eg,; will be positive and, therefore, AG < 0, if the reduction
potential for reaction 1 is more positive than that of reaction 2. Therefore, the rela-
tive strength of a species as an oxidizing agent follows the order of the numerical
value of its reduction potential in Table 11.2. The electrochemical series shown in
Table 11.3 is obtained if the oxidation of neutral metals to their most common oxi-
dation state is considered. For example, the entry for gold in Table 11.3 refers to the
reduction reaction

Av’T(ag) + 3¢ — Au(s) E° = 1498V

In a redox couple formed from two entries in the list shown in Table 11.3, the
species lying higher in the list will be reduced, and the species lying lower in the list
will be oxidized in the spontaneous reaction. For example, the table predicts that
the spontaneous reaction in the copper—zinc couple is Zn(s) + Cu’"(aq) —
Zn**(aq) + Cu(s) and not the reverse reaction.

| EXAMPLE PROBLEM 11.8

For the reduction of the permanganate ion MnOj to Mn?" in an acidic solution,
E° = +1.51 V. The reduction reactions and standard potentials for Zn’>", Ag™,
and Au™ are given here:

Zn**(aq) + 2¢~ — Zn(s) E° = —0.7618 V
Ag"(aq) + e — Ag(s) E° = 0.7996 V
Au*(aq) + e — Au(s) E° =1.692V

Which of these metals will be oxidized by the MnOy ion?

Solution

The cell potentials assuming the reduction of the permanganate ion and oxidation of
the metal are

Zn: 151V + 0761V =227V >0
Ag: 151V —=0.7996V = 0.710V > 0
Au: 151V —1.692V = —-0.18V <0

If E° > 0, AG < 0. On the basis of the sign of the cell potential, we conclude that
only Zn and Ag will be oxidized by the MnO, ion.

'I 'I 'I Thermodynamics of Batteries
. and Fuel Cells

Batteries and fuel cells are electrochemical cells that are designed to maximize the
ratio of output power to the cell weight or volume. Batteries contain the reactants
needed to support the overall electrochemical reaction, whereas fuel cells are designed
to accept a continuous flow of reactants from the surroundings. Batteries that cannot
be recharged are called primary batteries, whereas rechargeable batteries are called
secondary batteries.
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11.12 THE ELECTROCHEMISTRY OF COMMONLY USED BATTERIES

It is useful to compare the relative amount of work that can be produced through an
electrochemical reaction with the work that a heat engine could produce using the same
overall reaction. The maximum electrical work is given by

TAS
Welectrical = —AG = _AH<1 - AI‘I) (11.51)
whereas the maximum work available through a reversible heat engine operating
between 7j, and T, is

Th B Tc

Wihermal = 9hot€ = —AH T (11.52)
h

where ¢ is the efficiency of a reversible heat engine (see Section 5.2). To compare the
maximum thermal and electrical work, we use the overall reaction for the familiar
lead-acid battery used in cars. For this reaction, AGp = —376.97kJ mol ™! s
AHp = —227.58kImol!, and ASy = 501.1J K 'mol™'. Assuming 7, = 600. K

and 7. = 300. K and that the battery operates at 300. K, then

W
—dlectrical _ 3 4 (11.53)
Wihermal

This calculation shows that much more work can be produced in the electrochemical
reaction than in the thermal reaction. This comparison does not even take into account
that the lead-acid battery can be recharged, whereas the thermal reaction can only be
run once.

'I 1 1 The Electrochemistry of Commonly
. Used Batteries

The lead-acid battery was invented in 1859 and is still widely used in automobiles.
Because the power required to start an automobile engine is on the order of a kilowatt,
the current capacity of such a battery must be on the order of a hundred amperes.
Additionally, such a battery must be capable of 500 to 1500 recharging cycles from a
deep discharge. In recharging batteries, the reaction product in the form of a solid must
be converted back to the reactant, also in the form of a solid. Because the solids in gen-
eral have a different crystal structure and density, the conversion induces mechanical
stress in the anode and cathode, which ultimately leads to a partial disintegration of
these electrodes. This is the main factor that limits the number of charge—discharge
cycles that a battery can tolerate.

The electrodes in the lead-acid battery consist of Pb powder and finely divided PbO
and PbSO4 supported on a Pb frame. The electrodes are supported in a container con-
taining concentrated H,SOy. In use, a battery is discharged. Some batteries, including
the lead-acid battery, can be recharged by applying an external voltage to convert prod-
ucts back to reactants. In that case, the role of anode and cathode are reversed. To avoid
confusion, we write half cell and overall reactions for the discharge mode. In the lead-
acid battery, the cell reactions at the cathode and anode are

PbO,(s) + 4 H'(aq) + SO3 (aq) + 2¢~ — PbSOy4(s) + 2 H,O(I)
E° = 1685V (11.54)

Pb(s) + SOF (ag) — PbSO4(s) + 2¢~ E° = —0.356V (11.55)

respectively, and the overall reaction is

PbO,(s) + Pb(s) + 2 H,SO4(ag) == 2 PbSO,(s) + 2H,0(l) E° = 2.04 V (11.56)

The arrows would point in the opposite direction and the sign of the emfs would be
reversed for the charging mode.

Six such cells connected in series are required for a battery that provides a nominal
potential of 12 V. The lead-acid battery is very efficient in that more than 90% of the
electrical charge used to charge the battery is available in the discharge part of the cycle.
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FIGURE 11.8

A number of different batteries are classi-
fied with their specific energy density per
unit volume and per unit mass.

FIGURE 11.9

Schematic diagram of an alkaline cell.
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This means that side reactions such as the electrolysis of water play a minimal role in
charging the battery. However, only about 50% of the lead in the battery is converted
between PbO, and PbSO,4. Because Pb has a large atomic mass, this limited convertibil-
ity decreases the power per unit mass figure of merit for the battery. Parasitic side reac-
tions also lead to a self-discharge of the cell without current flowing in the external
circuit. For the lead-acid battery, the capacity is diminished by approximately 0.5% per
day through self-discharge.

As batteries have become more common in portable devices such as cell phones
and laptop computers, energy density is a major criterion in choosing the most suitable
battery chemistry for a specific application. Figure 11.8 shows a comparison of differ-
ent battery types. The lead-acid battery has the lowest specific energy either in terms of
volume or mass. Next we discuss the chemistry of three commonly used rechargeable
batteries: the alkaline, nickel metal hydride, and lithium ion batteries.

The individual elements of the alkaline cell are shown in Figure 11.9. The anode in
this cell is powdered zinc, and the cathode is in the form of a MnO, paste mixed with

Positive cover: Can: steel
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Electrolyte: —— plastic film label
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powdered carbon to impart conductivity. KOH is used as the electrolyte. The anode and
cathode reactions are

Anode: Zn(s) + 2 OH (ag) — ZnO(s) + H,O(I) + 2¢° E° =11V (11.57)
Cathode: 2 MnO,(s) + H,O(l) + 2e” — Mn,O5(s) + 2 OH (aq) E° = —0.76 V
(11.58)

Nickel metal hydride batteries are currently used in hybrid vehicles that rely on dc
motors to drive the vehicle in city traffic and use a gasoline engine for higher speed
driving. The Toyota Prius uses 28 modules of 6 cells, each with a nominal voltage of
1.2 V and a total voltage of 201.6 V to power the vehicle. The capacity of the battery
pack is ~1100 Wh. The anode and cathode reactions are

Anode: MH(s) + OH (ag) > M + H,O(l) + e~ E° =083V (11.59)
Cathode: NiOOH(s) + H,O(l) + 2e~ — Ni(OH),(s) + OH (aq)
E° =052V (11.60)
The electrolyte is KOH(ag), and the overall reaction is
MH(s) + NiOOH(s) M + Ni(OH),(s) E° =135V (11.61)

where M designates an alloy that can contain V, Ti, Zr, Ni, Cr, Co, and Fe.

Lithium ion batteries find applications as diverse as cell phones, where a high energy
density per unit volume is required, and electric vehicles, where a high energy density
per unit mass is required. The electrodes in lithium ion batteries contain Li* ions, and the
cell voltage reflects the difference in the binding strength of Li* in the two materials.
The structure of a cylindrical lithium ion battery is shown schematically in Figure 11.10.
The two electrodes are separated by an electrolyte—saturated polymer membrane
through which the Li* ions move in the internal circuit. The electrolyte is a lithium salt
dissolved in an organic solvent, for example, 1M LiPFg in a mixture of ethylene carbon-
ate and diethyl carbonate. Aqueous electrolytes would limit the cell voltage to 1.2 V
because at larger potentials, water is reduced or oxidized. Figure 11.11 shows a number
of materials that can be used as electrodes. Materials that fall outside of the band gap of
the electrolyte are unsuitable because their use initiates reduction or oxidation of the sol-
vent. It would appear that carbon is unsuitable, but the formation of a thin solid/
electrolyte interface layer stabilizes carbon with respect to solvent reactions, and it is the
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Schematic structure of a cylindrical
lithium ion battery. The anode and cath-
ode material are formed of thin sheets to
optimize the transport kinetics of Li* ions.
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FIGURE 11.11

The cell potential of a lithium ion battery
versus the energy density per unit mass
for a number of electrode materials is
shown. The dashed lines indicate the volt-
age range in which 1M LiPFg in a

1:1 mixture of ethylene carbonate and
diethyl carbonate is stable with respect to
reduction or oxidation.

Source: Goodenough J. B. and Kim Y.
Chemistry of Materials 22 (2010), 587.

FIGURE 11.12

The cell voltage in a lithium battery is
generated by moving the lithium between
a lattice site in LiCoO, and an intercala-
tion position between sheets of graphite.

Eg of electrolyte

400 — 1 1
1 1
1 1
1 1
Graphite : :
: LiTip(PS,)3 :
300 — ! !
1 1
1 1
1 1
\a 1 1
< ; VS, I
£ LiTiS, ' TiS, LigVp(POy)s |
> 200 — am Li,Mng sNig 50,
e 1 1
g LiVS, ‘ |
) ! . LiTix(POy)3 + ;LiyNig sMn 50,
1 ' B
1 . .
100 — ! LizTisO12 ‘
Li{,,Mn,O
: et1222 "\LicoPO,
! LiFePO, | Li,CoO}
: Lii_eMn0, |
1 1
0 T T T T T
0 1 2 3 4 5

Potential (V) vs. Lit/Li°

most widely used anode electrode. Using a carbon anode and LiCoO,(s) as the cathode
allows a cell potential of 3.7 V to be achieved. As Figure 11.11 shows, higher potentials
are possible, but batteries with long life cycles using materials other than LiCoO,(s)
have not yet been developed.

Rechargeable lithium batteries have the following half-cell reactions while dis-
charging the battery:

positive electrode: Li;_,CoOs(s) + xLi* (solution) + xe~ — LiCoO,(s)
(11.62)

negative electrode: CLi, = C(s) + xLi*(solution) + xe~ (11.63)

The right arrows indicate the discharge directions. In these equations, x is a small posi-
tive number. The overall cell reaction is

Li;—,Co0,(s) + CLi, == LiCoO,(s) + C(graphite) E°~3.7V  (11.64)

and the fully charged battery has a cell potential of ~3.7 V. The structures of
LiCoOy(s) and CLi, are shown schematically in Figure 11.12. CLi, designates Li
atoms intercalated between sheets of graphite; it is not a stoichiometric compound. In
a lithium-ion battery the lithium ions are transported to and from the cathode or
anode, with the transition metal, cobalt (Co), in Li,CoO, being oxidized from Co** to
Co** during charging, and reduced from Co** to Co>* during discharge.
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The primary advantage of fuel cells over batteries is that they can be continually
refueled and do not require a downtime for recharging. A number of different
technologies are used in fuel cells. Most are still in the research and development
stage, and only phosphoric acid fuel cells are available as off-the-shelf technol-
ogy. Figure 11.13 shows a number of different types of fuel cells. All use O, or air
as the oxidant, and the fuel can be either pure H, or H, produced on board by
reforming hydrocarbons, methanol, or glucose. The different operating tempera-
ture and available power for the types of fuel cells shown in Figure 11.13 are
shown in Figure 11.14.

The following discussion is restricted to the most widely understood technology,
the proton exchange membrane fuel cell (PEMFC) using H,(g) as a fuel.

Proton exchange membrane fuel cells using H, and O, as the reactants were
originally used in the NASA Gemini space flights of the 1960s. The principles
underlying this technology have not changed in the intervening years. However,
advances in technology have significantly increased the power generated per unit
weight as well as the power generated per unit area of the electrodes. A schematic
drawing of a single PEMFC and the relevant half-cell reactions is shown in
Figure 11.15. The anode and cathode have channels that transport H, and O, to the
catalyst and membrane. An intermediate diffusion layer ensures uniform delivery of
reactants and separation of gases from the water formed in the reaction. The mem-
brane is coated with a catalyst (usually Pt or Pt alloys) that facilitates the H" forma-
tion and the reaction between O, and H*. Individual units can be arranged back to
back to form a stack so that the potential across the stack is a multiple of the individ-
ual cell potential.

The heart of this fuel cell is the proton exchange membrane, which functions as a
solid electrolyte. This membrane facilitates the passage of H' from the anode to the
cathode in the internal circuit, and it also prevents electrons and negative ions from
moving in the opposite direction. The membrane must be thin (~10—100 um ) to
allow rapid charge transport at reasonably high current densities and must be unreac-
tive under the potentials present in the cell. The most widely used membranes are
polymeric forms of perfluorosulfonic acids. These membranes are quite conductive if
fully hydrated. The membrane structure consists of spherical cavities, or inverted
micelles ~4 nm in diameter, connected by cylindrical channels ~1 nm in diameter. The
interior of the cavities and channels is lined with SO3 groups. The —CF,— backbone
of the polymer provides rigidity, makes the membrane unreactive, and increases the

Types of fuel cells
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FIGURE 11.13

Working principles of so